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 ● Write your name, centre number and candidate number in the boxes at the top of the page.
 ● Write your answer to each question in the space provided.
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 ● If additional space is needed, you should use the lined page at the end of this booklet; the question 

number or numbers must be clearly shown.
 ● You should use a calculator where appropriate.
 ● You must show all necessary working clearly; no marks will be given for unsupported answers from a 

calculator.
 ● Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place for angles in 

degrees, unless a different level of accuracy is specified in the question.

INFORMATION
 ● The total mark for this paper is 75.
 ● The number of marks for each question or part question is shown in brackets [ ].
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1 (a) Show that

 ( ) ( )tan tan cos cos
sinr r r r1 1
1+ - =

+
. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 Let ( )cos cosu r r1
1

r = +
.

 (b) Use the method of differences to find ur
r

n

1=
/ . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

IE it sina.saesr sinraum

siff.incorrconcrty

Hence shown

an

r f tamerty taner

8 1 tant tant

1 21 tan a

r n tan ntl tann

tanent tann
sini
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Explain why the infinite series u u u1 2 3 f+ + +  does not converge.  [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

tan ate oscillates as n d

so 4 42tust does not converge
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2 The cubic equation x x2 4 3 03 2- + =  has roots a , b , c . Let Sn
n n na b c= + + . 

 (a) State the value of S1  and find the value of S2 . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) (i) Express Sn 3+  in terms of Sn 2+  and Sn .  [1]

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

  (ii) Hence, or otherwise, find the value of S4 . [2]

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

5 2

52 5,2 2101
22 0

4

Sntz 25 2 Esu

Sy 253 325 21252 35 5

Sy 4
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 (c) Use the substitution y S x1= - , where S1  is the numerical value found in part (a), to find and 
simplify an equation whose roots are a b+ , b c+ , c a+ . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Find the value of 1 1 1
a b b c c a+

+
+ ++ . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

y 2 4

a 2 y
212 y 412 y 3 0

293 8y t8y 3 0

2
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3 (a) Prove by mathematical induction that, for all positive integers n,

 ( ) ( )r r n n n5 1 2 1
r

n
4 2

2
1 2 2

1
+ = + +

=

` j/ .

 

 [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

for n I
5v tV ACD I 5 1 6 4H17
1 1 1 2H 2 3 6 RHI

HS RH so true

Assume true for n k

r tr k kt1 2kt

Prove for n Ktl
C5r F C5r4rY 547 t LN

KH 2k R't 101kt 2kt 1
Etl 2k't 11k 20k 121

ECKH 2 26 3

Hence induction is complete
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 (b) Use the result given in part (a) together with the List of formulae (MF19) to find r
r

n
4

1=
/  in terms 

of n, fully factorising your answer.   [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

5Eur n nA anti fu nm anti

Jon ntl anti n ntl 1

r 130h NH anti 3n't3n 1
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4 The matrices A, B and C are given by 

k k2
5
1

1
0
3
1

A = -f p, B
0

1
0
1

0
1= f p and C 1

1 10
2 0=

-
e o,

 where k is a real constant. 

 (a) Find CAB. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that A is singular, find the value of k.   [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

1 1 Q1 8

a

21 145 14581 0

2 2kt K 0
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 (c) Using the value of k from part (b), find the equations of the invariant lines, through the origin, of 
the transformation in the x-y plane represented by CAB. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

3

10n win 16mn

16m 10m m

m 10mi16 0

m 8m 2m 16 0

m m 8 2 m 8 0

m 2 Cm 8 0

M 2 0 m 8 0

M Z m 8

9 2 y 84
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5 The curve C has polar equation r 1 1
r ri

=
-
- , where 0 2

1G G ri .

 (a) Sketch C.   [3]

 (b) Show that the area of the region bounded by the half-line 2
1ri =  and C is ln

4
3 4 2
r

- .   [6] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

A 2
My

o

4 to d

4 ctor a
do

2L Iot EMA 0

4Et L 4A EntFmv

3

12
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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6 The lines l1  and l2  have equations ( )s2 2 3r i j k i j=- - + + -  and ( )t3 2 33r i k i j k= - + - +  
respectively.

 The plane 1P  contains l1  and the point P with position vector 2 2 4i j k- - + . 

 (a) Find an equation of 1P , giving your answer in the form r a b cm n= + + .  [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The plane 2P  contains l2  and is parallel to l1 .  

 (b) Find an equation of 2P , giving your answer in the form ax by cz d+ + = .  [4] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

i 2jtk C 2i 2j.tn c i

31Cr2i 2jt4ktX 2i 3j tuli 71c

1 L

9m 6y 7z 913 610 7C 7 41

92 69 72 41

9 69 72 41
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 (c) Find the acute angle between 1P  and 2P . [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

1 I I E

1 a Focus

core 32
5145166

0 48.4
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 (d) The point Q is such that OQ OP5=- .

  Find the position vector of the foot of the perpendicular from the point Q to 2P . [4]   

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

OF OF OF E IEEE
9 107Gt 6 10 64 7C 20 74 41

290 1665 41

t

E E
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7 The curve C has equation y
x x

x x
1

3
2

2
=
+ -
- - . 

 (a) Find the equations of the asymptotes of C. [2] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the coordinates of any stationary points on C.   [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

a n 1 0

IT
a IE FEE 9 1

91 I m o

2n 1 2 0

n
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 (c) Sketch C, stating the coordinates of the intersections with the axes. [3]

 ............................................................................................................................................................

 (d) Sketch the curve with equation y
x x

x x
1

3
2

2
=
+ -
- -  and find in exact form the set of values of x for 

which 
x x

x x
1

3 32

2
1

+ -
- - . [6]

It

1253,0 153,0 0 17

I L

I

Y y

i
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

22 2n 3 0 22722 0

n a 0,1

94 Eft 02h41 27 theft
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s) 
must be clearly shown.

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................
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