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1  Aparticle P of mass m is placed on a fixed smooth plane which is inclined at an angle 6 to the horizontal.
A light spring, of natural length @ and modulus of elasticity 3mg, has one end attached to P and the
other end attached to a fixed point O at the top of the plane. The spring lies along a line of greatest
slope of the plane. The system is released from rest with the spring at its natural length.

Find, in terms of a and 6, an expression for the greatest extension of the spring in the subsequent
motion. [3]
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A particle P is attached to one end of a light inextensible string of length a. The other end of the string
is attached to a fixed point O. The particle P is held with the string taut and making an angle 6 with the
downward vertical. The particle P is then projected with speed %«/ Sag perpendicular to the string and

just completes a vertical circle (see diagram).

Find the value of cos6.
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3 One end of a light elastic string, of natural length @ and modulus of elasticity 4mg, is attached to a
fixed point O. The other end of the string is attached to a particle of mass m. The particle moves in

a horizontal circle with a constant angular speed \/% with the string inclined at an angle 6 to the

downward vertical through O. The length of the string during this motion is (k+1)a.

(a) Find the value of £. [4]
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The diagram shows the cross-section ABCD of a uniform solid object which is formed by removing a
cone with cross-section DCE from the top of a larger cone with cross-section ABE. The perpendicular
distance between AB and DC is &, the diameter AB is 6r and the diameter DC is 2r.

(a) Find an expression, in terms of /4, for the distance of the centre of mass of the solid object from AB.

[4]
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The object is freely suspended from the point B and hangs in equilibrium. The angle between 4B and
the downward vertical through B is 6.

(b) Given that h = 14—31/, find the value of tan6. (2]
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5 Anparticle P is projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a
subsequent time ¢ are denoted by x and y respectively.
(a) Derive the equation of the trajectory of P in the form
2
X
y=xtana—g—2sec2a. [3]
2u

The point Q is the highest point on the trajectory of P in the case where o = 45°.

2
(b) Show that the x-coordinate of Q is g_g [3]
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6  Two smooth spheres 4 and B have equal radii and masses m and 2m respectively. Sphere B is at rest on
a smooth horizontal floor. Sphere 4 is moving on the floor with velocity « and collides directly with B.

The coefficient of restitution between the spheres is e.

(a) Find, in terms of u and e, the velocities of 4 and B after the collision. [3]

Subsequently, B collides with a fixed vertical wall which makes an angle 6 with the direction of motion
of B, where tan6 = %.

The coefficient of restitution between B and the wall is % Immediately after B collides with the wall,
the kinetic energy of 4 is 3% of the kinetic energy of B.

(b) Find the possible values of e. [7]
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7 A particle P moving in a straight line has displacement xm from a fixed point O on the line at time ¢s.

The acceleration of P, in ms ™2, is given by @ — &30 for x > 0. When ¢ = 0, x = 1 and P has velocity
X X

10ms~! directed towards O.

10(1-2
(a) Show that the velocity vms ! of Pis given by v = (fx) [5]
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(b) Show that x and ¢ are related by the equation e ** = (2x—1)e* 2 and deduce what happens to
x as t becomes large. [5]
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9231/31 Cambridge International AS & A Level — Mark Scheme ctober/November

PUBLISHED
Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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PUBLISHED

Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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PUBLISHED
Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT
above).

e For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e The total number of marks available for each question is shown at the bottom of the Marks column.
e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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PUBLISHED
Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)
CWO Correct Working Only
ISW Ignore Subsequent Working
SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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Question Answer Marks Guidance
1 2 B1 | EPE gain.
Gain in EPE = l 3mgx
2 a
Loss in GPE = mgxsin 8 M1 | Equate energies
Equate
2 . Al | Using forces scores BOMOAO
x=—asin@
3
3
Question Answer Marks Guidance
2 2 B1

. my
At top, tension =0, so mg =—— (v2 =ag)
a

| 2
—mv°- =—mu” —mga(l+cos@
2 2 & ( )

M1 A1 | Energy equation

. 16 M1 | Eliminate
Substitute for u and v: ag = 2—5.5ag —2ag(1+cos0)

1 Al
cosf=—
10
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3(a) ka B1 | Use Hooke’s law
T=4mg.—
a

M1 | N2L horizontally. Must see 7 and £ .
Tsin¢9:(%jzm(k+1)asint9.g Y

a a
T =mg(k+1) Al
1 Al
Equate: k=—
3
4
3(b) TTcos@=mg M1
4 mg 3 Al
I'=—m cosf=—=-==
( 3 g) ﬂmg 1
3
2
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Question Answer Marks Guidance
4(a) Volume Centre of mass from 4B B1 | For 9h/8 or 3h/8 (unsimplified)
1 L, h 1 A 9h
Small cone —TrT .= +——=| =—
3 2 42 8
1 3h( 3h
Large cone lft’(3r)2 % —— =
3 2 4 2 8
Object 2—6671'(r)2 h X
Take moments about 4B M1 Al | Moments equation: Allow use of relative masses 1, 26, 27
Eft'rzh.)? = 2—77r1f2h.ﬁ - l/l'rzh.%
3 6 6 8
—_ 9h Al
X=—
26
4
4(b X M1
®) tan@ =
3r
1 Al
= i) Use h= —3r
26r 4
tan@ = 3
8
2
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5(a) — xX=ucosot B1 | Both

. 1
T y:usmon—zgt2

¥ 1 x M1 | Eliminate
Eliminate #: y =usina. -— ( j
ucosa 2\ ucosa
~ o, Al | AG
y=xtano——;sec’o
2u
3
5(b) . (usin 0{)2 2 M1 A1 | Accept alternative methods, for example differentiate expression in
Greatest height = Y = e (a) and equate to 0.
g g

. . u? Al | AG
t=usin45/gso d =ucos45.usin45/g= ey
g

© UCLES 2020 Page 9 of 14



M.Shafiq ur Rehman (803247304567) Ait

3%%’" College

9231/31 Cambridge International AS & A Level — Mark Scheme ctober/November
PUBLISHED
Question Answer Marks Guidance
5(c) Use greatest height displacements in trajectory equation M1 | Use equation of trajectory (substitute coordinates of Q
W ul 4 ,
—=_—tana-——5seco
4g 2g 2u4g
2 M1 2., _ 2
W2 =002 tana—u?(l+tan205) Use of sec 0(—(1+tan 0()
tanla—4tana +3=0 M1 | Obtain a three-term quadratic in tan o
tana=1, 3 so ¢=71.6° A1l | Both solutions needed
4
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Question Answer Marks Guidance
6(a) muy =mw+2my B1 | Momentum equation (with m)
v—w=eu B1 | Restitution with consistent signs
u B1 | Both correct.
v=—(e+1)
3
u
w=—(1-2e
“(1-2¢)
3
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6(b) Perpendicular to plane: y =evsiné B1 | Both
Parallel to plane: x =vcosé
2 M1 | Speed of B
4 23 2
Speed of B= (x> +y* = |V* —2+(—.—j =—v
p VX +y \/ (37 +335) | ¢ NG )
4 u? 2 Mi . 1
KEofB——2 ——(e+1) KEometermsofu.Eand 2m needed
59
1 42 ) M1 A1 | Relate the two KEs
KE of 4 = —.m.—(1-2e)
2 9
1w 51, 4
So —m(1-2e) =—.—2m~. “—(e +1Y’
2 9 322 59
4(1 —2@)2 — (e+1)2 or 15¢2 —18¢+3=0 M1 | Rearrange and simplify to quadratic
1+e:i2(1—2e) A1l | Both values
e= l, 1
5
7
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7(a) dv_ 100 200 M1 A1 | Correct equation and attempt to integrate
Yo 22 Correct
2
2
V_ — 5_(2) — ﬂ + A
2 x x
x=Lv=-10: A=200 M1 | Use initial condition
, 100(2x-1)’ M1 | Rearrange to find v*
Vo= —x2
10(2 X — 1) Al | Convincingly shown (no mention of + scores A0)
v =1——= and take negative sign to meet initial condition,
x AG
10(1-2x)
SO y=—-—"—=
X
5
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7(b) xdx L0ds M1 A1 | Rearrange and attempt to integrate
1-2x
l( L _ l)dx =10d¢
2\1-2x
fi—2x -2 =100+ B
4 2
1 M1 | Use initial condition
t=0,x=1: B=—
2
2x—2=—40t— 1n(|1 -2 x|) s0 e = (2x - 1)62)‘*2 Al | Convincingly shown, working required
AG
1 B1 | CAO
For large values of ¢, x — 5
5
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A fixed smooth solid sphere has centre O and radius a. A particle of mass m is projected downwards
with speed +/ %ag from the point 4 on the surface of the sphere, where O4 makes an angle o with the

upward vertical through O (see diagram). The particle moves in part of a vertical circle on the surface
of the sphere. It loses contact with the sphere at the point B, where OB makes an angle 3 with the
upward vertical through O.

Given that cosa = %, find the value of cos 3. [5]
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Two uniform smooth spheres 4 and B of equal radii have masses 2m and m respectively. Sphere B is
at rest on a smooth horizontal surface. Sphere 4 is moving on the surface with speed u and collides
with B. Immediately before the collision, the direction of motion of 4 makes an angle o with the line
of centres of the spheres, where tana =§ (see diagram). The coefficient of restitution between the
spheres is %

Find the speed of 4 after the collision. [5]
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3 An object consists of a uniform solid circular cone, of vertical height 47 and radius 37, and a uniform

solid cylinder, of height 47 and radius 37. The circular base of the cone and one of the circular faces of

the cylinder are joined together so that they coincide. The cone and the cylinder are made of the same
material.

(a) Find the distance of the centre of mass of the object from the end of the cylinder that is not attached
to the cone. [4]
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(b) Show that the object can rest in equilibrium with the curved surface of the cone in contact with a
horizontal surface. [3]
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4 A particle P of mass m is moving in a horizontal circle with angular speed @ on the smooth inner
surface of a hemispherical shell of radius ». The angle between the vertical and the normal reaction of

the surface on P is 6.

(a) Show that cosf = iz [3]
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The plane of the circular motion is at a height x above the lowest point of the shell. When the angular
speed is doubled, the plane of the motion is at a height 4x above the lowest point of the shell.

(b) Find x in terms of 7. [4]
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5 A particle P is projected with speed ums~! at an angle of 6 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The horizontal and vertical displacements of P from O
at a subsequent time ¢s are denoted by xm and ym respectively.

(a) Starting from the equation of the trajectory given in the List of formulae (MF19), show that

2
y=xtan0—%(l+tan29). [1]
u

When 6 = tan~'2, P passes through the point with coordinates (10, 16).

(b) Show that there is no value of 6 for which P can pass through the point with coordinates (18, 30).
[6]
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6  One end of a light elastic string, of natural length @ and modulus of elasticity £, is attached to a particle

P of mass m. The other end of the string is attached to a fixed point Q. The particle P is projected
vertically upwards from Q. When P is moving upwards and at a distance %a directly above Q, it has a

speed y/2ga. At this point, its acceleration is %g downwards.

Show that k£ = 4mg and find in terms of a the greatest height above Q reached by P. (8]
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7 A particle P of mass mkg moves in a horizontal straight line against a resistive force of magnitude

mhkv*N, where vms ™' is the speed of P after it has moved a distance xm and & is a positive constant.

The initial speed of P is ums ™.

(a) Show that x = %an when v = %u [4]
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Beginning at the instant when the speed of P is %u, an additional force acts on P. This force has

magnitude STmN and acts in the direction of increasing x.

(b) Show that when the speed of P has increased again to ums™ !, the total distance travelled by P is
given by an expression of the form

1 (A=ker’
3k \B—ku*)’
stating the values of the constants 4 and B. [7]

© UCLES 2020 9231/32/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College

14
Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.

© UCLES 2020 9231/32/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College

15

BLANK PAGE

© UCLES 2020 9231/32/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College

16

BLANK PAGE

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every
reasonable effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the
publisher will be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge
Assessment International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download
at www.cambridgeinternational.org after the live examination series.

Cambridge Assessment International Education is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of the University of
Cambridge Local Examinations Syndicate (UCLES), which itself is a department of the University of Cambridge.

© UCLES 2020 9231/32/0/N/20



' M.Shafiq ur Rehman (03247304567) Aitchison College
B Cambridge Assessment
¢'¥ International Education

Cambridge International AS & A Level

FURTHER MATHEMATICS 9231/32
Paper 3 Further Mechanics 32 October/November 2020
MARK SCHEME

Maximum Mark: 50

Published

This mark scheme is published as an aid to teachers and candidates, to indicate the requirements of the
examination. It shows the basis on which Examiners were instructed to award marks. It does not indicate the
details of the discussions that took place at an Examiners’ meeting before marking began, which would have
considered the acceptability of alternative answers.

Mark schemes should be read in conjunction with the question paper and the Principal Examiner Report for
Teachers.

Cambridge International will not enter into discussions about these mark schemes.
Cambridge International is publishing the mark schemes for the October/November 2020 series for most

Cambridge IGCSE™, Cambridge International A and AS Level and Cambridge Pre-U components, and some
Cambridge O Level components.

This document consists of 12 printed pages.

© UCLES 2020 [Turn over



M.Shafiq ur Rehman (803247304567) Aitilbizs(?n College

9231/32 Cambridge International AS & A Level — Mark Scheme ctober/November

PUBLISHED
Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT
above).

e For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e The total number of marks available for each question is shown at the bottom of the Marks column.
e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)
CWO Correct Working Only
ISW Ignore Subsequent Working
SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 2 B1
At B, mgcosﬁ=ﬂ: (v’ =agcos )
a
1 , 1 , M1A1 | Energy equation with 4 terms and correct dimensions
—mv" =—mu" +mga(cosa —cos ) 30u
2 2 ta :%—Zagcosﬁ)
Substitute for u, cosa and v: M1 | Eliminate to find cos S
2
agcos ff =2, 2ag(——cosﬂj
6 3
1 Al
cosff=—
p 2
5
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2 Speeds v and w after collision M1 | Momentum equation with m. Correct masses, allow sin instead of
2my +mw = 2mu cos cos
W—V=eucoso M1 | Restitution, with consistent signs
1 1 1) 1 Al
v=—ucosa(2—-e) :—u.§(2——j =—u
3 35 3) 3
1) 5 M1 | Uses correct speed perpendicular to motion
Square of speed of 4 = (Eu] +(usina)
1Y (4 Al
=|-u| +|-u
CONED
13
Speed= —u (=0.867u)
15
5
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3(a) Volume Centre of mass from base B1 | Distances correct
1
Cone 57:'(31’)2. 4r 4r+r
Cylinder z(3r) . 4r 2
. 4 2 _
Combined §7r (3r) LA4r X
Taking moments about base of cylinder: M1 A1l | Moments equation
4 1
f.gﬂ'(3r)2 Ar= 571'(37”)2 Ar.S5r+ 71'(3}")2 Ar2r
_ 11 Al
X=—r
4
4
3(b) Condition: OGcos8 < 0A (where O is vertex of cone and O4 is B1 | Correct condition for equilibrium
slant height of cone)
5r\ 4 M1 | Expression in terms of
4r4+— |X—=<5r
4) 5
21 <25 True A1l | Correct conclusion, with correct working
3
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4(a) T Ncos6=mg B1
« Nsin8 = mrsin 0w* B1
B1 | AG
cos@ =" 5o cosﬁzi2
'r
3
4(b) P g B1 | Using trig of situation: must involve x
cosf = ==
r o’
. . g M1 | Using new situation with 4x and 2w seen
In new situation: r—4x =rXx—=
4’y
r—x=4(r—4x) M1 | Combining
1 Al
xX=—=r
5
4
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5(a) Quote trajectory equation from MF19 and use cos@=1/sec8 B1 | Must include step with sec?
ax? Allow derived from first principles
y=xtanf-=—=(1+ tan’6) AG
2u
1
5(b) 16220 — 10x 1200 (1+4) M1 | Substitute into result (a)
2u
W’ =625, (u=25) Al
10x324 M1
Use equation again: 30=18tan8— (1 + (tan §)* )
2X 625
2.592(tan 0)*) —18tan 8 +32.592 =0 Al | 3 term quadratic.
Alternatives include: 54¢> —375t+679=0,
324+ - 2250t +4074=0
Discriminant = 324 —-4x2.592x32.592 =-13.91 M1 | Discriminant for alternatives:
—6039 and —217404
As this is less than 0, no real solutions for & Al | CWO
6
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6 7 M1
T+mg=m—g
3
a Al | AG
With 7=k giving k = 4mg
a
. 4 B1 | The length being found may be expressed as the total extension of
Let greatest height above O be Ea X the string or the greatest height above Q.
Gain in GPE = mgx and Loss in KE = m.2ga GPE and KE
2 2 B1 2
Gain in EPE = 1, #"8 (x + Zj - (Ej EPE Note: initial EPE = ——o—
2 a 3 3
dmg 2ax a  a M1 A1 | Energy equation, correct number of terms
—S | X+ ——— |+ mgx=mgua
2a 3 9 9
2 4 Tax =0 M1 | Simplify to quadratic
3
1 ... 5 Al
x= ga so greatest height is ga
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7(a) mvﬂ — B1 | N2L, with m
dx
Inv=—kx+c M1 | Separate variables and integrate
x=0,v=u: c=Inu M1 | Use initial condition
1 Al | AG
v=—u: In—=—kx,
2
x l1n2
k
4
7(b) \Y , Sm B1 | N2L (allow missing m in this part)
mv— =—mkv- +—
dx v
2 1 M1A1 | Separate variables and integrate
v dv3 =dv ——1In(5- k') =x(+d)
S—kv 3k
Using (a) MiM1 .. ) 1 1 .
| | | Use condition. MO if v=—u,x =0 used unless —In2 is added on
——In(5-k’)=x——In(5—ku’)——In2 2 k
3k 3k k later
Rearrange dependent on In solution
1 40 — i’ M1A1 | Use v=u
x=—In| —————
3k | 5—ku’
7
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3
1 A particle P is projected with speed u at an angle of 30° above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The particle reaches its greatest height at time 7 after

projection.

Find, in terms of u, the speed of P at time %T after projection. [5]
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A light inextensible string of length a is threaded through a fixed smooth ring R. One end of the string
is attached to a particle 4 of mass 3m. The other end of the string is attached to a particle B of mass m.
The particle 4 hangs in equilibrium at a distance x vertically below the ring. The angle between AR and

BR is 0 (see diagram). The particle B moves in a horizontal circle with constant angular speed 2\/%.

Show that cos6 = % and find x in terms of a. [5]
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3 One end of a light elastic spring, of natural length @ and modulus of elasticity 5mg, is attached to a
fixed point 4. The other end of the spring is attached to a particle P of mass m. The spring hangs with P
vertically below 4. The particle P is released from rest in the position where the extension of the spring
is %a.
(a) Show that the initial acceleration of P is % g upwards. [3]
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(b) Find the speed of P when the spring first returns to its natural length. [4]

© UCLES 2020 9231/32/M/1/20 [Turn over



M.Shafiq ur Rehman (03247304567) Aitchison College

7.5cm

D

A uniform square lamina ABCD has sides of length 10cm. The point £ is on BC with EC = 7.5¢cm,
and the point F is on DC with CF = xcm. The triangle EFC is removed from ABCD (see diagram).

The centre of mass of the resulting shape ABEFD is a distance X cm from CB and a distance y cm
from CD.

.2
(a) Show that ¥ = 4;%0_ 3); and find a corresponding expression for y. (4]
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The shape ABEFD is in equilibrium in a vertical plane with the edge DF resting on a smooth horizontal
surface.

(b) Find the greatest possible value of x, giving your answer in the form a+b+v2, where a and b are
constants to be determined. [3]
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5 Aparticle P is moving along a straight line with acceleration 3ku — kv where v is its velocity at time ¢,
u is its initial velocity and £ is a constant. The velocity and acceleration of P are both in the direction of

increasing displacement from the initial position.

(a) Find the time taken for P to achieve a velocity of 2u. [3]
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(b) Find an expression for the displacement of P from its initial position when its velocity is 2u. [5]
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6 A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. The particle
strikes a fixed vertical barrier. At the instant of impact the direction of motion of P makes an angle o
with the barrier. The coefficient of restitution between P and the barrier is e. As a result of the impact,

the direction of motion of P is turned through 90°.
(a) Show that tanct =1 3]
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The particle P loses two-thirds of its kinetic energy in the impact.

(b) Find the value of « and the value of e. [5]
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7 A hollow cylinder of radius « is fixed with its axis horizontal. A particle P, of mass m, moves in part
of a vertical circle of radius @ and centre O on the smooth inner surface of the cylinder. The speed of P

when it is at the lowest point 4 of its motion is 4/ % ga.

The particle P loses contact with the surface of the cylinder when OP makes an angle 6 with the upward
vertical through O.

(a) Show that 6 = 60°. [5]
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(b) Show that in its subsequent motion P strikes the cylinder at the point 4. [5]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).
5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or

the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.
DM or DB When a part of a question has two or more “method” steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full

credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

© UCLES 2020 Page 4 of 14



M.Shafi Reh 03247304567) Aitchi Coll
9231/32 Cambridge International AS & A Level — Mark Scheme afiq ur Rehman ( %Iay/.'?un!e (%IZS(? nvofege

PUBLISHED
Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
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For greatest height, 7' =—
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M1
acio2, 2
2 3 6
u3 Al
-V, =
2
2 2 M1
Speed = v, +v,* = ul 3w
36 4
J7 Al
= —u
3
5
© UCLES 2020 Page 6 of 14



M.Shafi Reh 03247304567) Aitchi Coll
9231/32 Cambridge International AS & A Level — Mark Scheme afiq ur Rehman ( ({\/Iay/.'?uncla (%IZS(? nvotlege
PUBLISHED
Question Answer Marks
2 For A: T =3mg M1
For B: T Tcos@=mg
Equate: 3mgcos@ =mg Al
cosf = 1
3
— Tsin@=mre’ with r=(a—x)sin8 M1
Equate: 3mg =m(a—x)a)2 Al
a Al
xX=—
4
5
Question Answer Marks
3(a) T-mg=ma M1
T=5 ! / > M1
=5Smg.—ala = —m
g 5 5 g
3 Al
a= 3 g (upwards) AG
3
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Gain in KE = Emv Gain in GPE = Emga
1V B1
| Smg.(zaj
LossinEPE= —————=~—
2 a
1V M1
Smg.| —
lmvz+—m a—lm [= lmvz+lm a—ém a |
2 2 & 2 a 2 2 & 8 &
1 Al
v=—./ga
> g
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4(a) Area Centre of mass | Centre of mass M1
© from BC from DC
Square 100 5 5
. 1 5
Triangle Y x. 15/2 —X -
3 2
15 _ _
Shape ABEFD 100 — ?x X y
Take moments about BC:
15
100—-—x |0.x = SOOO'—I—SxO'.lx
4 4 3
(M1 for all terms present)
— 52 Al
F= 400 —x AG
80—-3x
Take moments about DC: M1
15
100——x |.y =100x5 —l—sx.é
4 4 2
_ _ 800-15x Al
160 - 6x
4
4(b) Use condition: X > x B1
2x* —80x+400>0 M1
x=20-10+2 Al
3
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@ dv = kdt
3u—v
-In(Bu—v)=kt+d M1
t=0,v=u: d=-In2u
Al
v=2u: t:lln2
k
3
5(b B1
®) v sty [ = Y gy
dx 3u—v
(—(3u —v)+3u)dv MI1Al
=kdx so —v—3uln(3u—v)=kx+c
3u—v
x=0,v=u: c=—u—-3uln2u M1
Al
v=2u: x=£(3ln2—1)
k
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6b) | L1, BI
3
ucosar \’ _ luz M1
sin o 3
(tanor )2 =3 Mi
o =60° Al
Al
e=—
3
Alternative method for 6(b)
. 1 1 . M1
KE after impact = Em(x2 +y° ) = Em((u cosc)()2 +e” (u sm(){)2 )
From (a) sina=1/,/(1+¢) and cosa=+Je/ (I+e) Bl
2 Al
KE = lmu2 L = lmuze
2 I+e l+e 2
M1
This is equal to l><lmu2 so e :l
3 2 3
tanar=+/3, r=60° Al
5
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(N +)mgcos& =
a
M1A1
lmv2 —lm%ﬁ =-mg(a+acosf)
2 2 2
Loses contact when N = 0, so combine and simplify M1
Al
cosﬁz%: 0=60° AG
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7(b) i M1
When P is vertically below O, its horizontal displacement is asin 60, so time 7= asin60 _ a3 /v = ba
vcos60 g
21 Al
From (a), v :Eag
M1
Vert: & :ﬁT Lo
2 2
3 3a Al
—a-3a=——
2 2
This corresponds to the point 4 Al
Alternative method for question 7(b)
42 M1A1
a
B1
Coordinates of 4: x = %a\/g, y= —%a
. . . 4x° . . . MIAl
Substitute coordinates into y = x+/3—="— and show that these satisfy this equation
a
5
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2
1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O on a smooth horizontal plane. The particle P moves in

horizontal circles about O. The tension in the string is 4mg.

Find, in terms of a and g, the time that P takes to make one complete revolution. [2]

2 A particle Q of mass mkg falls from rest under gravity. The motion of Q is resisted by a force of
magnitude mkv N, where vms ™' is the speed of Q at time ¢ s and k is a positive constant.

Find an expression for v in terms of g, k and ¢. [6]
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4

3 A particle Q of mass m is attached to a fixed point O by a light inextensible string of length a. The
particle moves in complete vertical circles about O. The points A and B are on the path of O with AB a
diameter of the circle. O4 makes an angle of 60° with the downward vertical through O and OB makes
an angle of 60° with the upward vertical through O. The speed of O when it is at 4 is 2+/ag.

Given that 7, and T are the tensions in the string at 4 and B respectively, find the ratio 7,,: 7. [6]
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Auniform solid circular cone, of vertical height 47 and radius 27, is attached to a uniform solid cylinder,
of height 37 and radius kr, where & is a constant less than 2. The base of the cone is joined to one of the

circular faces of the cylinder so that the axes of symmetry of the two solids coincide (see diagram). The
cone and the cylinder are made of the same material.

(a) Show that the distance of the centre of mass of the combined solid from the vertex of the cone is
(99K* +96) r

. 4
18k +32 4]
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7
The point C is on the circumference of the base of the cone. When the combined solid is freely
suspended from C and hanging in equilibrium, the diameter through C makes an angle o with the

downward vertical, where tana = %

(b) Given that the centre of mass of the combined solid is within the cylinder, find the value of k. [4]
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Two uniform smooth spheres 4 and B of equal radii each have mass m. The two spheres are each moving
with speed u on a horizontal surface when they collide. Immediately before the collision A4’s direction
of motion makes an angle of a® with the line of centres, and B’s direction of motion is perpendicular to
that of 4 (see diagram). The coefficient of restitution between the spheres is e.

Immediately after the collision, B moves in a direction at right angles to the line of centres.

l1+e
l1—e’ [4]

(a) Show that tana =
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(b) Given that tano = 2, find the speed of 4 after the collision. (4]
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6 A nparticle P is projected with speed u at an angle 6 above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The direction of motion of P makes an angle a above the

horizontal when P first reaches three-quarters of its greatest height.

(a) Show that tana = S tan6. [6]
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(b) Given that tan6 = %, find the horizontal distance travelled by P when it first reaches three-quarters
of its greatest height. Give your answer in terms of # and g. (4]
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7
1
V384
a A B
— mwWWWWWWe ®

)

One end of a light spring of natural length ¢ and modulus of elasticity 4mg is attached to a fixed
point O. The other end of the spring is attached to a particle 4 of mass km, where k is a constant.
Initially the spring lies at rest on a smooth horizontal surface and has length a. A second particle B, of

mass m, is moving towards 4 with speed 4/ % ga along the line of the spring from the opposite direction
to O (see diagram).

The particles 4 and B collide and coalesce. At a point C in the subsequent motion, the length of the
spring is %a and the speed of the combined particle is half of its initial speed.

(a) Find the value of £. [6]

© UCLES 2020 9231/33/M/1/20



M.Shafiq ur Rehman (03247304567) Aitchison College

13

At the point C the horizontal surface becomes rough, with coefficient of friction 4 between the
combined particle and the surface. The deceleration of the combined particle at C is % g.

(b) Find the value of . [4]
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2
1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O on a smooth horizontal plane. The particle P moves in

horizontal circles about O. The tension in the string is 4mg.

Find, in terms of a and g, the time that P takes to make one complete revolution. [2]

2 A particle Q of mass mkg falls from rest under gravity. The motion of Q is resisted by a force of
magnitude mkv N, where vms ™' is the speed of Q at time ¢ s and k is a positive constant.

Find an expression for v in terms of g, k and ¢. [6]
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4

3 A particle Q of mass m is attached to a fixed point O by a light inextensible string of length a. The
particle moves in complete vertical circles about O. The points A and B are on the path of O with AB a
diameter of the circle. O4 makes an angle of 60° with the downward vertical through O and OB makes
an angle of 60° with the upward vertical through O. The speed of O when it is at 4 is 2+/ag.

Given that 7, and T are the tensions in the string at 4 and B respectively, find the ratio 7,,: 7. [6]
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Auniform solid circular cone, of vertical height 47 and radius 27, is attached to a uniform solid cylinder,
of height 37 and radius kr, where & is a constant less than 2. The base of the cone is joined to one of the

circular faces of the cylinder so that the axes of symmetry of the two solids coincide (see diagram). The
cone and the cylinder are made of the same material.

(a) Show that the distance of the centre of mass of the combined solid from the vertex of the cone is
(99K* +96) r

. 4
18k +32 4]
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7
The point C is on the circumference of the base of the cone. When the combined solid is freely
suspended from C and hanging in equilibrium, the diameter through C makes an angle o with the

downward vertical, where tana = %

(b) Given that the centre of mass of the combined solid is within the cylinder, find the value of k. [4]
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Two uniform smooth spheres 4 and B of equal radii each have mass m. The two spheres are each moving
with speed u on a horizontal surface when they collide. Immediately before the collision A4’s direction
of motion makes an angle of a® with the line of centres, and B’s direction of motion is perpendicular to
that of 4 (see diagram). The coefficient of restitution between the spheres is e.

Immediately after the collision, B moves in a direction at right angles to the line of centres.

l1+e
l1—e’ [4]

(a) Show that tana =
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(b) Given that tano = 2, find the speed of 4 after the collision. (4]
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6 A nparticle P is projected with speed u at an angle 6 above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The direction of motion of P makes an angle a above the

horizontal when P first reaches three-quarters of its greatest height.

(a) Show that tana = S tan6. [6]
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(b) Given that tan6 = %, find the horizontal distance travelled by P when it first reaches three-quarters
of its greatest height. Give your answer in terms of # and g. (4]
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1
V384
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)

One end of a light spring of natural length ¢ and modulus of elasticity 4mg is attached to a fixed
point O. The other end of the spring is attached to a particle 4 of mass km, where k is a constant.
Initially the spring lies at rest on a smooth horizontal surface and has length a. A second particle B, of

mass m, is moving towards 4 with speed 4/ % ga along the line of the spring from the opposite direction
to O (see diagram).

The particles 4 and B collide and coalesce. At a point C in the subsequent motion, the length of the
spring is %a and the speed of the combined particle is half of its initial speed.

(a) Find the value of £. [6]
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At the point C the horizontal surface becomes rough, with coefficient of friction 4 between the
combined particle and the surface. The deceleration of the combined particle at C is % g.

(b) Find the value of . [4]
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