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1 (a) Use the list of formulae (MF19) to find ( )r r 2
r

n

1
+

=

/  in terms of n, simplifying your answer. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Express ( )r r 2
1
+

 in partial fractions and hence find ( )r r 2
1

r

n

1
+

=

/  in terms of n. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

r 2r 2

In ntl 2nd n ntl

In NH 2nA 6

rCrt4 fn nte 2n 7

re 2
ACAZ BW

for r 2 for r O
2B I 2A I

13 A

r a 2 2

I a

n2

res
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Deduce the value of ( )r r 2
1

r 1
+

3

=

/ . [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

5 n's

0 0 As n d

E
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2 The equation x x x3 2 6 04 2+ + + =  has roots , , ,a b c d .

 (a) Find a quartic equation whose roots are , , ,1 1 1 1
2 2 2 2a b c d

 and state the value of 1 1 1 1
2 2 2 2a b c d
+ + + .

 [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

a c d e

y n n y

y_
2 315 2g 6 0

y
2
35 25 6 0

fat 6 0

It By 21 692 0

Gy't 39 1 293232

y t 21692 39 1 By 1 4

369 129 39 1 9g by I by
361 3643 1292 9y'tby 1 493 0
369 t 3293 2112 by 1 0

fatfat f ET

9 89
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 (b) Find the value of 2 2 2 2 2 2 2 2 2 2 22b c d a c d a b d a b c+ ++ . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the value of 1 1 1 1
4 4 4 4a b c d
+ + + . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

9738282 ftp.rtf.tt
92134

2
29385 62 36

It ftp.t f

β y f t 428 7 4213287 β r 8,136 32

292 G 2243
2

ii
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3 The matrix M is given by M k k
1
0
0 1 0

1= e eo o, where k is a constant and k 0!  or 1.

 (a) The matrix M represents a sequence of two geometrical transformations. 

  State the type of each transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Write M 1-  as the product of two matrices, neither of which is I. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Show that the invariant points of the transformation represented by M lie on the line y k
k x1
2

=
-

.
 [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

Sheal in y direction followed by a stretch
parallel to y am's scale factor k

M 6

m I
M o

me

M ka

k E 9 Y
n

K Nt KMR mn

K t km m

m km K2
m 1 k K2

a
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The triangle ABC in the x-y plane is transformed by M onto triangle DEF.  

  Find the value of k for which the area of triangle DEF is equal to the area of triangle ABC. [2]  

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

141

K I
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4 The function f is such that ( ) ( )f fx x=m .

 Prove by mathematical induction that, for every positive integer n,

    ( ) ( ) ( ) ( )
d
d f f f
x

x x x x n x2 1n

n

2 1

2 1
= + --

-
l` j . [7]

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

forn 1

afar fin af'm Iits

Nf a C1 1 fin feast at n RH

IHS RHS

suppose true for n k
Intent af'm 2k 1 fin

Prove true fog n kt

intent intens

af'm 2k 1 fin

f n af n 2k 1 f n

f afen 2kf n f'x
nfa 2k f n

fin 21 f n fin af'm t 2kt n

fin of em t 2kt n

af n 2k 71 f x

af n 24 1 1 fin

Hence induction is complete
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 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................



10

9231/12/O/N/22© UCLES 2022

5 The curve C has polar equation secr a 2i= , where a is a positive constant and r0 4
1G Gi .

 (a) Sketch C, stating the polar coordinates of the point of intersection of C with the initial line and
  also with the half-line r4

1i =  . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the maximum distance of a point of C from the initial line. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the area of the region enclosed by C, the initial line and the half-line r4
1i = . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

72

NZ

0

9,0 a F

g 2n sin F yersino
y afz

921 sec'd do

fa sec'o It tanto do

fa taro tano

3392
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Find, in the form ( )fy x= , the Cartesian equation of C. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

249T r n rooso yvs.no

cos'd ar

n afty
n 942792

y FI
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6 The lines l1  and l2  have equations ( )r i k i j k2 2m= + + - +  and ( )r j k i j k2 6 2 2n= + + + -  
respectively. 

 The point P on l1  and the point Q on l2  are such that PQ is perpendicular to both l1  and l2 .

 (a) Find the length PQ. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

1 1 141 1 1

11

HIT
501
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 The plane 1P  contains PQ and l1 .

 The plane 2P  contains PQ and l2 .

 (b) (i) Write down an equation of 1P , giving your answer in the form r a b cs t= + + . [1]

 ....................................................................................................................................................

 ....................................................................................................................................................

  (ii) Find an equation of 2P , giving your answer in the form ax by cz d+ + = . [4]   

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 ....................................................................................................................................................

 (c) Find the acute angle between 1P  and 2P . [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

r Litk s i j 2k Z hj 3k

I I I
142 y 82 0 14nty 82 50

1410 2 810 50

I E L

AYE coso

cost FIFA

0 47.1
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7 The curve C has equation y x
x x

1
2

=
+
- .

 
 (a) Find the equations of the asymptotes of C. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the exact coordinates of the stationary points on C. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

21 1

y 21K
y n 2

In 12
D

172 2

At V2 Nt V2

a R I 1 f

1 82 3 252 l E 3 252
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 (c) Sketch C, stating the coordinates of any intersections with the axes. [3]

 ............................................................................................................................................................

 (d) Sketch the curve with equation y x
x x

1
2

=
+
-  and find in exact form the set of values of x for which

  x
x x

1 6
2

1
+
- . [5]

10

W

l

i
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

22 72 6 0 22 52 0 0

4 72 48 453 2 3 2

Cnc 2 E Ben 12B
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly 
shown.

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................
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