
2

9231/12/O/N/23© UCLES 2023

1 (a) Use standard results from the list of formulae (MF19) to find ( )r r3 3 1
r

n
2

1
+ +

=

/  in terms of n, 

simplifying your answer. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 (b) Show that

  
( ) ( )r r r r

r r1
1
1

1
3 3 1

3 3 3 3

2
-
+

=
+
+ +

  and hence use the method of differences to find 
( )r r

r r
1

3 3 1

r

n

3 3

2

1 +
+ +

=

/ . [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Deduce the value of  
( )r r

r r
1

3 3 1

r
3 3

2

1 +
+ +

3

=

/ . [1]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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2 Prove by mathematical induction that, for all positive integers n, 

 ( )
x
x x nx n n2 1

d
d e en

n
x x2 2= + + -` `j j . [6]

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

 ....................................................................................................................................................................

for n
22 2nd 22 1H51

at 2 141 e a t2n e 2nd n ed RHS

HS RHS

suppose true for n k

1 62 n't 2km7 K k 1 e

Prove true for n ktl

III f cans
at 2k at 2K e

2n 2k e a a 2147 k K

Q 2n 2k m 2KN7K K

n't 2K 2 a K K e

n 21kt1 a KAI K

Hence induction is complete
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3 The matrix M is given by M
k
0
0 1 0

11 1= e eo o, where k is a constant and k 0!  and k 1! .

 (a) The matrix M represents a sequence of two geometrical transformations. State the type of each 
transformation, and make clear the order in which they are applied. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The unit square in the x – y plane is transformed by M onto parallelogram OPQR.

 (b) Find, in terms of k, the area of parallelogram OPQR and the matrix which transforms OPQR onto 
the unit square. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Show that the line through the origin with gradient k 1
1
-

 is invariant under the transformation in 
the x – y plane represented by M. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

Shear followed by a stretch

M 49 det M k 1kt 10PORI

me hi

K 9 9 L

4 14 4 in

9 Ea
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4 The cubic equation x x x27 18 6 1 03 2+ + - =  has roots a , b , c .

 (a) Show that a cubic equation with roots 3 1a+ , 3 1b+ , 3 1c+  is 

 y y y 2 03 2- + - = . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

y 3h71
a

27 t 18 6 1 0

227719
1 y 1ft 2 ly t 1 o

y 1 2 y 1 21g 1 1 0

y 3yt3y 1 29249 2 29 3 0

y y y 2 0
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 The sum ( ) ( ) ( )3 1 3 1 3 1n n na b c+ + ++ +  is denoted by Sn . 

 (b) Find the values of S2  and S3 . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the values of S 1-  and S 2-  . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

19 2293
1 2 1

I

52 1

53 52 5 6 0

52 6 5
1 6 I

4

53 4
y y ty 2 0

5 39M CBH BPH VH 39 1 3841
39 1 38 1 38 1

divide by y

y 1 51 252 0

5 3 5 25 2 0

5 2 51 21
3

S z
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5 The plane 1P  has equation ( ) ( )r i j k i j k i k2 2 3 3m n= - - + - - + - .

 (a) Find an equation for 1P  in the form ax by cz d+ + = . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The line l, which does not lie in 1P , has equation ( )tr i k i j k3= - + + + + .

 (b) Show that l is parallel to 1P . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

ñ 3 i I 51 s 14331

I 4 3k

n by 32 d 1 1 2

1 41 1 36 2 d

d l

n 49 32 1

1 4 3 0

so called
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 (c) Find the distance between l and 1P . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) The plane 2P  has equation x y z3 3 2 1+ + = .

  Find a vector equation of the line of intersection of 1P  and 2P . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

bixby FA 526

PJ 3itk itjt2k hit 3k

I 0 196

N hy 32 1

ñ I 11 1 21 51 1 4
L

beta 0
345

9 517

z 417

r E X
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6 The curve C has polar equation r e e r2
1

= -i- - , where r0 2
1G Gi .

 (a) Sketch C and state, in exact form, the greatest distance of a point on C from the pole. [3]

 ............................................................................................................................................................

 (b) Find the exact value of the area of the region bounded by C and the initial line. [5] 

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

72 378
Fly

A 8

ii
05 I

1 e
2

4 é e face

1 é 25 e do

e 250 e to

21 125 Zé IAé 25

é tyre e
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Show that, at the point on C furthest from the initial line,

 tan1 0e r2
1

i- - =i-

  and verify that this equation has a root between 0.56 and 0.57. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

r e e
2

y e e
2 sino yersino

r find

4
cost e e

2
sino e

1 e
O

tano 0

1 e tana o

1 e tan0.56 0 00912

1 057 2
tan 0.57 0.00856

sign change
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7 The curve C has equation  ( )y xf= , where ( )x x
x
1f
2

=
+

. 

 (a) Find the equations of the asymptotes of C. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the coordinates of any stationary points on C. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

2 1 0

a 1 VA

att TE

ye n t OA

U m V Nt

4 2n v1 I
0 a 2

If
a y o 9 4

2n t2n 22 0

22 22 0

a n 2 to

0 2 2 0

a 2
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 (c) Sketch C. [3]

 (d) Find the coordinates of any stationary points on the curve with equation ( )y x
1
f= . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

10,0 2 41

9 2 1 n 1

y 2

4

9 2

1 v2

great 2 4
gal n 1 0

b24ac
17 44711 0

Ithy
o

y 4
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 (e) Sketch the curve with equation ( )y x
1
f=  and find, in exact form, the set of values for which

  ( ) ( )x x1
f f2 . [6]  

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

y

410
42

t.it

fin 21

ADDITIONISEET
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