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1 The matrix A is given by

6

k 0

2

k

A

1

1

5

3

=

- -

f p,
 where k is a real constant.

 (a) Show that A is non-singular. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Given that 0

3

A

3

1

0

0

1
1

2

23

2

1

=

-

-

-

pf  , find the value of k. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321203 *

,���
���������,

Ĭ×Ċ®Ġ³íÇóÙĩÅĢ¹Ĩçî×ĬĕęæËĦÙÑèûąùġ¹ĉÒÐĂĥµåĕõĕåÕÅµõÕõõÅÕÕÕ
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data K 541 111 014531

K 5K 6 1 64 2 0

5k 61k46K 2

5k 2

512 2 0

5k 2 0

b hac
02 4 5 2

40 40 so no solution
so non singular

5k 6 54 6 AA I

det A 515 2 515 2

3k 1 1

15kt6 5K16 0 3K 0

15K 5K O K O

3K K D

K 3K 1 0 a

K O K SO K O
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2 The cubic equation x x x2 3 1 0
3 2
+ + + =  has roots a, b, c.

 (a) Find a cubic equation whose roots are , ,1 1 12 2 2a b c+ + + . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

* 0019655321204 *
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���������,

ĬÕĊ®Ġ³íÇóÙĩÅĢ»Ħçð×ĬĕęçËĠëØÓõþòÃĕëÂèĂĥąõĕµĕåõåĕąÕµõĥÕÅÕ
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y n'tl
n y 1
23 34 2 2 1

n't 6 4 9m 4a 4 2 1

not 224 522 1 0

a 242 5 a 1 0

y 17 2 y 1 5 y 1 1 0

y 3yA3y 1 2 9229 1 5y 6 0

y 3ytBy 1 2y by 2 5y 6 0

y y 4y 5 0

y y 4y 5 0
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 (b) Find the value of 1 1 1
2

2
2

2
2

2

a b c+ + + + +` ` `j j j . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the value of 1 1 1
2 2 2

3 33

a b c+ + + + +` ` `j j j . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321205 *
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���������,

Ĭ×Ċ®Ġ³íÇóÙĩÅĢ»Ĩçð×ĬĕĚèÃĪçèæăó·ėĝïÂØĂĥąąÕõõÅĕµĥÕÕµĕąĕÕÕ
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1ft B 1 871 Ea 22413

17 219
7

971 BH t 841 7

y y t4y 5 0 42 1 2 15 4692 1 5 0

53 52745 15 0 71 13715 46371 5 0

871 r't1 4641 5 0

53 52 45 15

7 4 15

4

441 t BHP 871 4
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3 The matrix M is given by M
1

0

2

1

7

0

0

1
= e eo o.

 (a) The matrix M represents a sequence of two geometrical transformations in the x-y plane. 

  Give full details of each transformation, and make clear the order in which they are applied. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the equations of the invariant lines, through the origin, of the transformation represented 
by M. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321206 *

,���
���������,

ĬÙĊ®Ġ³íÇóÙĩÅĢºĨæî×ĬĕęèÀĤ¿ÞÞĈĂ¾÷ĕĎĪèĂĥÕåÕõÕÅµõąõÕõĕåÕąÕ
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Stretch parallel to a anis scale factor 7 followed by
shear x axis fixed 0,1 mapped to 2,1

M

9 5

7272g
72 2mn

Y Y

y mX

7 2m
m m Mt 3 0

7mn 2min me

2m a 6mA 0
y 0 y 32

2m 6M 0

m 3m 0
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The triangle DEF in the x-y plane is transformed by M onto triangle PQR.

 (c) Given that the area of triangle PQR is cm35
2 , find the area of triangle DEF. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321207 *

,���
���������,

ĬÛĊ®Ġ³íÇóÙĩÅĢºĦæî×ĬĕĚçÈĦÃÎÛòïċãĝÊĪØĂĥÕÕĕµµåÕĥõåÕõõÅĕĕÕ
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Det M 7 0 7

DEF 7 35

IDEF 5cm
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4 (a) Prove by mathematical induction that, for all positive integers n,

 ( ) ( )r n n n1 2 1
r

n

1

2
6
1

= + +

=

/ . [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321208 *

,���
��������	,

ĬÙĊ®Ġ³íÇóÙĩÅĢ¼Ĩæð×ĬĕĚæÈĠ±ÛàðøĄāÁĬúàĂĥĥąĕõµåõąÕÕÕµõĥĕąÕ
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for n l

1 I CLASI

1 2 3 f 6 1 RHS

IHS RHS

Supposa true for n k

r IK KH KH

Prove true for n ktl

Ér f KH KR 2kt 3

If't KH

f KLKH L2K H KH

KH K 2KH 6 KH

KH 2kt K 6K 6

f KH 2K't 7K 6

f KH
2k't 41 34 6

f KH 2K KAZ 3 K 2

f KH K 2 24 3

f KH K 2 2 KH 1

Hence induction is complete



9

9231/13/M/J/24© UCLES 2024 [Turn over

 The sum S
n
 is defined by S r

n

r

n

1

4
=

=

/ .

 (b) Using the identity
 

r r r r2 1 2 1 160 80 2
5 5 4 2

/+ - - + +` `j j ,

  show that ( ) ( ) ( )S n n n n n1 2 1 3 3 1
n 30

1 2
= + + + - . [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (c) Find the value of lim n S
n n

5

"3

-b l. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321209 *

,���
��������
,

ĬÛĊ®Ġ³íÇóÙĩÅĢ¼Ħæð×ĬĕęåÀĪ­ëÙĊĉÅÕ¹°úÐĂĥĥõÕµÕÅĕĕåąÕµĕąÕĕÕ
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271 ar 1
5

r 35 15
r z 55 35

r 3 7

r n t INE's
r n Qnt 2n 15

12815 28 1 2n 1
5
1

2 175 1 160 80 t

160 r 2n 1 4 n n 1 2nA 2nA

anti anti n Gn 1

2nA 16h 32m 24m 8h m n

2m71 16n't 32m m n

n 2n 1 3m 642 2 1

1605h
In anti ntl 3m 3h 1

Sn on ntl 2nA 3n t3n 1

mass thinking



10

9231/13/M/J/24© UCLES 2024

5 The lines l
1
 and l

2
 have equations ( )r i j k j k4 2m= + - + -  and )(r i j i j k3 4 2n=- + + + +  

respectively.

 (a) Find the shortest distance between l
1
 and l

2
. [5]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 The plane 
1

P  contains l
1
 and is parallel to l

2
.

 (b) Obtain an equation of 
1

P  in the form px y rz sq+ + = . [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321210 *

,���
���������,

ĬÙĊ®Ġ³íÇóÙĩÅĢ¹Ĩèî×Ĭĕěæ½Ğ¹½â÷ïêĝÃĀÂØĂĥµĥÕõµąõåĥÕĕµÕĥĕµÕ
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a 9 11 L
b xhz ñ 1 1 1 if's 5 954 14 1

I
FEET Go

µ E f 3.83

ñ 1,4 1

52 29 Z S

511 214 1 2

52 2g 2 2
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 (c) The point (1, 1, 1) lies on the plane 
2

P .

  It is given that the line of intersection of the planes 
1

P  and 
2

P  passes through the point (0, 0, 2) 
and is parallel to the vector i j k4 3+ - .

  Obtain an equation of 
2

P  in the form ax by cz d+ + = . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321311 *

,���
���������,

ĬÛĉ¯Ġ³íÇóÙĩÅĢºĨèî×ĬĕěèÂġÊëÑöăčÖăĀòàĂĥąÅĕõĕåĕÅĥõĕõĕĥÕąÕ
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A B

i 2k X ithj 3k 07

if itj.tk OF
AB OB OF i j.tk

1411 11 3 KIT's

E
n 2g 32 d
1 211 34 d
D 1 2 3

D 6
n 2y 32 6

N 2y 32 6
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6 The curve C has equation y
x

x

3

1
2

=
+

+
.

 (a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote. [2]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (b) Find the coordinates of any stationary points on C. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

* 0019655321312 *

,���
���������,

ĬÙĉ¯Ġ³íÇóÙĩÅĢ¼Ħèð×ĬĕěåÂī¼ÞæüČĖøßÞĢØĂĥµĕĕµĕåµåÅąĕµĕÅÕĕÕ
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 (c) Sketch C, stating the coordinates of the intersections with the axes. [3]

 ............................................................................................................................................................

 (d) Sketch y
x

x

3

12

2
=

+

+
, stating the coordinates of the stationary points and the intersections with the 

axes. [4]

 ............................................................................................................................................................
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7 The curve C has polar equation sin cosr 2
2 i i= , for 0 G Gi  r.

 (a) Sketch C and state the equation of the line of symmetry. [3]

 ............................................................................................................................................................

 (b) Find a Cartesian equation for C. [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 (c) Find the total area enclosed by C. [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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 (d) Find the greatest distance of a point on C from the pole. [6]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................
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