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1 The matrix M is given by 
b a

M
1
0 1 0

0
1= e eo o, where a and b are positive constants.

 (a) The matrix M represents a sequence of two geometrical transformations.

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The unit square in the x-y plane is transformed by M onto parallelogram OPQR.

 (b) Find, in terms of a and b, the matrix which transforms parallelogram OPQR onto the unit square.
 [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

Stretch parvald to d anis S.c b shear

patvald to x axis s.ca

M d 1
8

detCM a

M
a ft

l
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 It is given that the area of OPQR is 2 cm2  and that the line x y3 0+ =  is invariant under the 
transformation represented by M.

 (c) Find the values of a and b. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

A 2

A3y 0
y In

1 I
a Ii
ak bk k
2K bk k

b 1

b 3
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2 (a) Use standard results from the List of Formulae (MF19) to show that

( ) ( )r r an bn cn7 1 7 8
r

n

1

3 2+ + = + +
=

/ ,

  where a, b and c are constants to be determined. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

14902 63 81

49 r't63Ert 8

49 In ntillantil 63 Enentil 8h

469n 2n't3h11 632n ntl 8h

439m 41 n't 41n 63m 63mn 8h

493m 56m 143h
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 (b) Use the method of differences to find ( ) ( )r r7 1 7 8
1

r

n

1
+ +

=

/  in terms of n. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Deduce the value of ( ) ( )r r7 1 7 8
1

r 1
+ +

3

=

/ . [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

nature flat ast

nature

HT 7h78

leaf cats

time
01

156
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3 The cubic equation x cx 1 03 + + = , where c is a constant, has roots a, b, c.

 (a) Find a cubic equation whose roots are 3a , 3b , 3c . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Show that c3 26 6 6 3a b c+ + = - . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

let y m

N y
13

y
3
c y 1 0

y cy
3 1 0

Ii L
Sy ytl y t2yt1
By y 2y yty 2yt1
y y 38234 1
y 3y Cy 3y 1 0

y 3y 2 3 4 1 0
23 β3 83 3
23β 2303 β383 C 3

83β383 1

2 β 86 23 β
3 0322 233 23034β303

3 2 3 3
9 223 6
3 223
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 (c) Find the real value of c for which the matrix 
1

1
1

3

3

3

3

3

3a

b

a

c

b

cf p is singular. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

1 Pl
1 1 86 23 23 β383 13 2383 β
1 86 26 2 303 231383 Bb
1 126 16 861 2 231383
1 13 223 21 11
1 3 2 3 2

4 223

4 23 0
23 4

2

C 3M
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4 The points A, B, C have position vectors

i j k2- + + , i j2- - , i k2 2+ ,

 respectively, relative to the origin O.

 (a) Find the equation of the plane ABC, giving your answer in the form .ax by cz d+ + =  [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

AB JB JA
22 j it 2k
i 2j 2k

AC TC JA
22 2k itjt2k
32 j

ñ i j k
1 2 2

3 1 0

22 65 7 K

d a n

i 1 1
2 6 14 0
O

r 22 6j 7k 10
2n bytry 10



9

9231/11/O/N/20© UCLES 2020 [Turn over

 (b) Find the perpendicular distance from O to the plane ABC. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the acute angle between the planes OAB and ABC. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

672

in T Millie coso

2j 4j 3K

Ey Ets Fat coso

4 24 21 Fa Fa coso

cost
stata

o cost Esta
Q 36 2
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5 Prove by mathematical induction that, for every positive integer n,

    ( ) ( ) ( )sin cos sin
x

x x x x n x1 2 1
d
d

n

n
n

2 1

2 1
1= - + --

-
- ` j. [7]

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

Prove for n 1

asina sirat noose

RHS 11 acosatsina
NConsind

ncosmsink nosa sink

Suppose for n k

asina 1 11 noosa 2k 1 sinn

Prove for n Kt1

at lasinnl a.dkcasinne

a
Insim III asina

1 11 noosa 12k 1 sink

1 1 cos x asinn 2k 1 ask
1 1 1 a sink 2k cosa
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............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

d KH

draft
kind C 1 1 asinn 2kloosal

11 1 sink noose 2ksina

1 11 Incosa 2kt sinn

true for naked hence it is true for all
positive integers of n



12

9231/11/O/N/20© UCLES 2020

6 The curve C has equation y x
x x

1
12

=
-
+ - .

 (a) Find the equations of the asymptotes of C. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Show that there is no point on C for which y1 51 1 . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

N 1 0 Vasy 1 0
n O

nYa
Oasy y atz

11m
2T

y nt2

y a 1 n ta 1

dy y stay
m tray ty 1 0

1n tn Is 41 0

b24ac 0
Cl yp 411 ly 11 0
1 2yty 49 4 0

yᵗ6y 5 0

y 571g 11 0 1

Icy 5



13

9231/11/O/N/20© UCLES 2020 [Turn over

 (c) Find the coordinates of the intersections of C with the axes, and sketch C. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Sketch the curve with equation y x
x x

1
12

=
-
+ - . [2]

y intercept a intercept
10,1 x N 1 0

n 121
1 111014 1 1101

my path

in

2

as

in
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s) 
must be clearly shown.

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................



18

9231/11/O/N/20© UCLES 2020

BLANK PAGE



19

9231/11/O/N/20© UCLES 2020

BLANK PAGE



20

9231/11/O/N/20© UCLES 2020

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every 
reasonable effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the 
publisher will be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge 
Assessment International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download 
at www.cambridgeinternational.org after the live examination series.

Cambridge Assessment International Education is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of the University of 
Cambridge Local Examinations Syndicate (UCLES), which itself is a department of the University of Cambridge.

BLANK PAGE


