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A particle P is projected with speed ums™ atan angle tan ~12 above the horizontal from a point O on
a horizontal plane and moves freely under gravity. When P has travelled a distance 56 m horizontally
from O, it is at a vertical height H m above the plane. When P has travelled a distance 84 m horizontally
from O, it is at a vertical helght ~Hm above the plane.

Find, in either order, the value of v and the value of H. [5]
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A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle P is held at the point 4 with the string taut. It is
given that O4 makes an angle 6 with the downward vertical through O, where tan6 = .. The particle P
is projected perpendicular to OA4 in an upwards direction with speed \/g , and it starts to move along a
circular path in a vertical plane. When P is at the point B, where angle AOB is a right angle, the tension
in the string is 7.

Find T in terms of m and g. [5]
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A particle P of mass mkg is attached to one end of a hght elastic string of natural length 2m and
modulus of elasticity 2mgN. The other end of the string is attached to a fixed point O. The particle P
hangs in equilibrium vertically below O. The particle P is pulled down vertically a distance dm below
its equilibrium position and released from rest.

(a) Given that the particle just reaches O in the subsequent motion, find the value of d. [6]
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(b) Hence find the speed of P when it is 2m below O. [2]
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An object is formed by removing a cylinder of radius %a and height k4 (kK < 1) from a uniform solid
cylinder of radius a and height 4. The vertical axes of symmetry of the two cylinders coincide. The
upper faces of the two cylinders are in the same plane as each other. The points 4 and B are the opposite
ends of a diameter of the upper face of the object (see diagram).

(a) Find, in terms of / and £, the distance of the centre of mass of the object from 4B. [4]
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When the object is suspended from 4, the angle between 4B and the vertical is 6, where tan6 = %

(b) Given that 4 = 3a, find the possible values of . [3]
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A particle P of mass 2kg movmg on a horizontal straight line has displacement xm from a fixed point
O on the line and velocity vms ' at time #s. The only horizontal force acting on P is a variable force
FN which can be expressed as a function of . It is given that

v_3-t
x 1+t
and when r =0, x = 5.
(a) Find an expression for x in terms of 7. [4]
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(b) Find the magnitude of /" when ¢ = (3]
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A particle P of mass 0.05 kg is attached to one end of a light inextensible string of length 1 m. The other
end of the string is attached to a fixed point O. A particle QO of mass 0.04kg is attached to one end of a
second light inextensible string. The other end of this string is attached to P.

The particle P moves in a horizontal circle of radius 0.8 m with angular speed w rad s~!. The particle Q
moves in a horizontal circle of radius 1.4 m also with angular speed @ rad s~'. The centres of the circles
are vertically below O, and O, P and Q are always in the same vertical plane. The strings OP and PQ
remain at constant angles o and f respectively to the vertical (see diagram).

(a) Find the tension in the string OP. [3]

CLES 2024 ﬁ 9231/31/0/N/24 I

DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN



DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

* 0000800000011 *

(b) Find the value of w.
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A particle P is projected with speed u at an angle tan 1(%) above the horizontal from a point O on a

horizontal plane and moves freely under gravity. When P is moving horizontally, it strikes a smooth
inclined plane at the point 4. This plane is inclined to the horizontal at an angle «, and the line of
greatest slope through 4 lies in the vertical plane through O and 4.

As a result of the impact, P moves vertically upwards. The coefficient of restitution between P and the
inclined plane is e.

(a) Show that etan’a = 1. [4]
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In its subsequent motion, the greatest height reached by P above 4 is %6 of the vertical height of 4
above the horizontal plane.

(b) Find the value of e. [6]
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If you use the following page to complete the answer to any question, the question number must be clearly
shown.

Additional page
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PUBLISHED
Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptions for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, non-integer answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the
degree of accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5  Where a candidate has misread a number or sign in the question and used that value consistently throughout, provided that number does not alter the
difficulty or the method required, award all marks earned and deduct just 1 A or B mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB  When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For anumerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwoO Correct Working Only

ISW Ignore Subsequent Working
SOl Seen Or Implied
SsC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the

light of a particular circumstance)
WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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Question Answer Marks Guidance
1 . . . . 1 M1 | For one equation with one error.
Use equation of trajectory with point (56, H) or | 84, = H
2
c 1 5 Al | Both correct.
H=112->9 X567 or ZH =168 x84
2u 2 2u
Eliminate to find u or H M1
u=35 Al
H=148 Al
5
Question Answer Marks Guidance
2 2 Bl
At B, T+mgsin6’=ﬂ
a
M1A1
Energy A to B: %mu2 —%mv2 =mga(cosd +sino)
Substitute for u and @ to find T: M1
T =mg(5—2xﬂ—3x§j
5 5
8 Al
T=-m
5 g
5
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3(a M1 | Equilibrium position.
@) Hooke’s law: T = 2mg x extension and T =mg a P

Extension =1 m Al

Bl
EPE loss = 1.2mg ><(1+d)2

2 2

Gain in GPE = mg(2+1+d) Bl

M1
Equate: %mg (1+ d)2 =mg(3+d)
d=+5 Al | sC: 3 marks for final answer of /5 +1.

SC: 2 marks for final answer of \/§+ k k=1.
6
3(b M1 | GPE, KE, EPE terms.
(b) Energy equation: %mvz+mg(1+d)=%><2%><(l+d)2
v2=g(d2—1) V =440 =210 Al
Alternatively: M1
Using KE and GPE from 2 m below O to point O
1 12
—mV*-=2m
> g
V2=4g V =+/40 =210 Al
2
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4(a) B1 | Correct volumes and distances for large and small.
Large Small Object M1 | Moments equation with 3 terms, dimensionally
5 correct.
Volume a’h T ga kh ﬂazh(l—ﬂk)
i 3 9 Al | Correct, unsimplified.
Centre of 1
mass from =h Ekh X
AB 2
Moments about AB:
2
ﬁazh(l—ﬂk)xyz ﬂazhxlh—ﬂ Ea khxlkh
9 2 3 2
_ (9-4K)h Al
Y= 20— %)
4
4(b) v (9—4k2)h 3 B1 FT | FT their part (a)
tanf==: ——=—
a 2(9-4k)a 2
8 o . 2 M1
Use h:§a and simplify to quadratic in k: 32k® —36k +9=0
Al
.3 3
8 4
3
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5(a) dx _ (i—ljdt M1 | Separate variables, obtain RHS in integrable form.
X t+1
In|x|=4Injt+1-t+A Al
t=0,x=5: A=In5 M1
x=5(t +1)4 e Al
4
5(b) v=(3-t)x5(t +l)3 et M1
Acceleraton = =S¢ (~(t-+1)' + (3-1)3(t-+1) ~(3-1)(t+1)')
Acceleration = 5e”" (t+1)* (5-t)(1-t) AEF
F =2xacceleration, so at F =10e™ (t +1)2 (5—-t)(1-t) M1
At t =3, magnitude of force is 640e* N Al | 319N
3
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6(@ | AtP: T T,cosa =T, cos 3 +0.05g B1
ALQ: T, c0sf=004g B1 | OR: whole system: T, cose =0.09g
T,=0.15g=15N B1
3
6(b) | T,sina—T,sin 5 =0.05x0.80° M1 | Allow sin/cos mix
T,sin # =0.04x1.40° M1
T,sina =0.05x0.80* + 0.04 x1.40° Al
w? =125, w=gJ§
3
6(c) | T,cos8=0.04g and T,sin B =0.04x1.40" M1 | From part (a) and part (b)
Divide: tan g =%
£ =60.3° Al
2
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7(a) When P strikes plane, velocity is —ucosé, M1 J
. N 3 . 3 .
Before impact: parallel to inclined plane gu cosa , perpendicular to plane gusma
. 3 3 . . Al
After impact: components gu cosa (parallel) and geusma (perpendicular)
. - . . 3 3 . M1
Since velocity is vertical after impact, tana = gu cosa / geu sina
tana=1/etana, e tan? =1 Al | AG
4
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Question Answer Marks Guidance
7(b) _ . (usin 9)2 8u? M1A1 | Note: alternative methods.
Greatest height of P before impact: H = =
29 25¢
. M1
After impact, vertical speed of P is gu\/(cow)2 +e?(sina)’
i M1
Use V2 =U? + 2as to greatest height, equal to %H
9 , 2 9. AN 3
2—5u ((COSa) +e“(sina) )_ng16H
1 e 1 M1
Use part (a): tana =—, cosa =,—, Sina =,|—
Je 1+e 1+e
Substitute to find e
Al
3’ +2e-1=0, el
3
6
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A particle of mass 2 kg is attached to one end of a light elastic string of natural length 0.8 m and modulus
of elasticity 100N. The other end of the string is attached to a fixed point O on a smooth horizontal
surface. The particle is moving in a horizontal circle about O with the string taut and with constant
angular speed 5 radians per second.

Find the extension of the string. [3]

| © UCLES 2024 @ 9231/32/0/N/24 I

DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN



DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

|-

* 0000800000003 * hman (03247304567) Aitchison College

A particle P of mass m is attached to one end of a light elastic spring of natural length a and modulus
of elasticity Smg. The other end of the spring is attached to a fixed point O. The spring hangs vertically
with P below O. The particle P is pulled down vertically and released from rest when the length of the

spring is %a.
Find the distance of P below O when P first comes to instantaneous rest. [4]

CLES 2024 % 9231/32/0/N/24 [Turn over I



* 0000800000004 * M.Shafiq ur Rehman (03247304567) Aitchison College
-

3

The diagram shows two identical smooth uniform spheres 4 and B of equal radii and each of mass m.
The two spheres are moving on a smooth horizontal surface when they collide with speeds 2u and
3u respectively. Immediately before the collision, A’s direction of motion makes an angle 6 with the
line of centres and B’s direction of motion is perpendicular to that of 4. After the collision, B moves

perpendicular to the line of centres. The coefficient of restitution between the spheres is %

(a) Find the value of tan6. [3]
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(b) Find the total loss of kinetic energy as a result of the collision. [2]

(¢) Find, in degrees, the angle through which the direction of motion of 4 is deflected as a result of the
collision. (2]
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The end A of a uniform rod 4B of length 6a and weight 7 is in contact with a rough vertical wall. One
end of a light inextensible string of length 3a is attached to the midpoint C of the rod. The other end of
the string is attached to a point D on the wall, vertically above 4. The rod is in equilibrium when the
angle between the rod and the wall is 6, where tan6 = % A particle of weight W is attached to the point
E on the rod, where the distance AE is equal to ka (3 < k < 6) (see diagram). The rod and the string are
in a vertical plane perpendicular to the wall. The coefficient of friction between the rod and the wall
is % The rod is about to slip down the wall.

(a) Find the value of £. [5]
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A particle P is projected from a point O on horizontal ground with speed u at an angle 6 above the
horizontal, where tan6 = 5. The particle P moves freely under gravity and passes through the point
with coordinates (3a, %a) relative to horizontal and vertical axes through O in the plane of the motion.

(a) Use the equation of the trajectory to show that u’ = 25ag. [2]
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At the instant when P is moving horizontally, a particle Q is projected from O with speed J at an angle
o above the horizontal. The particles P and Q reach the ground at the same point and at the same time.

(b) Express V% in the form kag, where k is a rational number. [6]
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A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle P is held with the string taut and the string
makes an angle 6 with the downward vertical through O. The particle P is projected at right angles to
the string with speed %\/ 10ag and begins to move downwards along a circular path. When the string is
vertical, it strikes a small smooth peg at the point 4 which is vertically below O. The circular path and
the point 4 are in the same vertical plane. After the string strikes the peg, the particle P begins to move
in a vertical circle with centre 4. When the string makes an angle 6 with the upward vertical through 4
the string becomes slack (see diagram). The distance of 4 below O is %a.

(a) Find the value of cos6. [6]
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(b) Find the ratio of the tensions in the string immediately before and immediately after it strikes the
peg. [4]
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A particle P of mass mkg is held at rest at a pomt O and released so that it moves vertically under
gravity against a resistive force of magnitude 0.1mv* N, where vims~! is the velocity of P at time 7s.

(a) Find an expression for v in terms of 7. [6]
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The displacement of P from O at time 75 is xm.

(b) Find an expression for v? in terms of x. [5]
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If you use the following page to complete the answer to any question, the question number must be clearly
shown.

Additional page
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptions for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2  Unless specified in the question, non-integer answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the
degree of accuracy is not affected.

3  Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5  Where a candidate has misread a number or sign in the question and used that value consistently throughout, provided that number does not alter the
difficulty or the method required, award all marks earned and deduct just 1 A or B mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB  When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For anumerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwoO Correct Working Only

ISW Ignore Subsequent Working
SOl Seen Or Implied
SsC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the

light of a particular circumstance)
WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 B1
Hooke’s law: T =@X T =@(r—0.8)
0.8 0.8
N2L: T =2x(0.8+x)x5? Bl | T=2xrx5
Equate and solve: 50(0.8+x)=125x, x=0.533 Bl 8
15
3
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2 1 5mg a)? B1 | Both terms seen.
Extension when P comes to rest is X, EPE loss = E>< X (Ej —x?
a
1 5mg a)? ) a M1 A_t Ieast_ one EPE term and a GPE term,
Energy: =x x[| =] =x“|=mg| ==X dimensionally correct.
2 a 2 2

Solve: 20x?—8ax—a2?=0 M1 | Obtain homogeneous quadratic equation in x and a
Must come from an energy equation involving two
EPE terms.
Note that the correct case simplifies to a linear

equation %[% + xj =mg and this scores M1.

Al
X= _a , o distance of P below O is 2a
10 10
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2 Alternative method for question 2
Distance of P below O when it comes to rest comes to rest is h Bl
2
EPE loss == = x 219, (Ej ~(h-a)’
2 a 2
1 5mg a ) ) 3 M1 | At least one EPE term and a GPE term,
Energy: —x——=x (—j —(h-a)" |=mg (—a - hj dimensionally correct.
2 a 2 2
20h2 —48ah +27a2 =0 M1 | Obtain homogeneous quadratic/linear equation in
h and a. Must come from an energy equation
involving two EPE terms.
Al
(10h-9a)(2h—-3a)=0, h =3a
10
4
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3(a) PCLM along line of centres: —mv =m2ucos&—m3using B1 | Must include m, must have minus sign on RHS,
accept positive or negative v.

If velocity of B after collision is included, it must
be equated to zero before this mark is awarded.

NEL: v=eu(3sind+2cosd) M1 | Must have plus sign on RHS,
accept positive or negative v (sign of v does not

need to be consistent with PCLM equation)
If velocity of B after collision is included, it must
be equated to zero before this mark is awarded.

Al | Correct work only, except possibly missing m.
Eliminate v: 6sin@=8cos0, tanezg y ptp y g
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3(b) Only change in KE is along line of centres M1
Loss = %m((Zu 0050)2 +(3usin 19)2)—%mv2
1 ,(36 144 (12 sjz 2, Al | (Note that tan@ =2 leads to final answer > mu?)
—mue| —+=—-|=-=| [= —mu
2 25 25 5 5 25
2
Alternative method for question 3(b)
Alternative method, using total KE M1
Loss in KE = [ %m(Zu)2 +%m(3u)2 1
1 1 , 1 , Or equivalent, with all necessary terms present
— [ =mv? +=m(2usin)” +=m(3ucosd)
2 2 2
3 , 181 , 72 _, Al
—mu°—-—mu°= —mu
2 50 25
2
3(c . . M1
© [Components of velocity of A after collision are <—gu 2 gu so] angle between
line of centres and A’s direction is 4.
Angle of deflection = 180° — 2tant4/3 =73.7° A1FT | FT their answer to part (a)
2
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4(a) In this question, allow equivalent marks for resolutions in different directions and Bl
moments about other points. Apply the guidance given in the main scheme.

TTcosO+F =2W

—Tsind=R B1
Moments about A: M1 | All relevant terms included, dimensionally correct,
Tcosfx3asin@+T sin@x3acosd=W x3asin@+W xkasin& forces must be resolved if appropriate.
Allow sin/cos mix, allow sign errors.
LHS: any equivalent expression, for example
3Tasin 26, 3Tasin(180-26).
OR

All relevant terms included, dimensionally correct,
forces must be resolved if appropriate.
Allow sin/cos mix, allow sign errors.

Moments about C:
Rx3acosd = F x3asind+W x(ka—3a)sing

[6aT cosd=(3+k)aw and %(3cos¢9+sin 0)=2W give] [ and giveand give] M1 Use F = % R and eliminate T and W to obtain an
120050=(3+K)(ca50+ 55in0) Gimensionally cotet momens ecuaton
k=5 Al

5
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4(b) A complete method to find F in terms of W M1 | Any complete method to find F.
For example, substitute into moments equation to
obtain T [T =§\/1_3 W, R=2W].
Al | Correct.
F =3W
3
2
Question Answer Marks Guidance
5(a ) . 4 1 1 M1 | No (implied) sight of trajectory equation MO.
@ Use correct equation of trajectory: Eazsaxg—%x(Ba)zx(H—j (implied) sig ) el
u
4 5ga’ 5ga ) Al | At least one step of intermediate working must be
Ea:a_ 2 ,U—Z:g, u® =25ga seen.
AG
2
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5(b) For P, time of flight T and range R Bl
For Q, time of flight %2 T and range R
{T 2usin @ } 10a Time of flight for P or Q.
g N

B1 | Range for P.

[From motion of P, R= 2 x 25ag x 3 =] 15a g

g 10

M1 | Obtain an expression for vcosa . May involve u

ForQ: »>R =VCOSa><%T, VCOoS o =2T—R

and 6.

2
TO=VSinax1T—lg iT ,vsinazlgT
2 2°\2 4

M1

Obtain an expression for vsing . May involve u
and 6.

2RY (1 _Y 5 M1
Square and add: v> =| = | +| =gT =90ag +—a
| (Tj (4gj [ °8 g}
Al 1
tanazgzﬁ
T
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5(b) Alternative method for question 5(b)
For P, time of flight T and range R M1
For Q, time of flight %2 T and range R
Horizontal motion for P and Q
R=ucosdT and R= (vc0305)I
2 Both.
Vertical motion for P and Q M1
. gT . gT . 1 .,
using = - and vsina = e Both, may come from using s =ut +§at .
Equate two expressions for R: Al 6
VCoSa = 2ucosé VCOSO‘:E“
Equate two expressions for vertical motion: Al
. 1 . . 1
vsing ==usiné vsina = u
2 2410

M1
Square and add: v* =u? (4cos2 (9+%sin2 0] [z %uz}
29 725 Al
—x25ag =—a

8 J 8 J
6
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6(a) For P to lowest point L: M1*
1 o, 1 ., Dimensionally correct, all terms present, allow
Energy: 5 mv- = E mu™ + mga(l— cos ‘9) sign errors, allow cos/sin error.
[V =§ag —2ag cosd]
From L to string goes slack: M1*
Eneray: 1o low? +ﬁmg (1+cos6) Dimensionally correct, all terms present, with % ,
2 2
allow sign errors, allow cos/sin error.
20 26
2
W =—ag ——agcosé
{ g9 9™ }
Both equations correct, allow unsimplified. Al
mw? Bl
When string goes slack: mgcosé = %
Equate expressions for w? to find a value for cos® DM1
Al
cosé = 2
3
6
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Alternative method for question 6(a)

For P from start to string goes slack: M2 | ] 4
Dimensionally correct, all terms present, with § a

Energy: %mwz _ % o’ + mga[(l—cos 0) _g (1+cos 6’)} Allow sign errors, allow cos/sin ezor
RHS may appear with g a— (1+ §j acosé

4
Allow M1 if 5 is missing or if an attempt at both

heights, but all other conditions are met.

, 10 5 13 20 26 Al | Correct, allow unsimplified.
w°=—ag +2ag£———cos«9j =—ag——agcosd
9 9 9 9 9
mw? B1
When string goes slack: mgcosé = %
Equate expressions for w? to find a value for cos@ DM1
Al
cosé = 2
3
6
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6(b) mv?> M1 | EITHER equation, dimensionally correct, allow
Tension before: Tl -mg =——- Sign error On|y
a
2
Tension after: T, —-mg = rz_v
—a
9
, 16 25 Al | EITHER tension correct
v° =—ag, T,=—mg T, =5mg
9 9
Find the other tension (from a valid equation) and find ratio of tensions M1 mv2
Equation must be of the form T —mg = e
Ratiois5:9 Al . . 5
Any equivalent ratio, allow Y
4
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7(a) d ) B1 | Use of suvat means 0 marks in this part
My ~™d —0.Imv Note that no mg term means 0 marks in this part.
dv
Must see m, may be cancelled before a = Py used

M1*
Y _10-0a2 :i(loO—vz)
dt 10

dv. 1
s=—
100-v* 10 Separate variables and integrate. May see partial
fractions, but integral is on Formula sheet,
n (v +10j Coti A allow missing +A for M1 only
10-v
Al | Must see modulus sign
Use t=0,v=0, A=0 DM1
Remove logs to obtain v in terms of t M1
10(e* -1} ALl 10(1-e)
e~ +1 l+e
6

© Cambridge University Press & Assessment 2024 Page 18 of 19



9231/32 Cambridge International AS & A LeveMphafigtr Rehman (03247304564) AchisonLollege

PUBLISHED
Question Answer Marks Guidance
7(b M1* | Use of suvat means O marks in this part
(b) vﬂzi(loo—vz) uv in this p
dx 10 . . -
Separate variables and integrate, allow missing
+A for M1 only.
—lln(‘loo—vz‘)=1x+ B
2 10 Al | For Al, allow missing modulus sign
DM1
Use x=0,v=0, B =—%In100
Remove logs to obtain v? in terms of x M1
, _X Al | AEF
v© =100(1-e °) Allow 10g instead of 100.
5
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Two smooth uniform spheres 4 and B of equal radii have masses m and 5m respectively. Sphere 4 is
moving on a smooth horizontal surface with speed u# when it collides with sphere B which is at rest on
the surface. Immediately before the collision, A’s direction of motion makes an angle of 6 with the line
of centres. After the collision, the kinetic energies of 4 and B are equal. The coefficient of restitution
between the spheres is %

Find the value of tan6. [6]
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4
2 The points 4 and B are at the same horizontal level a distance 4a apart. The ends of a light elastic string,
of natural length 4a and modulus of elasticity A, are attached to 4 and B. A particle P of mass m is
attached to the midpoint of the string. The system is in equilibrium with P at a distance %a below M,
the midpoint of AB.
(a) Find A in terms of m and g. [3]
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The particle P is pulled down vertically and released from rest at a distance %a below M.

(b) Find, in terms of @ and g, the speed of P as it passes through M in the subsequent motion. [4]
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3  Attime ¢ = 0 seconds, a particle P is projected with speed # m s ' atan angle 60° above the horizontal
from a point O. In the subsequent motion P moves freely under gravity. The direction of motion of P
when ¢ = 5 is perpendicular to its direction of motion when ¢ = 15.

Find the value of u. [5]
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A ring of weight W, with radius a and centre O, is at rest on a rough surface that is inclined to the

horizontal at an angle @ where tana = % The plane of the ring is perpendicular to the inclined surface

and parallel to a line of greatest slope of the surface. The point P on the circumference of the ring is
such that OP is parallel to the surface.

A light inextensible string is attached to P and to the point O, which is on the surface, such that PQ is
horizontal (see diagram). The points O, P and Q are in the same vertical plane. The system is in limiting
equilibrium and the coefficient of friction between the ring and the surface is y.

(a) Find, in terms of W, the tension in the string PQ. [4]
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(b) Find the value of u. [3]
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Two particles 4 and B of masses m and km respectively are connected by a light inextensible string of
length a. The particles are placed on a rough horizontal circular turntable with the string taut and lying

along a radius of the turntable. Particle 4 is at a distance a from the centre of the turntable and particle
B is at a distance 2a from the centre of the turntable. The coefficient of friction between each particle

and the turntable is %
When the turntable is made to rotate with angular speed %\/%, the system is in limiting equilibrium.

(a) Find the tension in the string, in terms of m and g. [4]
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(b) Find the value of £. [3]
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6 A particle P of mass 2kg moving on a horizontal straight line has displacement xm from a fixed point
O on the line and velocity vms ' at time ¢ s. The only horizontal force acting on P has magnitude
%(2\/— 1)?¢ "N and acts towards O. When =0, x = l and v = 3.

(a) Find an expression for v in terms of ¢. [5]
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(b) Find an expression for x in terms of ¢. [4]
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7 A smooth sphere with centre O and of radius « is fixed to a horizontal plane. A particle P of mass m is
projected horizontally from the highest point of the sphere with speed u, so that it begins to move along

the surface of the sphere. The particle P loses contact with the sphere at the point O on the sphere,
where OQ makes an angle 6 with the upward vertical through O.

u® + 2ag

(a) Show that cosf = 3ag [4]

© UCLES 2024 9231/32/M/1/24



M.Shafiq ur Rehman (03247304567) Aitchison College
15

. _s
It is given that cos6 = %.

(b) Find, in terms of a and g, an expression for the vertical component of the velocity of P just before
it hits the horizontal plane to which the sphere is fixed. [3]

(¢) Find an expression for the time taken by P to fall from Q to the plane. Give your answer in the

form k\/g, stating the value of & correct to 3 significant figures. [2]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the
specific content of the mark scheme or generic level descriptions for a question. Each question paper and mark scheme will also comply with these
marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond
the scope of the syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the
question as indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level
descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may
be limited according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or
grade descriptors in mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, non-integer answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the
degree of accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 Where a candidate has misread a number or sign in the question and used that value consistently throughout, provided that number does not alter the
difficulty or the method required, award all marks earned and deduct just 1 A or B mark for the misread.

6  Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)
CwWO Correct Working Only
ISW Ignore Subsequent Working
SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 Along line of centres, PCLM: 5mv, + mv, = mucos® M1 | Must include correct masses.
NEL: v, —v, = % ucos@ M1 | Signs consistent with PCLM equation.
Al
Vg =Zcose, v, = LY,
4 4
Perpendicular to line of centres: speed of 4 is usind B1
1 u 2 1 u 2 M1 | Equate final kinetic energies, 3 terms, correct
—m (——cosH +(1/lSi1’10)2 =—5m| —cos @ masses.
2 4 2 4
(cos@)zzg, cos¢9:72§, tan¢9:% Al
6

© Cambridge University Press & Assessment 2024 Page 6 of 13



9231/32 Cambridge International AS & A LevelMMjﬁlam Rehman (03247304567) M}ﬁhil%?&ﬁpouege

PUBLISHED
Question Answer Marks Guidance
2(a) In equilibrium: 27 cosé =mg M1
A (5 A B1
Hooke’s law: T =—x| = —2q |=Z
2a \ 2 4
Equate and use cosé = % A= ?mg Al
3
2(b) 2 B1 | 80
EPE loss = 14 Qa —4a S5 mga
4al\ 3 27
. I, 8a 80 , M1 A1 | All 3 terms required, dimensionally correct, their
Energy equation: —mv~ + mg—="'-—mga 1
2 327 :
4 |ga Al | Any equivalent form.
“3V3
4
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3 usin60°—5g , and ucos60° , or usin60°—15g , and u cos60° B1
in 60° — M1* | Accept equivalent for =15
If @ is direction of velocity at ¢ = 5,[tan 0 =]m prequiv
ucos60°
cular directi usin60°-5g usin60°-15g I Mildep | Multiply two expressions involving relevant
For perpendicular directions, 100s60° moos60° velocities and equate to — 1.
Simplify: Ju” +75g” ~10v3ug +1u” =0, u” ~1003/3u +7500 =0 M1 | Simplify to quadratic in u (may see g ).
u=5J3g Al | OE. Accept 50:/3 or 86.6.
5
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4(a) Frictional force /" and normal reaction R at point of contact of ring with plane. M1 | Only allow cos/sin errors for 7 and W
Resolve parallel to plane: F + 7T cosa =W sina components, sign errors.
Accept equations for vertical and horizontal (both
needed).
Moments about O: Fa =Tasina B1
Combine and substitute for « : M1 | Expression for 7' in terms of W .
T='w Al | CAO
3
Alternative solution for question 4(a)
Moments about point where ring touches plane: Tasina + Tacosa =Wasina M1 A1l | Only allow cos/sin errors, sign errors.
Must be dimensionally correct.
Rearrange and substitute for « : M1 | Expression for 7' in terms of WV .
T='w Al | CAO
3
4
4(b) Resolve perpendicular to plane: R =Tsina + W cosa M1 | Only allow cos/sin errors for 7 and W
components, sign errors.
Use F = uR and combine to reach an equation in g only. M1 | From part (a), F +T cosa =W sina or
F=Tsinx .
_1 Al
H=37
3
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5(a) ForA: F,—T=mx aw’ M1 | Only allow sign errors.
F,=umg="mg B1 | Accept with g replaced by 10.
5
Combine: T =Lmg — 2+ mg M1 | To reach an equation in 7" and mg only.
: 5 25
Accept with g replaced by 10.
T="'mg Al | CAO
25
4
5(b) For B: Fy +T =kmx2ae’ M1 | Only allow sign errors.
F, = pkmg = %kmg and combine to find k M1 | To reach an equation in k only.
k= % Al
3
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6(a) dv 1 2 dv 1 *M1 | Separate variables and attempt to integrate both
2—:——(2v—1) e'so ——S=——¢'d id
dr 0 (2\/—1) 20 S1d¢€s.
Where p and ¢ are constants.
p t
=qge +4
-1 *
Al | AEF
R Y
2(2v-1) 20
3 DMI1 | Substituting the boundary condition and obtain a
t=0,v=3, Al=—— value
20 :
1 5¢! *M1 Al | Find v in terms of 7 . AEF.
v=—+
2 3¢’ -1
5
6(b) Integrate: x = pt + gIn(re™ —s) [+B] *Ml
Al | AEF
x :lt +§1n(3e’ -1) [+B]
2 3
5 DM1 | Substituting the boundary condition and obtain a
t=0,x=1, B=1-=In2 )
3 valuce.
r_ Al | AEF
x=1 +lt +§1n e ~1)
2 3 2
4
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7(a) Energy: +mu® =1m? - mga(1-cos0) *M1 | m must be present, dimensionally correct, no
2 2 missing terms.
Allow sin instead of cos .
Allow sign errors.
m? B1 | No reaction when P loses contact.
N2L: mgcos@ =—
a
Eliminate v DM1
2 Al | AG
cosg = 248
3ag
4
7(b) Vertical component of velocity of P when it leaves the sphere: vsin 8 *B1 | Must not come from u .
B /SSag
216

V? =(vsin 6?)2 +2gxa(l+cosb) DM1 | Use of 'v* =u? + 2as’.
Allow sin@ for cosé .
Allow sign errors.

. f847ag Al | AEF

216
3
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7(c) t—l \/847ag _\/55ag M1
g 216 216
1 Al
(V847 =55) |-= =1.48 |<
6 6g g
2
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Two smooth uniform spheres 4 and B of equal radii have masses m and 2m respectively. The two spheres
are moving on a smooth horizontal surface when they collide with speeds z and %u respectively. Immediately
before the collision, A’s direction of motion is along the line of centres, and B’s direction of motion makes
an angle 0 with the line of centres (see diagram).

As a result of the collision, the direction of motion of A4 is reversed and its speed is reduced to %u. The
direction of motion of B again makes an angle 6 with the line of centres, but on the opposite side of the line
of centres. The speed of B is unchanged.

Find the value of the coefficient of restitution between the spheres. [4]
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A particle P of mass m is attached to one end of a light elastic string of natural length a and modulus of
elasticity 2mg. A particle QO of mass km is attached to the other end of the string. Particle P lies on a smooth
horizontal table. The string has part of its length in contact with the table and then passes through a small
smooth hole H in the table.

Particle P moves in a horizontal circle on the surface of the table with constant speed 4/ % ga. Particle Q
hangs in equilibrium vertically below the hole with HQ = %a.

(a) Find, in terms of a, the extension in the string. [4]
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A particle P of mass m is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point O. When the particle is hanging vertically below O, it is projected
horizontally with speed u so that it begins to move along a circular path. When P is at the lowest point of its
motion, the tension in the string is 7. When OP makes an angle 6 with the upward vertical, the tension in
the string is S.

(a) Show that S = T—3mg(1+cos6). [5]
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(b) Given that u = v/4ag, find the value of cos @ when the string goes slack. [2]
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4

A light spring of natural length a and modulus of elasticity kmg is attached to a fixed point O on a smooth
plane inclined to the horizontal at an angle 6, where sin6 = %. A particle of mass m is attached to the lower
end of the spring and is held at the point 4 on the plane, where O4 = 2a and OA is along a line of greatest
slope of the plane (see diagram).

The particle is released from rest and is moving with speed / when it passes through the point B on the
plane, where OB = %a. The speed of the particle is %V when it passes through the point C on the plane,
where OC = %a.

Find the value of . [7]
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18a

24a

A uniform lamina is in the form of a triangle OBC, with OC = 18a, OB = 24a and angle COB = 90°. The
point A on OB is such that O4 = x (see diagram). The triangle OAC is removed from the lamina.

(a) Find, in terms of @ and x, the distance of the centre of mass of the remaining object ABC from OC. [3]
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The object ABC is suspended from C. In its equilibrium position, the side AB makes an angle 6 with the
vertical, where tan 0 = %.

(b) Find x in terms of a. (4]
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A particle P is projected with speed # ms™' at an angle 8 above the horizontal from a point O and moves
. -3
freely under gravity. After 5 seconds the speed of P is Ju.

(a) Show that {-u” — 100u sin®+2500 = 0. [3]
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(b) Itis given that the velocity of P after 5 seconds is perpendicular to the initial velocity.

Find, in either order, the value of « and the value of sin6. [5]
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A parachutist of mass mkg opens his parachute when he is moving vertically downwards with a speed of
50ms~!. At time 7 s after opening his parachute, he has fallen a distance xm from the point where he opened
his parachute, and his speed is vms~!. The forces acting on him are his weight and a resistive force of
magnitude mv N.

(a) Find an expression for v in terms of z. [6]
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(b) Find an expression for x in terms of 7. [3]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptions for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, non-integer answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the
degree of accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 Where a candidate has misread a number or sign in the question and used that value consistently throughout, provided that number does not alter the
difficulty or the method required, award all marks earned and deduct just 1 A or B mark for the misread.

6  Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)
CwWO Correct Working Only
ISW Ignore Subsequent Working
SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 M1 | M t be included. All i .
Along line of centres, PCLM: —2m x %u cos @+ mu =2mx lu cosf —mx lu asses LSt be metude OW SIgh CTors
Al
cosl = 3
8
1 1 1 M1 | Allow sign errors, e must be on correct side.
NEL: —ucos@+—u=e| —ucosf+u
3 Al | AEF
e=—
7
4
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2 B1
@ Hooke’s law: T = 2mgx 2mgx seen anywhere.
a a
mga B1 | RHS seen anywhere.
T 2 May be in terms of radius or extended length, for
T a mga mga
a——+x = 5
4 example —=— |, —=—
l——a r
4
mga M1 | Equate two expressions for 7 and obtain a
Equate: 2mgx __2 4 4 3ax—a? =0 s1r121p11ﬁed homogeneous quadratic equation
a 3a " 4l° —5al =0,
—+x
4 4r* —3ar—a* =0,
2k* +3k-2=0
a Al | Single correct answer only.
xX=—
4
4
2(b) N T =kmg B1 | kmg seen anywhere in an equation. This may be
seen in part (a). Note that no response in part (b)
can earn B1 if kmg seen in part (a).
T 2mgx = 1 B1 | CWO. Part (a) needs to be correct.
a ’ 2
2
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3(a) . mu’ B1 | Condone 7 used consistently instead of a
At lowest point, 7'—mg = — throughout this question.
2 B1

When string makes angle 6 with upward vertical, S +mgcosé = m
a

, 1 M1 | Must include m. Allow sin @ instead of cosé for

1 2 _
Energy: S omye = mga(1+cos ) this mark, allow sign errors.

Eliminate u° and v M1 | Need to see at least one line of working.

S=T—3mg(1+cost9) Al | AG
5
3(b) When string goes slack, S=0so T =3mg(1+cos6) MI | May use v* = agcos@ substituted into energy
equation.
mu’ Al

But 7 =mg + =mg +4mg =5mg, so cosé’=§
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4 Consider one situation: B1
2 Accept unsimplified.
km 1
A to B: Loss in EPE = Ex|d®-|~a = gkmga
2a 2 8
1 mga . 3 , 3 M1A1 | KE, GPE, EPE terms present.
Energy: PN e+ , om 0= gkmga ((V = Zga(k - 1)} Must be dimensionally correct.
Must include siné or cosé in GPE.
Consider a second situation: B1
2 Accept unsimplified.
km
A'to C: Loss in EPE = — x| 42 _(_ﬁj = Ekmga
a 4 32
2 M1 | KE, GPE, EPE terms present.
1 (1 mgsa . 15 15 ) > p
Energy: Em(EVj + £ sin@ = 3—2kmga (Vz =Tag(k - 2)] Must be dimensionally correct.
Must include sin@ or cosé in GPE.
Third possible situation: (B1) | This may be used in combination with either of
kg 2\ 2\ 3 the first two situations.
Bto C: Lossin EPE = X (Ej —(—ZJ = 3—2kmga Mark to the candidate’s benefit,
a
2 2
1 1 1 1 mela . 3 1 (M1) | KE, GPE, EPE terms present.
Energy: 5™ (5 Vj - Em[z V] —gTSIH 0= —§Mga (Vz = Zag(6 - k)j Must be dimensionally correct .
Must include siné or cosé@ in GPE.
Eliminate ¥ from two energy equations to obtain expression involving only , a M1 | At least one of the energy equations must have
and possibly sin @ scored M1.
=2 Al
4
7
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5(a) M1 A1l | Note that moments about OB is M0 (y =6a ).
OBC 0OAC ABC . .
Moments equation about OC with all terms
1 present, allow sign error, dimensionally correct.
Area 3 x24ax18a 9ax 216a* —9ax All correct for Al.
Centre of mass 84 1y <
from OC 3
Moments about OC
(216a2 —9ax))_c =216a’ x8a —9ax><%x
_ 5764 -x*  x+24a Al | Accept any equivalent form.
X= or
72a—-3x 3
Alternative solution to question 5(a)
Consider system as equivalent to particles at (0, 18a), (x, 0) and (24a, 0) B1
Then the x-coordinate of the centre of mass is at é(x + 24a) M1 Al
3
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5(b) tan g — 18a: 6a or 18a—-y or y or 18a M1 A1l Eithe.r way up (their value for x may be
X X 15a—x 12q + %x substituted in).
¥ —30ax+1444%* =0 M1 | Obtain homogeneous (quadratic) equation
Note that if simplified form of X is used, equation
Or, with simplified form, 30a = x + 24a will be linear.
x=06a Al | Single correct answer only.
4
Question Answer Marks Guidance
6(a) Components of velocity are ucosé, usinf — gt B1
5 , (3 0) M1 | Square and add components of velocity and
(ucos@)” +(usind — gr) =(—uj 3\
4 equate to (—uj .
4
7 4? ~100usin 0+ 2500 =0 Al|AG
6! ~ SIn G+ B At least one correct line of working seen.
3
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6(b) Let a be angle of direction of motion with horizontal at ¢ =5, then B1 | Either way up.
(tana :) usinf —5g
ucosf
usind—-5g M1 | Must be — 1 not +1.
tane tan@=-1, so tanﬁ( 1cosd j =-1 FT their expression for tana .
u=50sind Al
Use in result from part (a) to form equation in u or sin € M1
u* =1600, 1 =40 and sind =% Al Both.
Alternative method for question 6(b)
M1
- ucos&z%usin@
Al

tan9=i or sin9=i
3 5

M1 Al | All i .
T%ucosez_%u+50 ow sign error

Al | Both .
u =40 and sin9=§ oth seen
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6(b) Alternative method for question 6(b)
M1
—>ucosf =%usinl9
tant9=i or sint9=i Al
3 5
Use in result from part (a) to form equation in u M1
Al
u=40 (and m)
7
Al | Both .
u =40(only) and sin@ =% ot seel
5
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7(a) dv B1 | No marks in this part if suvat used.

mo = (10-v)
Must have sight of m (for example in F' = ma).

—1n|10 - v| =t+ A or —ln(v - 1()) =t+4 *M1 A1l | Separate variables and integrate to obtain a In
term. Constant may be omitted.
Constant needed for A1l

Use t=0,v=50: A= —1n|—40| DMI1 | Find constant, dependent on previous M1.
May use limits instead.

0.1ve' =4 +¢ M1 | Remove all logs .

v=10+40e™ A1 | Correct work only .

6
7(b) x=10f—40e~" + B M1 | No marks in this part if suvat used in part (a) or

part (b).
Integrate their answer to part (a).
Constant may be omitted.

Use t=0,x=0: B=40 M1 | Use initial condition in their expression for x in
terms of ¢ .

x=10t —40e™ +40 Al

3
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7(c) When v=15,¢ = é, /2208 orln 8 M1 i\ll)(; gr;a;l;:ti?c;‘his part if suvat used in part (a) part
Find value of ¢ from their answer to part (a).
x = 55.8 (metres) Al | Note 35+ 10 In 8 scores AQ.
2
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Two uniform smooth spheres 4 and B of equal radii have masses m and 2m respectively. The two spheres
are moving with equal speeds u on a smooth horizontal surface when they collide. Immediately before
the collision, 4’s direction of motion makes an angle of 60° with the line of centres, and B’s direction of
motion makes an angle 6 with the line of centres (see diagram). The coefficient of restitution between
the spheres is e.

After the collision, the component of the velocity of 4 along the line of centres is v and B moves
perpendicular to the line of centres. Sphere 4 now has twice as much kinetic energy as sphere B.

(a) Show that v =Ju(4cos6—1). [1]
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4

2 Aball of mass 2kg is projected vertically downwards with speed 5 ms” through a liquid. At time ¢s
after projection, the velocity of the ball is vms™' and its displacement from its starting point is xm.
The forces acting on the ball are its weight and a resistive force of magnitude 0.2v* N.

(a) Find an expression for v in terms of ¢. [6]
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2a

C

A uniform square lamina of side 2a and weight ¥ is suspended from a light inextensible string attached
to the midpoint £ of the side 4B. The other end of the string is attached to a fixed point P on a rough
vertical wall. The vertex B of the lamina is in contact with the wall. The string EP is perpendicular
to the side 4B and makes an angle 6 with the wall (see diagram). The string and the lamina are in
a vertical plane perpendicular to the wall. The coefficient of friction between the wall and the
lamina is %

Given that the vertex B is about to slip up the wall, find the value of tan6. [8]
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8
4
A
L
P 12a
L
B

A light elastic string has natural length 8a and modulus of elasticity Smg. A particle P of mass m is
attached to the midpoint of the string. The ends of the string are attached to points 4 and B which
are a distance 12a apart on a smooth horizontal table. The particle P is held on the table so that
AP = BP = L (see diagram). The particle P is released from rest. When P is at the midpoint of 4B it has

speed v 80ag.
(a) Find L in terms of a. [5]
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9
(b) Find the initial acceleration of P in terms of g. [3]
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5 A particle P is projected with speed ums ' at an angle 6 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. During its flight P passes through the point which is

a horizontal distance 3a from O and a vertical distance %a above the horizontal plane. It is given that

1
tan6 = 3.
(a) Show that u? = 8ag. [2]

A particle O is projected with speed V'ms™' at an angle o above the horizontal from O at the instant
when P is at its highest point. Particles P and Q both land at the same point on the horizontal plane at
the same time.

(b) Find Vin terms of @ and g. [7]
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6 A particle P of mass m is attached to one end of a light inextensible rod of length 3a. An identical
particle Q is attached to the other end of the rod. The rod is smoothly pivoted at a point O on the rod,
where OQ = x. The system, of rod and particles, rotates about O in a vertical plane.

At an instant when the rod is vertical, with P above Q, the particle P is moving horizontally with
speed u. When the rod has turned through an angle of 60° from the vertical, the speed of P is 2+/ag,
and the tensions in the two parts of the rod, OP and OQ, have equal magnitudes.

(a) Show that the speed of Q when the rod has turned through an angle of 60° from the vertical is

2
Sa—xVeg. 2]
(b) Find x in terms of a. [5]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

o the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

o marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics-Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, non-integer answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the
degree of accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5  Where a candidate has misread a number or sign in the question and used that value consistently throughout, provided that number does not alter the
difficulty or the method required, award all marks earned and deduct just 1 A or B mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.

© UCLES 2023 Page 3 of 15



M.Shafiq ur Rehman 60:%247 &%F{/%Qtféirttélbif?n College

9231/11 Cambridge International AS & A Level — Mark Scheme ctober

PUBLISHED
Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).
e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).
The total number of marks available for each question is shown at the bottom of the Marks column.
e Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.
Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwoO Correct Working Only

ISW Ignore Subsequent Working
SOl Seen Or Implied
SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the

light of a particular circumstance)
WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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Question Answer Marks Guidance
1(a) r2+2r+1-r>=2r+1 B1 | Expands
n s M1 Al | Uses method of differences and sums both sides.
2> r+n=(n+1>%-1
=1
n Al | AG.
=2) r=n*+n=n(n+1)
r=1
4
1(b) n n M1 | Relates with .

D (r+a)=>r+an elates with > r

r=1 r=1

in(n+Y+an=n M1 n

U Applies > r=41n(n+1).

r=1

a=1(1-n) Al

3
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2 _ 2 (1-x)? B1 | Checks base case.
1:1 2X+2X = ( X)2 so H, is true.
(1-x) (1-x)
k — k k+l B1 | States inductive hypothesis.
Assume that > rx"* = 1-(k+Dx :kx . P
r=1 (1_ X)
ksl — k k+l M1 | Considers sum to k+1.
D= 1= (k+D)x ;kx +(k +1)x
-1 (1— X)
1— (K +D)x* + kot 4 (k+1) x* (1_ 2% + X2) M1 | Puts over a common denominator.
(1-x)°
T+ kx* o+ (k +1) X (—2x +X°) 1 (k+2) x5 4 (K +1)xk2 Al
(1-x) i (1-x)
So H,, istrue. By induction, H, is true for all positive integers n. Al | States conclusion.
6
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3(a) b=—(a+B+y+5)=-3 Bl

52(_3)2 —2Aaf+ay+ad+ By + BS + ¥5) M1 Al | Uses formula for sum of squares.

c=2 Al

6_a/3}/+/3}/5+;/5a+5aﬂ_i M1 | Uses

apyd -2 alypliytast= apy + Byd + yoa + daff .
afyo

d=12 Al | Equationis x* —3x® +2x% +12x—2=0.

6
3(b) ot + 4yt 8t = 3(_27)_ 2(5)_12(3)+ 2(4) M1 | Uses their quartic equation derived in (a).

-119 Al

2
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4(a) 2 -2 4 B1 | Finds direction of one line to another.

2 |-1-3|=|1
3 -5 8
i j k| (18 9 M1 Al | Find common perpendicular.

-4 3 5|=|14|~|7
2 -3 1 6 3

4\ (9 M1 Al | Uses formula for shortest distance.
1 67

——||1p7||=—==(=5.68

139 V139 ( )
8)\3
5
4(b) i j k 3 1 M1 Al | Finds vector perpendicular to the plane.

1 0 1|=] 9 |~| 3

-4 3 5 (-3 -1

1(-1)+3(-3)-1(-4)=—6 =>x+3y—-z=-6 M1 Al | Uses point in the plane.

4
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5(a) 1 3 2 3 2 1 M1 Al | Sets determinant of A equal to zero.
-k +3 =0=-1-k+3=0=k=2
2 5 3 5 3 2
1 2 3\(0 -2 -2 4 M1 | Multiplying two matrices correctly, correct
2 14V, sl s T 4 dimensions.
1 1 3 1 1 3
3 2510 O -2 0
M1 Al | Completing matrix multiplication, AG.

5 3)

5(b) 3 T\ x) (3x=Ty
I R

Bl

X X
Transforms ( J to ( ]
y Y

—9x +3mx = m(3x — 7mx) M1 AL | Uses y=mx and Y =mX .
—9+3m=3m-7m*=7m? =9 Al
yz%x and yz—%x Al
5
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5(c) [a o] Bl
D=
0 o
0 Bl
E= P
01
01 Bl
F=
10
3 _7 a 0 9 0 B M1 | Setting up simultaneous equations using their D and
9 3)7(0 «) |1 0O E.
D 30 E- 0 Al | Condone a =3, =1 ifitis clear that they refer to
0 3 01 the correct matrices.
5
Question Answer Marks Guidance
6(a) X —x+i+y’=l=r?—rcosf+1=1 Bl | Uses x* +y®=r” and x=rcos6.
r(r-cosg)=0 M1 | Factorises.
[r=0=]r=cosé Al | AG.
3
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6(b) sin 26 =cos@ = 2sin #cos @ =cos O M1 | Sets r values equal and uses sin26 = 2sin&cos6.
cosf@=0=sinf=1 Al | cos® =0 must be recognised.
(58, %) Al
3
6(c) B1 | Initial line drawn and one curve correct.
B1 | Other curve correct.
B1 | Intersection marked in correct position and both
curves labelled.
P
0 > 0=0
3
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6(d) %J'i”sinz 26'd6?+%ﬁ”0052 0do M1 Uses %Irzda with correct limits.
%7[ . %7[ Ml -2 - - -
%J-o sin2 nggzﬂo 1—cos40do Integratessin® 26 using identity.
- 2[6-1sin46 " Al
iz iz M1 2 I :
%L coszedH:% 1 1+ c0s20do Integrates cos” @ using identity.
~4[0-+4sin20]" Al
Ham-3B) i (r - im-4B) =i (7 -443) AL
6
Question Answer Marks Guidance
7(a) x=-1 x=2 B1 | Vertical asymptotes.
y=1 B1 | Horizontal asymptote.
2
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7(b) dy (¢ =x=2)(2x) = (x* +2)(2x-1) MLI® ) e Y
dx (x2 —X— 2)2 dx
x2+8x—-2=0 DM1 | Sets equal to 0 and forms equation.
(-8.2,0.9), (0.2,-0.9). Al Al | Condone

(-4-3v2,242), (-4+3V2,-242).
4
7(c) y4 B1 | Axes and all three asymptotes.

B1 | Correct shape and position, crossing horizontal
asymptote.

B1 | States (0,—1) coordinates of intersection with axes,
----------------------------- may be seen on diagram.

___________________

©

|
=

————— e e
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7(d) y 3 B1FT | FT from sketch in (c)
""""""""""""""""""""""""""""""""""""""""""""""""""""" B1 | All correct.
2
7(e) N . X2 +2 . M2 | Finds critical points, award M1 for each case.
X2 —x-2 X2 —x-2
X+4=0 or 2x*-x=0
x=—4 or x=0, x=1 Al
—4<x<-1 0<x<3, x>2 B1 | Must have three distinct regions. Condone < -1
and >2.
4
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1  One end of a light inextensible string of length « is attached to a fixed point O. The other end of the

string is attached to a particle of mass m. The string is taut and makes an angle 6 with the downward

vertical through O, where cos 0 = % The particle moves in a horizontal circle with speed v.

Find v in terms of ¢ and g. [4]
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2 A particle P of mass 0.5kg moves in a straight line. At time ¢s the velocity of P is vms~ ' and its
displacement from a fixed point O on the line is xm. The only forces acting on P are a force of
150

magnitude 1 5N in the direction of increasing displacement and a resistive force of magnitude
X
430 sN. When 7 =0, x =0 and v = 20.
(x+1)

Ax+B
(x+1)

, where 4 and B are constants to be

[6]

Find v in terms of x, giving your answer in the form v =
determined.
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A o C

A uniform lamina is in the form of an isosceles triangle ABC in which AC = 2a and angle 4BC = 90°.
The point D on AB is such that the ratio DB: 4B = 1: k. The point £ on CB is such that DF is parallel to
AC. The triangle DBE is removed from the lamina (see diagram).

(a) Find, in terms of £, the distance of the centre of mass of the remaining lamina ADEC from the
midpoint of AC. [4]
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When the lamina ADEC is freely suspended from the vertex A4, the edge 4C makes an angle 6 with the

. 5
downward vertical, where tan6 = 5.

(b) Find the value of £. (3]
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Two smooth vertical walls meet at right angles. The smooth sphere 4, with mass m, is at rest on a
smooth horizontal surface and is at a distance d from each wall. An identical smooth sphere B is moving
on the horizontal surface with speed u at an angle 6 with the line of centres when the spheres collide
(see diagram). After the collision, the spheres take the same time to reach a wall. The coefficient of
restitution between the spheres is %

(a) Find the value of tan®. [4]
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(b) Find the percentage loss in the total kinetic energy of the spheres as a result of this collision. [3]
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A bead of mass m moves on a smooth circular wire, with centre O and radius a, in a vertical plane. The

bead has speed v, when it is at the point 4 where O4 makes an angle o with the downward vertical

through O, and cosa = % Subsequently the bead has speed v, at the point B, where OB makes an

angle 6 with the upward vertical through O. Angle 4OB is a right angle (see diagram). The reaction of
the wire on the bead at B is in the direction OB and has magnitude equal to % of the magnitude of the
reaction when the bead is at 4.

(a) Find, in terms of m and g, the magnitude of the reaction at B. [6]
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6 A nparticle P is projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a
subsequent time ¢ are denoted by x and y respectively.
(a) Derive the equation of the trajectory of P in the form
2
X
y=xtana—g—2sec2a. [3]
2u

During its flight, P must clear an obstacle of height ~#m that is at a horizontal distance of 32m from
the point of projection. When u = 40v2ms ™', P just clears the obstacle. When u = 40ms™", P only
achieves 80% of the height required to clear the obstacle.

(b) Find the two possible values of 4. [6]
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S5a

3a 4a

F

A particle P of mass m is attached to one end of a light rod of length 3a. The other end of the rod is
able to pivot smoothly about the fixed point A. The particle is also attached to one end of a light spring
of natural length a and modulus of elasticity kmg. The other end of the spring is attached to a fixed
point B. The points 4 and B are in a horizontal line, a distance 5a apart, and these two points and the
rod are in a vertical plane.

Initially, P is held in equilibrium by a vertical force F with the stretched length of the spring equal to 4a
(see diagram). The particle is released from rest in this position and has a speed of %«/ 2ag when the rod
becomes horizontal.

(a) Find the value of £. [5]
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(b) Find F in terms of m and g. [2]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

o the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

o marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics-Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, non-integer answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the
degree of accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5  Where a candidate has misread a number or sign in the question and used that value consistently throughout, provided that number does not alter the
difficulty or the method required, award all marks earned and deduct just 1 A or B mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).
e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).
The total number of marks available for each question is shown at the bottom of the Marks column.
e Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.
Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.

© UCLES 2023 Page 4 of 15



M.Shafiq ur Rehman 60%3477&%%%%)1&?%%?’?" College

9231/12 Cambridge International AS & A Level — Mark Scheme ctober

PUBLISHED
Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwoO Correct Working Only

ISW Ignore Subsequent Working
SOl Seen Or Implied
SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the

light of a particular circumstance)
WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1(a) In(n+)@n+1)+3n(n+1)+n M1 Al | Substitutes correct formulae from
MF19.
n®+3n%+3n Al | Simplifies
3
1(b) 1 1 (r+0°—r® r*+3r2+3r+1-r° 3r?+3r+1 M1 Al | Puts over a common denominator and
rPor+)® P+ r*(r+1)> CrPr+)? expands, AG.
no3r2 4 3r+1 ZH:E 1 1 j M1 Al | Shows three complete terms, including
YRR IS last.
= e(r+1) F0 (41 as
1 1
22 22 3 n® (n+1)>*
1 Al
(n +1)3
5
1(c) 1 B1FT | FT from their answer to part (b).
1
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2 M1 Al | Differentiates once using the product
i(xzex)z X°e* +2xe™ = (x* +2x)e* so true when n=1. gthep
dx rule.
k B1 | States inductive hypothesis.
Assume that d—k(xzex) = (x2 + 2kx + k (k —1))eX
dx
[for some value of k ].
d<t ) o M1 | Differentiates kth derivative.
S (x e )=(x + 2kx + k(k —1))e +e*(2x+2k)
(% +2(k +Dx+k(k +1) )e” Al
So true when n=k +1. By induction, true for all positive integers n. Al | States conclusion.
6
Question Answer Marks Guidance
3(a) Shear followed by a stretch. B2 | Award B1 if given in the wrong order.
2
3(b) |OPQR|=|det M| =|K| B1
M- = 110 M1 A1l
k{-1 k
3
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3(c) k 0) x B1 | Sets y=1x
1 1)(#&x
k 0) x kx kx M1 | Shows that Y =1 X.
1 1\&x) (x+dx) (5x
[ X J Al
k
=X
Alternative method for 3(c)
k 0)x kx Bl X X
= Transforms to
1 1)\y X+Y y Y
X =kx and mX =x+y M1 | Usesy =mxand Y = mX
mkX = X + mx
1 Al | AG
m=———
k-1
y——l X
-1
3
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4(a) y=3x+1=x=1(y-1) B1 | Substitutes.
3 2
- 27[—3’_1) +18(—y _1j + 6(—3’_1}—1=0
3 3 3
=(y-1° +2(y-1’ +2(y-1)-1=0 M1
=y -3y? +3y-1+2y* —4y+2+2y—-2-1=0 Expands.
y'—y*+y-2=0 Al | AG.
3
4(b) S, =1?-2(1)=-1 M1 Al | Uses formula for sum of squares, AG.
S; =B +1)*+(BB+1)° + By +1)°* =-1-(1)+6 M1 | Uses y* = y? —y+2 or expands and
uses original equation.
4 Al
4
4(c) _Ba+1)(38+1)+(38+1)(3y +1)+(3y +1)(Ba+1) 1 B1
. (B +1)(38+1)(3y +1) 2
25_2=31—3+S_1=1—3+% M1 | Uses 2y’2=y_1+ y’ll
S,=-2 Al | CAO
3
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5(a) i j k 2 1 M1 Al | Finds perpendicular to 77, .
1 -2 3=/-8|~|4
3 0 -1 (6 3
10 -4(-D)+3(-2)=-1 M1 | Uses point on /7.
X—4y+3z=-1 Al
4
5(b) 1)1 M1 Al | Shows dot product with direction of
all1l21-4+3=0 line is 0.
3 )\1
2
5(c) A\ (1 3\ (1 M1 Al | Uses correct formula for distance from
1 1 ointon I to /7.
| 1 4| o —|| 0 | 4|+1 P 1
2 2 2 2 2 2
& +3 3 )(3) V{113 1 (31+0.-4+1341)
1* +4°+3
1 Al
——(=0.196
J%( )
3
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5(d) i BL| . ;
States point common to both planes e.g. | & |. 7 c
0 0 |or = or alternative.
=L
17
i ] Kkl (-17 M1 Al | Finds direction of line.
1 -4 3= 7
3 3 2 15
% ~17 Al | OE.
r=| 0 [+A4] 7
—4 15
4
© UCLES 2023
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6(a) =0 B1 | Initial line drawn. Correct shape, r
strictly decreasing.
B1 | Correct shape at extremities.
1_g 2" B1 | May be seen on their diagram.
3
6(b) Ing 1)\ M1 | Uses correct formula with correct
afo (e e ) do limits.
2" T, Al
%jo e’ —2¢" " 1edo
1 3n M1 Al | Integrates.
%[—%e‘” +2e707 4 e‘"@} g
0
%(—%e‘" 126"+ lne +%—2e*%“) —le 4 lme e 4l Al
5
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6(C) y:(e"g _e_%n)sing Bl | Uses y=rsin49
_in . _ M1 Al | Sets derivative equal to zero.
ﬂ:(e’g—e 2 )cosé’+sm9(—e ‘9)=O q
do
s ot Al | AG.
[0#5n=1+| —— |tnd=0=1-¢€"*" ~tand=0
e’ —-e?"
1-e*%" _tan0.56 =0.00912 and1-e”**" —tan0.57 = —0.00856 B1 | Shows sign change.
5
Question Answer Marks Guidance
7(a) x=-1 B1 | Vertical asymptote.
(x+1)(x—1)+1 M1 | Oblique asymptote.
- x+1
y=x-1 Al
3
) dy _ Xe+2x ML sets ¥ o,
dx  (x+1) dx
(0,0), (-2,-4) Al
2
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7(c) B1 | Axes and asymptotes.

B1 | Left branch correct.

B1 | Right branch correct.

7(d) (_2,_%) B1 B1 | B1 for each correct coordinate. SC B1
for (—2,—%) and (0,0).
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7(e) y B1 | Left branch correct.
B1 | Right branch correct.
1] - = - - 0 2 4 (] 8 >
X
X2 . X2 . M2 | Finds critical points, award M1 for
=1or =—
xtl X+l each case.
X2 —x-1=0
x=1-15 or x=1+1.5 Al
x<-1 3-3J5<x<3+34/5 x=0 B1 | Condone missing x=0.
6
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2
One end of a light elastic string, of natural length ¢ and modulus of elasticity 3mg, is attached to a
fixed point O. The other end of the string is attached to a particle P of mass m. The string hangs with P
vertically below O. The particle P is pulled vertically downwards so that the extension of the string is
2a. The particle P is then released from rest.

(a) Find the speed of P when it is at a distance %a below O. [3]
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A particle P of mass m is moving with speed u# on a fixed smooth horizontal surface. It collides at an
angle a with a fixed smooth vertical barrier. After the collision, P moves at an angle 6 with the barrier,

where tan6 = % (see diagram). The coefficient of restitution between P and the barrier is e. The particle
P loses 20% of its kinetic energy as a result of the collision.

Find the value of e. [5]
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4

3 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle P is held at the point 4, where OA4 makes an
angle 6 with the downward vertical through O, and with the string taut. The particle P is projected
perpendicular to OA4 in an upwards direction with speed u. It then starts to move along a circular path
in a vertical plane. The string goes slack when P is at B, where angle 40B is 90° and the speed of

Pis %ag.
(a) Find the value of sin6. [2]
(b) Find, in terms of m and g, the tension in the string when P is at 4. [5]
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LT — el - _m >

An object is formed from a solid hemisphere, of radius 2a, and a solid cylinder, of radius a and height
d. The hemisphere and the cylinder are made of the same material. The cylinder is attached to the plane
face of the hemisphere. The line OC forms a diameter of the base of the cylinder, where C is the centre
of the plane face of the hemisphere and O is common to both circumferences (see diagram). Relative to
axes through O, parallel and perpendicular to OC as shown, the centre of mass of the object is (X,y).

_ 32a*+3ad

(a) Show that x = l6a<3d and find an expression, in terms of @ and d, for y. [5]
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A=

The object is placed on a rough plane which is inclined to the horizontal at an angle 6 where sin6 =
The object is in equilibrium with CO horizontal, where CO lies in a vertical plane through a line of
greatest slope.

(b) Find d in terms of a. [3]
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8
5  Alight elastic string of natural length a and modulus of elasticity Amg has one end attached to a fixed

point O on a smooth horizontal surface. When a particle of mass m is attached to the free end of the
string, it moves with speed v in a horizontal circle with centre O and radius x. When, instead, a particle

of mass 2m is attached to the free end of the string, this particle moves with speed %v in a horizontal
circle with centre O and radius %x.

(a) Find x in terms of a. [5]
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(b) Given that v = +/12ag, find the value of A. [2]

© UCLES 2023 9231/32/M/1/23 [Turn over



M.Shafiq ur Rehman (03247304567) Aitchison College

10

6  Aparticle P moving in a straight line has displacement x m from a fixed point O on the line and velocity
vms | at time ¢s. The acceleration of P, in ms 2, is given by 6vy'v+9. When ¢t =0, x =2 and v = 72.

(a) Find an expression for v in terms of x. [4]

© UCLES 2023 9231/32/M/1/23



M.Shafiq ur Rehman (03247304567) Aitchison College

11
(b) Find an expression for x in terms of ¢. [5]
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7 At time ts, a particle P is projected with speed 40ms~" at an angle 6 above the horizontal from a
point O on a horizontal plane and moves freely under gravity. The greatest height achieved by P during
its flight is m and the corresponding time is 7's.

(a) Obtain expressions for A and 7 in terms of 6. [2]

During the time between ¢ = T and ¢ = 3, P descends a distance %H .

(b) Find the value of 6. [4]
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(¢) Find the speed of P when ¢ = 3. [3]

© UCLES 2023 9231/32/M/1/23



M.Shafiq ur Rehman (03247304567) Aitchison College

14
Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).
5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or

the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To

© UCLES 2023 Page 5 of 15



M.Shafiq ur Rehman (032473%367}u%g<§|6i233cm College
y

9231/32 Cambridge International AS & A Level — Mark Scheme
PUBLISHED
Question Answer Marks Guidance
1(a) 3mg (2 )2 B1 | Correct EPE term seen
2a
Lo (3 3 4o 3mg (2 )2 M1 | Dimensionally correct energy equation. Must have
g 4 24 one KE, one EPE term and at least one GPE.
Allow sign errors.
l Al | AEF
V= —Sag [2.74\/ag]
2
3
1(b M1 | N2L and Hooke’s la
®) T-mg=mA and T=3m—g><2a v
a
Acceleration = 5g [upwards] Al | Allow £50 or +5¢g
2
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2 Parallel to wall vcosd =ucosa M1 | Both
Perpendicular to wall ~ vsin@ =eusina
s 1 Al | AEF
Dividing, e=
2tana
KE reduced by 20%, so %muz (0052 a + &% sin’ a) _ g % %muz M1 | Dimensionally 001.“r60t equation in # or v, but not
both. Must have either o or &, but not both.
Must see g on the correct side of the equation.
- 4 Al
Eliminate e: cosa = 3
2 Al
e=—
3
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Question Answer Marks Guidance
2 Alternative method for question 2
Parallel to wall vecosd =ucosa M1 | Both
Perpendicular to wall ~ vsinfd =eusina
Al
sin(&)zﬁ, cos(H)zﬁ m(a):@, s(a)= 25v
5 5 Se 5
4 P Al V2 1
2 2 2.2
u =|\u-cos”(a)+usin”(a)|=—+— AEF,eg. —|4+—
[ ( ) ( )] 5 502 & 5 &2
1, [4 1 5, 72 M1 | Dimensionally correct equation in v .
M= {gxzmu Z}gm?(“ +e_2) Must have either o or @, but not both.
Must see % or % on the correct side of the
equation.
2 Al
e=—
3
5
© UCLES 2023
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Question Answer Marks Guidance
3(a) A 0= méag M1 | Allow cos instead of sin for M1. Do not award
tB, mgsnb = 54 until tension =0 used. Mass must be seen. No sign
error.
Al
sind =—

2
3(b) mu’ B1

AtA, T—mgcosf =

a

M1 A1l | Energy equation with 4 terms, dimensionally
correct. Mass must be present, allow sign errors.

Energy %mu2 —%m x % =mga(cos@ +sinb)

1.
Must see E in the KE terms.

Solve to find T M1 | Complete method leading to an expression in mg
for T'.
21 Al | CWO
T=—mg
5
5
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4(a) [Mass is proportional to volume] M1 Al
Distance of Distance of
Volume centre of mass centre of mass
from vertical axis from OC
. 2 3
Hemisphere 572’(2&1) 2a —-=x2a
. 1
Cylinder ra’d a Ed
. 2 3 2 — —
Object E/t(Za) +ra’d X y
2 7[( 24 )3 +rdld ¥ = 16 7d’ x2a +rald xa Moments equation, dimensionally correct, correct
3 3 number of terms. Allow sign errors.
3242 +3ad Al | AG. At least one line of intermediate working.
Simplify to X =—
16a+3d
2 3 , N\ 16 3 , 1 M1 | Moments equation, dimensionally correct, correct
E”(za) +mad |y =?na X —gx 2a |+mna“d de number of terms. Allow sign errors.
3(d* -8a%) Al | AEF
Y T 2(16a+3d)
5
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4(b) . 2a-Xx B1
siné =
2a

1 3242 +3ad M1 | Remove fractions
2ax—=2a————

6 16a +3d

%(16a+3d)=(32a+3d)

Al
d=§a
3
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5(a ) B1
@ Hooke’s law, T, =2 (x—a) or T, = Amg (éx—aj
a a \4
2 2 M1 -
A Agx(x—a
Also, T, = 2% and equate 20— =28 (x—a) v? :L
X X a a
Dimensionally correct terms.
2 M1 3gx(3
ﬂmg[h—aj Zm(lvj V=28 (—x—a}
o 4 2 2a \4
Similarly: =73 1 3x
a —X Must have Ev and e on the RHS.
Their dimensionally correct 7,.
Equate expressions for v> and solve for x in terms of « . Ml
x=4a Al | WWW
5 | SC B3 for answer of 4a using A instead of Amg .
5(b 2 ) M1 | FT their expression for x.
®) A=—9  Vori=— "% 2 and substitute x=4a, v=4/12ag P
xg(x—a) . ( 3 j
gl =x—-a
4
1 Al | CAO
2
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6 M1
@ v? =6v/v+9 and attempt to separate variables and integrate
X
2Uv+9=6x+4 Al
x=2,v=72 A=6 M1 | Use initial condition to find constant.
v=9(x+1)2 -9 A1l | Correct, AEF.
4
6(b) M1 | Separate variables and write in the form
ﬂ=9(x2+2x) L — 1(1— 1 jdx:9dt . b
dt x(x+2) 2\x x+2 [__ jdx:d;
X x+c
1 x Al | Integrate, any correct form.
—In =9+B
2 x+2
1, 1 M1 | Use initial condition to find constant.
t=0,x=2 B=—In—
2 2
M1 | Take logarithms
18t =In 2x et = 2x g
x+2 x+2
268 2 Al | Any correct form
x:2_el8t or x s _q
5
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7(a) in? B1
H =80sin’ @ or 800sin"0
g
i B1
T =4sing or 20500
g
2
7(b M1 Al | N trat .
®) Between r=7 and t=3 7 %Hz%xle(?)—T)2 © extia ferms
lts 1 20 Asin o)’ M1 | Substitute their expressions for /4 and 7 from
Use results from part (a) 280 s = 5(3 —asm ) part (a) and obtain a quadratic equation in siné
4sin? 0 —8sind+3=0 with no more than three terms.
Ging = 1 L 0=30° Al | Single answer. NFWW,
2
Alternative method for question 7 part (b)
3 : 1 2 M1 A1l | 120 sin&—-45
—H:y(3)=40><3 sinfd ——x10x3
4 2
lts 3o 0 04 M1 | Substitute their expressions for /4 and 7" from
Use results from (a): ZSOsm =120 sn g —45 part (a) and obtain a quadratic equation in siné
4sin? 0 —8sind+3=0 with no more than three terms.
Ging - l, 0= 30° Al | Single answer. NFWW.,
2
4
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7(c) When =3 speeds — 40cos@ and T 40sin@—-10x3 B1

5 .
Square and add to find square of speed: v* = (20\/5 ) + (—10)2 M1 | Must be numerical.

v} =1300, v=10V13 [=36.1] Al
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2
1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end

of the string is attached to a fixed point O. The particle P is held at the point 4, where OA4 makes an
angle o with the downward vertical through O, and with the string taut. The particle P is projected

perpendicular to O4 in an upwards direction with speed v/ 3ag. It then starts to move along a circular
path in a vertical plane. The string goes slack when P is at B, where OB makes an angle 6 with the
upward vertical.

Given that coso = %, find the value of cos 6. [4]
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3
One end of a light elastic string, of natural length a and modulus of elasticity Amg, is attached to a

fixed point O. The string lies on a smooth horizontal surface. A particle P of mass m is attached to the
other end of the string. The particle P is projected in the direction OP. When the length of the string is

%a, the speed of P is v/ 2ag. When the length of the string is %a, the speed of P is %«/2 g.

Find the value of 1. [4]
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A uniform lamina is in the form of a triangle ABC, with AC = 8a, BC = 6a and angle ACB = 90°. The
point D on AC is such that AD = 3a. The point £ on CB is such that CE = x (see diagram). The triangle
CDE is removed from the lamina.

(a) Find, in terms of a and x, the distance of the centre of mass of the remaining object ADEB from
AC. [4]
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5

The object ADEB is on the point of toppling about the point £ when the object is in the vertical plane
with its edge £B on a smooth horizontal surface.

(b) Find x in terms of a. [3]

© UCLES 2023 9231/33/M/1/23 [Turn over
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Two identical smooth uniform spheres 4 and B each have mass m. The two spheres are moving on a
smooth horizontal surface when they collide with speeds « and 2u respectively. Immediately before the
collision, A4’s direction of motion makes an angle of 30° with the line of centres, and B’s direction of
motion is perpendicular to the line of centres (see diagram). After the collision, 4 and B are moving in
the same direction. The coefficient of restitution between the spheres is e.

(a) Find the value of e. [5]

© UCLES 2023 9231/33/M/1/23
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(b) Find the loss in the total kinetic energy of the spheres as a result of the collision. [3]
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5 One end of a light elastic string, of natural length 12a and modulus of elasticity kmg, is attached to
a fixed point O. The other end of the string is attached to a particle of mass m. The particle moves

with constant speed %«/ 3ag in a horizontal circle with centre at a distance 12a below O. The string is
inclined at an angle 6 to the downward vertical through O.

(a) Find, in terms of a, the extension of the string. [5]

© UCLES 2023 9231/33/M/1/23



M.Shafiq ur Rehman (03247304567) Aitchison College

(b) Find the value of £. [3]
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6 A particle of mass mkg falls vertically under gravity, from rest. At time ¢s, P has fallen xm and has
velocity vims™'. The only forces acting on P are its weight and a resistance of magnitude kmgv N,

where k£ 1s a constant.

(a) Find an expression for v in terms of ¢, g and £. [5]
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(b) Given that £ = 0.05, find, in metres, how far P has fallen when its speed is 12m s [5]
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7  The points O and P are on a horizontal plane, a distance 8 m apart. A ball is thrown from O with speed
ums ' at an angle 6 above the horizontal, where tan6 = %. At the same instant, a model aircraft is

launched with speed 5 ms~! parallel to the horizontal plane from a point 4m vertically above P. The
model aircraft moves in the same vertical plane as the ball and in the same horizontal direction as the
ball. The model aircraft moves horizontally with a constant speed of 5ms™'. After T's, the ball and the
model aircraft collide.

(a) Find the value of T. [6]
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(b) Find the direction in which the ball is moving immediately before the collision. [3]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).
5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or

the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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1 1 1, M1 | Energy equation, 4 terms, dimensionally correct,
Em‘?’ ag - Emv - mga(cos @ +C0s ‘9) mass must be present, allow sign errors, allow sin in
both terms on RHS
> B1 | N2L, may include tension initially but not awarded
mg cos 6 = . until tension = 0 used
3 1 4 M1 | Dependent on tension = 0 and on an energy
—mag ——m.ag cos@ =mga| —+cosf . . 2
2 2 5 equation, eliminate v~ .
3 cosf = Tz
2 10
7 Al | If no m in energy equation and no further errors,
cost) = 15 award SCB2 for correct final answer
4
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2 M1 | Kinetic energy = elastic potential energy, 4 terms,
2\ —Amg 2 2 . . .
, v D (2 [ 1 dimensionally correct, allow sign errors.
—m| v ——|= —a| —|—=a
4 a 3 3
1 Al | With v substituted.
E/Img 2V (1 )V
—m| 2ag ——ag |= —a| —|-a
Sl s (IR E
3, 3 M1 | Solve to find value for 4 dependent on energy
Solve [ Vi Ag 9 ] equation with 3 or 4 terms
9 Al 9 o
A= 5 SCB2 for A= Emg if given 4 not used
4
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3(a) [Mass is proportional to area] B1 | All correct for ABC and DEC.
Area Centre of mass
from AC
ABC 1 5 2a
—.6a.8a (=24a")
2
DEC 1 1
—x.5a —Xx
2 3
ADEB x
24a* — Bl xa g
2
_ , 5 ) 1 5 M1 | All moment terms present, dimensionally correct,
Moments [about AC] x| 24a” — Exa =24a" x2a - Ex X Eax allow sign error.
Al | All correct moments about AC.
288a” —5x” Al | AEF
X=———
3 (48a - Sx)
4
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3(b) . 28842 — 52 B1 FT | FT their expression for X from part (a).
On the point of toppling about £: X =x, ————=x
3(48a—5x)
Rearrange to 3-term quadratic: 10x* —144ax +288a* =0 M1 | Allow 3-term inequality.
2(5x—12a)(x-12a) =0, A1 | Single correct answer, no inequality, CWO.
12
x=—a
5
3
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4(a) Let speeds of 4 and B along line of centres after collision be V4, and V3 M1 | Allow sign errors, allow missing m.
V,+Vy =ucos30° 1)
—V,+Vz =eucos30° (2) M1 | Signs on LHS must be consistent with (1).
Speeds perpendicular to line of centres after collision are usin30° and 2u B1 | SOI
V 14 Vy =4V
Moving in same direction, so —24—=-% ) 5 4
usin30°  2u
Use Vy =4V, in (1): 5V, =ucos30° M1 | A complete method to find equation in e only
From (2): 3V, = eucos30° then
Combine to find equation in e only.
=3 Al
=3
© UCLES 2023
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4(a) Alternative method for question 4(a)
Let speeds of 4 and B along line of centres after collision be V', and Vz M1
V,+V,=ucos30° (1) Allow sign errors, allow missing m.
-V, +V; =eucos30° (2) M1 | Signs on LHS must be consistent with (1).
Speeds perpendicular to line of centres after collision are usin30° and 2u B1 | SOI
V v, V,=4V
Moving in same direction, so —4—=-£ 3) 5 4
usin30°  2u
1 1 M1 4
Solve (1) and (2): V, = Eu(l —e)cos30°, Vj =Eu(1 +e)cos30° Note: V, =1u—0\/§, Vy =%\/§
Substitute in (3) to find equation in e only .
e = % Al
5
4(b) 1 )1 R B1 | Correct expression for KE for one of the spheres,
KE after = Em VA2 + (Ej + Em ((2u) + VB2 ) after collision, with both components.
B1
KE for A after = lmuz or KE for B after = 5—6mu2 Implied by total KE after = leﬁ .
50 25 50
9 . 6
or KE loss for A= —mu” or KE gain for B= —mu
25 25
. 3 2 Bl 1 2 .
Total loss in KE = 2—5mu Term Em (2u) may be omitted from KE of B
before and after.
3
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5(a) M Tcos=mg B1
2 B1
%Tsin&z{ﬂz} mx”ﬂ
r 4r
r=12atan @ used M1
Divide: 0 27 0 3 M1 | Finds value for tan@ OE.
tvide: tanf'= ix2tang’ 0 tan &= 4 Reduces to equation in & or x, no k.
r =9a, extension of string = 3a Al
Alternative method for question 5(a)
Let L be stretched length of string. B1 Or T'x 12a
M Tcos=mg ' L
2 B1
—)Tsinez{ﬂ:} mx@
r 4r
r=Lsind used M1
0.5
124 (2 ~1440°) M1
Use cos@ = 7 and sind =——— and eliminate 7.
[} —144a* =81a°] L =15a, extension of string = 3a Al
5

© UCLES 2023

Page 10 of 14



M.Shafiq ur Rehman (032473%%67} %Iet%'blfé)n College
y/Ju

9231/33 Cambridge International AS & A Level — Mark Scheme
PUBLISHED
Question Answer Marks Guidance
5(b) kmg (L—12 B1
Hooke’s law: T = M
12a
kmg(L—12 M1
Eliminate 7T g( a) = mgl
12a 12a
Al
k= L _ 5
L—-12a
3
Question Answer Marks Guidance
6(a) dv Lk B1 | Mass must be seen at this point or earlier.
mTme (1-kv) [SUVAT does not apply.]
1 M1 | Separate variables and integrate to logarithm.
——In(1-kv)=gt+ A pariey s s
Al | Correct, with constant of integration.
t=0,v=0 [4=0] M1 | Use initial condition to evaluate their constant.
1 kgt Al | Any correct form with v as subject.
V= ;(1 B ) Final A0 if numerical value of g present.
5
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6(b d *M1 | Attempt to integrate if expression contains a term of
®) k =0.05 and so —x=20(l—e’°‘5’) P o 8 P
dr the form be“ .
Lo —0.5¢ Al
Integrate: x—20(t+2e )+B le t+ie_kgt LB
k gk
t=0,x=0 [ B= _4()] DM1 | Use initial condition to evaluate their constant.
When v =12, from part (a), e =1-0.05x12=04, t=-2In0.4 M1 | 1.83...
x=-40In04+40x0.4-40 =12.7 Al 5
40In=-24
2
Alternative method for question 6(b)
dv ) 1 *M1 | Separate variables and write in integrable form
V—= g(l - kv) leading to | 1 ——— |dv =—kgdx
dx 1—kv
1 DM1 A1l | Dependent on previous M1. Attempt to integrate.
v+;ln(l—kv)=—kgx+B P P P 8
v=0,x=0 [B=0] and k=0.05, v=12 12+20In0.4=-0.5x M1 | Dependent on both previous Mls.
Use initial condition to evaluate their constant and
use v=12
x=12.7 Al 5
40ln=-24
2
5
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7(a) For aircraft, d = 5T B1
) 1 B1 | To point of collision.
For ball, T4=usm6’T—5x10xT2 P
Forball, > ucos@ T =d +8=5T +8 B1
Eliminate u: *M1
41 5(4+57° 5(5T +8
4=u—T——><10><T2, uzg and uzg
5 2 4T r
Dependent on LHS of second B1 being 4,
3 (4 +577 ) =4(5T +8) expression involving only 7
372 4T —4=0 DM1 | Dependent on previous M1.
Obtain and solve 3-term quadratic.
T=2 Al | Single correct answer.
6 2
Note d —8 used leads to T’ =§ B1B1BOM1IM1AO0
© UCLES 2023

Page 13 of 14



M.Shafiq ur Rehman (032473%%67} %Iet%'blfé)n College
y/Ju

9231/33 Cambridge International AS & A Level — Mark Scheme
PUBLISHED
Question Answer Marks Guidance
7(b) _, (using—-107) M1 | OE
tan ——————— Accept ‘tan=...... ’
ucosd
8 Al | OE
tan  —
9
Direction is 41.6° below the horizontal Al | CAO
Note: d —8 used leads to 20.9° above the
horizontal.
3
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2
1 A particle of mass 2kg is attached to one end of a light inextensible string of length 0.6 m. The other
end of the string is attached to a fixed point on a smooth horizontal surface. The particle is moving in a

circular path on the surface. The tension in the string is 20N.

Find how many revolutions the particle makes per minute. [3]
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3
2 Alight elastic string has natural length @ and modulus of elasticity 4 mg. One end of the string is fixed

to a point O on a smooth horizontal surface. A particle P of mass m is attached to the other end of the
string. The particle P is projected along the surface in the direction OP. When the length of the string is

%a, the speed of P is v. When the length of the string is %a, the speed of P is %v.

(a) Find an expression for v in terms of ¢ and g. [4]
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A N\0

A smooth cylinder is fixed to a rough horizontal surface with its axis of symmetry horizontal. A uniform
rod 4B, of length 4a and weight W, rests against the surface of the cylinder. The end 4 of the rod is in
contact with the horizontal surface. The vertical plane containing the rod AB is perpendicular to the
axis of the cylinder. The point of contact between the rod and the cylinder is C, where AC = 3a. The

angle between the rod and the horizontal surface is 6 where tan6 = % (see diagram). The coefficient of
friction between the rod and the horizontal surface is g.

A particle of weight kW is attached to the rod at B. The rod is about to slip. The normal reaction between
the rod and the cylinder is V.

(a) Show that N = =(1+2k). [2]
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(b) Find the value of £. [5]
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4 A particle of mass 0.5kg moves along a horizontal straight line. Its velocity is vms ' at time s. The
forces acting on the particle are a driving force of magnitude 50N and a resistance of magnitude 2v>N .
The initial velocity of the particle is 3ms ™.

(a) Find an expression for v in terms of ¢. [7]
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5 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The string is held taut with OP horizontal. The particle P

is projected vertically downwards with speed 4/ %ag and starts to move in a vertical circle. P passes
through the lowest point of the circle and reaches the point O where OQ makes an angle 6 with the
downward vertical. At Q the speed of P is v/ kag and the tension in the string is lé—lmg.

(a) Find the value of £ and the value of cos6. [4]
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At Q the particle P becomes detached from the string.

(b) In the subsequent motion, find the greatest height reached by P above the level of the lowest point
of the circle. [4]
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Two uniform smooth spheres A and B of equal radii have masses m and km respectively. The two
spheres are moving on a horizontal surface with speeds « and %u respectively. Immediately before the
spheres collide, A4 is travelling along the line of centres, and B’s direction of motion makes an angle o

with the line of centres (see diagram). The coefficient of restitution between the spheres is % and
_3

tana = 7.

After the collision, the direction of motion of B is perpendicular to the line of centres.

(a) Find the value of £. [4]
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7 A particle P is projected with speed ”ms ' at an angle 75° above the horizontal from a point O on a
horizontal plane. It then moves freely under gravity.

(a) Show that the total time of flight, in seconds, is %sin 75°. [2]

A smooth vertical barrier is now inserted with its lower end on the plane at a distance 15 m from O. The
particle is projected as before but now strikes the barrier, rebounds and returns to O. The coefficient of

restitution between the barrier and the particle is %

(b) Explain why the total time of flight is unchanged. [1]

© UCLES 2022 9231/31/0/N/22



M.Shafig ur Rehman (03247304567) Aitchison College

13
(¢) Find an expression for V in terms of g. [7]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

o the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB  When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwoO Correct Working Only

ISW Ignore Subsequent Working
SOl Seen Or Implied
SsC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the

light of a particular circumstance)
WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 2 M1
Use F = ma: 20 = 2(’)‘:3’ OR 20=2x0.60
V2 =6 OR o =2 Al
3
ALFT | 38.9848....
Number of revolutions per min = 60v OR 600
0.6x2n 21
s0 39(.0) revolutions
3
Question Answer Marks Guidance
2(a) Loss in KE = Gain in EPE, so B1 | EPE terms correct.
2 2 2
lmv2 —lm y =Ex4ﬂ la - Ea M1 | All 4 terms and no extras.
2 2 \2 2 a 2 4
§mv2 _ 4mg xiaz M1 | Simplify.
a 16
v’=ag, v=.fag Al
4
2(b M1
(b) Hooke’s law: tension = 4mg x%a (= 2mg)
Al | Accept -2g.
Acceleration = 2mg =29 pt-=9
m
2
© UCLES 2022
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3(a) Let F and R be friction and normal reaction at A M1 | Correct terms, allow sign errors and cos/sin mix.
Take moments about A, for rod
N x3a=W x 2acosé&+kW x4acosé
Al | At least one intermediate line of working.
3N=(2+4k)W><g g
N =W (1t 2) AG
15
2
3(b) TNcosd+R=W +kw B1 | Resolve (to include R) for rod.
. B1 | Both.
—F =Nsing and F:%R ©
M1 | Find R or N .
so R= §W(1+ 2k) or R= ﬁw (1+k)
75 45
Eliminate to find k M1 | Complete method.
(-1 AL
3
5
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4(a Bl | N2L
@) mdY _50_2y2 ﬂ=4(25_\,2)
dt dt
M1 | Separate variables and use partial fractions.
Lt it Gv-Tadt P P
10 5-v 5+v
1 M1 Al | Integrate into log terms.
E(_In(S_V) +In(5+v))=4t+A (Note: formula on MF19).
. M1 | Use initial condition.
Use t=0,v=3 to give A:iln4
10
M1 | Rearrange to make v the subject.
=t 2tV leading to DAV _ o g J
10 4(5-v) 20— 4v
5(4-e ") Al
7
4(b) As t—>oo,v—5 Bl
1
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5(a B1 | Energy equation.
@) Lo -l o mgacos & gy €
2 2
1
[kag = éag +2ag cos@}
B1 | N2L at B.
T-mg cosg =12
a
So 1—1mg -mg cosezm.kag , 1—1—cos¢9= k
6 a 6
Solve simultaneously. M1
Al | Both.
k= ﬂ cosf = 1 0
3 2
4
5(b) Initial speed T=/kag sin& Bl
2
Use v2 =u® + 2as: Oz( kagsine) —2gs M1
1 Al
s==a
2
ALFT
Height above lowest point = s+a—acosé = %a+a—%a= a
4
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6(a) Let speed of A after collision be — v, and speed of B M1
perpendicular to line of centres be v
Along line of centres: mu — kmgu Cosa =mv, Momentum.
5 M1 | NEL
NEL: O-v, =e gu cosa +U
5 2(5 M1 | Solve.
So u——kucosa =——=| =u cosa +U
8 3(8
Substitute for cos, to give k=4 Al
4
6(b) 5 . 3 B1
Ve =gtistna = U Velocity perpendicular to line of centres
Vy,=-U B1FT
1 1 5\ 1 o5 a1 M1 | NOTE: KE before and after for A is unchanged.
KE before = Zmu? +=km| =u | ==mu® + =mu? = —mu?
2 2 8 2 32 32
L L 1 5 Both.
KE after = =mv,? + =kmvg® = =mu?® + omy? = 22
2 2 2 64 32
Al
Loss= mu?[ 2222 L2
32 32) 2
4
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7(a . M1
@) TO=Vsm75t—%gt2
t=&sin 75° AL AG
g
2
7(b) Vertical component of velocity is unchanged. B1
1
© UCLES 2022
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7(c) . 15 B1
Horizontally to wall, —»15=V cos75t;| t =
Vcos75
eVvcos75 B1 | Speed after rebound.
15 M1 | Time back to O
eVcos75 (t _3 Tj
5
Vertically for whole flight: M1
t+T = ﬁsin 75°
g
15 15 AT Al
+ =—3sIin75°
Vcos75 eVcos75 g
V2 ¢0os75sin 75 = 20g M1
Multiply by 2: V2sin150=40g, V?=80g Al
V =459(=894,g)
7
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1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The string is held taut with OP making an angle o with the

downward vertical, where coso = % The particle P is projected perpendicular to OP in an upwards

direction with speed +/3ag. It then starts to move along a circular path in a vertical plane.

Find the cosine of the angle between the string and the upward vertical when the string first becomes
slack. [4]
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A uniform lamina is in the form of a triangle ABC in which angle B is a right angle, 4B = 9a and
BC = 6a. The point D is on BC such that BD = x (see diagram). The region ABD is removed from the
lamina. The resulting shape ADC is placed with the edge DC on a horizontal surface and the plane ADC
is vertical.

Find the set of values of x, in terms of a, for which the shape is in equilibrium. [6]
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3 One end of a light elastic string, of natural length ¢ and modulus of elasticity 13—6Mg, is attached to a

fixed point O. A particle P of mass 4M is attached to the other end of the string and hangs vertically in
equilibrium. Another particle of mass 2M is attached to P and the combined particle is then released

from rest. The speed of the combined particle when it has descended a distance %a isv.

Find an expression for v in terms of g and a. [6]
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4  Anparticle P of mass 5kg moves along a horizontal straight line. At time ¢s, the velocity of P is vim s

and its displacement from a fixed point O on the line is xm. The forces acting on P are a force of

magnitude @N in the direction OP and a resistive force of magnitude %va. When ¢ =0, x =0 and
v=>35.
(a) Find an expression for v in terms of x. [6]
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5  Anparticle P is projected with speed ums ' atan angle of 6 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The horizontal and vertical displacements of P from O
at a subsequent time ¢s are denoted by xm and ym respectively.

(a) Show that the equation of the trajectory is given by

x2

y:xtane—%(l+tan29). (4]

© UCLES 2022 9231/32/0/N/22



M.Shafig ur Rehman (03247304567) Aitchison College

9
In the subsequent motion P passes through the point with coordinates (30, 20).

(b) Given that one possible value of tan6 is %, find the other possible value of tan6. [5]
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A light inextensible string is threaded through a fixed smooth ring R which is at a height 4 above a
smooth horizontal surface. One end of the string is attached to a particle 4 of mass m. The other end

of the string is attached to a particle B of mass %m. The particle A moves in a horizontal circle on the
surface. The particle B hangs in equilibrium below the ring and above the surface (see diagram).

When A4 has constant angular speed w, the angle between AR and BR is 6 and the normal reaction
between A4 and the surface is N.

When 4 has constant angular speed %a), the angle between AR and BR is o and the normal reaction
between A4 and the surface is %N .

(a) Show that cosf = %cosa. [5]
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Two uniform smooth spheres 4 and B of equal radii have masses m and %m respectively. The two

spheres are moving on a horizontal surface when they collide. Immediately before the collision,
sphere 4 is travelling with speed u and its direction of motion makes an angle o with the line of centres.
Sphere B is travelling with speed 2u and its direction of motion makes an angle 8 with the line of

centres (see diagram). The coefficient of restitution between the spheres is % and o+ = 90°.

(a) Find the component of the velocity of B parallel to the line of centres after the collision, giving
your answer in terms of « and o. [4]
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The direction of motion of B after the collision is parallel to the direction of motion of 4 before the
collision.
(b) Find the value of tanc. [5]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

o the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB  When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwoO Correct Working Only

ISW Ignore Subsequent Working
SOl Seen Or Implied
SsC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the

light of a particular circumstance)
WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 . m Bl | N2L
When string goes slack, mg cos 5 = gvz' v* =ag cos May include T, but B1 not awarded until T = 0.
B1 | Energy equation.
%m.Sag —%mv2 =mg(acosa +acos ) gy ed
, 2 M1 | Combine.
So u“ —agcos B =2ag cosﬂ+§
T ag Al
cosf = 3" - §
3ag 9
4
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2 .
Area Distance from AB
ABC 273> 2a
ABD gaX 1X
2 3
> 9 -
Shape ADC 27a —Eax X
Taking moments about AB M1 | Moments equation with 3 terms.
= 9 9 1
XX (2732 —Eaxj = 27a° ><2a—5ax><§x Al | At least 2 terms correct.
543° _3 ax? Al | All correct.
X = 2
9
27a% — ~ax
2
For equilibrium, x<X, B1 | Use correct condition: allow strict inequality.

3 9 Can be implied by correct final answer x <3a.
54a3 —Eax2 > x(Z?a2 —Eaxj

54a% —27ax+3x% >0 M1 | Simplify and attempt to solve a quadratic inequality or equation.
(x—3a)(x—6a)>0

(0<) x<3a [only] Al | CAO
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2 Alternative method for question 2
Taking moments with B as origin. M1

K=%(O+x+6a):2a+%x A2

N _ 1 B1 | Allow strict inequality.
For equilibrium, x<X, so x<2a+§x

(0<) x<3a M1

Al
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3 B1
16 Mge 3
In equilibrium, 3 =4Mg, e=—-a
a 4
In subsequent motion, M1 | Energy equation with GPE and KE terms correct and at least one
Loss in GPE = gain in EPE + gain in KE EPE term.
Dimensionally correct.
2 Bl | EPE correct.
_GMgazz.Em.[az_(%j }A.GW
4 23 a 4 2 Al | All correct.
M1 | Attempt to find v in terms of a and g.
3Mga _8Mg 7 2y amv? etc P J
2 3a 16
Al
9 _3e, V:L/ga
3 3
6
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4(a) y dv 500 1V2 B1 | Sight of mor 5 is required.
dx v 2
10v2dv M1 | Separate variables and attempt to integrate into a log term.
1000-Vv®
10 3\ Al
—Eln(1000—v )=x(+A)
10 M1 | Evaluate constant: correct initial condition used.
x=0,v=5, A=—§In875
10 0 875 M1 | Make v the subject: correct use of logs.
~ 3 1000-V°
1 Al 1
V= [(1000 —875e 0% J3 V= 5[(8 - 7e’°"°’x]3 : A0 if e"terms.
6
4(b) Maximum value of v is 10 B1 | No FT: result can be found from initial equation.
1
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5(a) — X=ucosot B1 | Result quoted from MF19 scores 0/4.
Bl
T y=usin6’t—%gt2
2 M1
Eliminate t: y=usin@x X —lg X
cosd 2\ ucosé
gx? Al | Must be an intermediate line of working.
y:xtana—F(HtanZ@) AG
u
4
5(b) 4 302 42 M1 | Substituting values correctly.
20=30x—--10x—x l+(—j
3 2u 3
u® =625, [u=25] Al
Substitute back into trajectory equation, M1 | Obtain a 3-term quadratic.
2
20 =30tan &— 9302 sec’9=30tan 0—§(1+tan20 )
2.25 5
18tan®6 —75tan & + 68 = 0
M1
One solution is % (3tano—4)(6tand-17)=0
Al
Giving tanezg
6
5
© UCLES 2022 Page 11 of 15



M.Shafiq ur RehmaBé

0 247304567&@&%@3% College

9231/32 Cambridge International AS & A Level — Mark Scheme tober/Novem
PUBLISHED
Question Answer Marks Guidance
6(a B1 | May be implied.
(@) T-5mg y be imp
7
TSinHZerOZ =mhtan @ x a)2 B1 | Allow r for radius.
Radius of circle = htan@ Bl
[So »? :6—90059]
7h
.9 , 6g M1 | Second scenario, equivalent result .
In second scenario, —®” = —C0S«
4 7h
Al | Combine convincingly to obtain given result.
Equate, 6—gcos€:ﬂx6—gcosa giving tad g
7h 9 7h
cosf = gcow AG
5
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6(b) First scenario: N +T cos&=mg
.1 B1 | Both.
Second scenatrio, > N +Tcosa=mg
6 12 M1 | 12cosax—6c0s@=7
Equate: mg —Z mg cos @ = 2mg —7mg cosa
Al
cosq =—
Al
N==-mg
4
© UCLES 2022

Page 13 of 15



. . M.Shafi Reh 247304567) Aifchi Il
9231/32 Cambridge International AS & A Level — Mark Scheme Shafiq ur Re maBé?o er/l%lgvgﬁwt?er %%0” College
PUBLISHED
Question Answer Marks Guidance
7(a) Let v,w be speeds of A and B along line of centres after collision M1

1 1
mv-+ EmW: mucosa —Em.Zu cos S Momentum: masses correct, opposite signs on RHS.

w—v=e(2ucos f+ucosa) M1 | NEL: LHS signs must be consistent with momentum equation,
same sign for both terms on RHS.

a+ =90° socos f=sinx M1 | Solve to find an expression of the correct form.
Use this fact and solve to find w

2 (1. 13 Al
W=—U| —sina +—cos«
3 \4 8
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7(b) Perpendicular to line of centres, speed of B is Bl

2usin f=2ucosa

After, velocity of B makes angle « with line of centres, so B1

2ucosa
tana =

w

sina 2ucosa giving M1* | Obtain homogeneous equation in cos and sin or an equation in tan
cosa 2 (1 . 1 j

—u| =sina +=—cosa

3 4

2 1,. 2 13 . DML1 | Obtain quadratic and solve to find values of tana
3(cosar) =Z(sma) +§smacosa

2(tana)’ +13tanar —24=0, (2tane —3)(tana +8)=0

3 Al
tana =—
2
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7.5N

A particle of weight 10N is attached to one end of a light elastic string. The other end of the string is
attached to a fixed point 4 on a horizontal ceiling. A horizontal force of 7.5 N acts on the particle. In the
equilibrium position, the string makes an angle 0 with the ceiling (see diagram). The string has natural
length 0.8 m and modulus of elasticity SON.

(a) Find the tension in the string. [2]
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4

2 One end of a light inextensible string of length « is attached to a fixed point O. A particle of mass m is
attached to the other end of the string. The particle is held at the point 4 with the string taut. The angle

between OA and the downward vertical is equal to o, where coso = %. The particle is projected from 4,

perpendicular to the string in an upwards direction, with a speed /3ga. It then moves along a circular
path in a vertical plane. The string first goes slack when it makes an angle 6 with the upward vertical
through O.

Find the value of cos6. [5]
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3 Anparticle P is moving in a horizontal straight line. Initially P is at the point O on the line and is moving

with velocity 25ms~'. At time ¢ s after passing through O, the acceleration of P is %ms_2 in
t

the direction PO. The displacement of P from O at time # is x m.

Find an expression for x in terms of 7. [5]
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An object is composed of a hemispherical shell of radius 2a attached to a closed hollow circular
cylinder of height / and base radius a. The hemispherical shell and the hollow cylinder are made of the
same uniform material. The axes of symmetry of the shell and the cylinder coincide. AB is a diameter
of the lower end of the cylinder (see diagram).

(a) Find, in terms of @ and %, an expression for the distance of the centre of mass of the object from AB.

[4]
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The object is placed on a rough plane which is inclined to the horizontal at an angle 6, where tan6 = %
0

The object is in equilibrium with AB in contact with the plane and lying along a line of greatest slope of
the plane.

(b) Find the set of possible values of /4, in terms of a. [4]
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A light inextensible string AB passes through two small holes C and D in a smooth horizontal table
where AC = 3a and DB = a. A particle of mass m is attached at the end 4 and moves in a horizontal

circle with angular velocity @. A particle of mass %m is attached to the end B and moves in a horizontal

circle with angular velocity kw. AC makes an angle 6 with the downward vertical and DB makes an
angle 6 with the horizontal (see diagram).

Find the value of £. [7]

© UCLES 2022 9231/32/M/1/22



M.Shafig ur Rehman (03247304567) Aitchison College

© UCLES 2022 9231/32/M/1/22 [Turn over



M.Shafig ur Rehman (03247304567) Aitchison College

10

6 Two uniform smooth spheres 4 and B of equal radii have masses m and km respectively. The two
spheres are on a horizontal surface. Sphere A4 is travelling with speed u towards sphere B which is at
rest. The spheres collide. Immediately before the collision, the direction of motion of 4 makes an angle

o with the line of centres. The coefficient of restitution between the spheres is %

(a) Show that the speed of B after the collision is 31,(110 ?l-slf)( and find also an expression for the speed of
A along the line of centres after the collision, in terms of &, # and c. [4]
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After the collision, the kinetic energy of 4 is equal to the kinetic energy of B.

(b) Given that tana = %, find the possible values of . [5]
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7  Particles P and Q are projected in the same vertical plane from a point O at the top of a cliff. The
height of the cliff exceeds S0 m. Both particles move freely under gravity. Particle P is projected with

speed %m571 at an angle a above the horizontal, where tana = %. Particle Q is projected with speed
ums ' atan angle B above the horizontal, where tan 8 = % Particle Q is projected one second after the

projection of particle P. The particles collide 7's after the projection of particle Q.

(a) Write down expressions, in terms of 7, for the horizontal displacements of P and Q from O when
they collide and hence show that 4uT = 21v/5(T+1). [4]
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(b) Find the value of 7. [4]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).
5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or

the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1(a) Tcos@=17.5 Tsinf@=10 B1
1 B1
T=(75+10°)2 =12.5N
2
1(b B1
®) Hooke’s law: T :50_x ,x=02
0.8
M1
(x+0.8)sin(9 =1x£
12.5
Al
Vertical distance = % =0.8
3
Question Answer Marks Guidance
2 1 1 M1 Al | E tion.
—Emv2 +Em><3ga =mga(cosd +cos) fCTEY cquation
B1 | N2L
(T +)mgcos @ =2
a
4 M1 | Combine to find 0.
agcos6?=3ga—2gacost9—2ga><g ombine fo Hind cos
Al
cosf = ’
15
5
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3 dv 4000 400 4 M1 Al | Integrate.
- (5t + 4)3 T (5t + 4)2 (+4) Constant of integration needed for Al.
t=0, v=25 A=25-25=0 M1 | Find constant.
e %: e —80(5t N 4)_1 + B M1 | Integrate and find constant.
x=0,t=0 B=20
_ Al
e 80 420 (= 100¢
S5t+4 S5t+4
5
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4(a) M1 | Moments equation, condone missing ends of cylinder.
Area Centre of mass from AB .
One expression on the RHS correct.
Cylinder dnah + 2na’ S
Shell 27t(2a)2 h+a
Moments about AB Al A1 | One correct expression on RHS correct scores Al.
%(2nah + 2na” +2m(2a)" | = 2n(2a)" x (h-+ a) + (2mah + 220’ )Ghj
(2h+10a)X =h> + ah +8ah +8a’ Al
_  h*+9ah+8a’
X=—F7"-—"—
2(h+5a)
4
4(b B1
®) tan @ < %
X
K 49ah+84% 3 M1 | Form inequality and rearrange to quadratic, condone
X = W S Ea equation.
h* +6ah—7a* <0
(h—a)(h+7a)<0 M1 | Attempt to solve, condone equation.
(—7a < )h <a Al
4
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5 For 4: T'sin@ = mra’ M1 | N2L horizontal.
r=3asind B1 | Correct expression for radius.
T =mx3aw’ Al
M1 | N2L horizontal
Similarly, for B: T cos@ = %m xrxkio® orizonta
Al
T =§makza)2
4
mx3aw® = % mak e’ M1 | Equate expressions for 7.
k*=4, k=2 Al
© UCLES 2022
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5 Alternative method for question 5
For A: Tcos@=mg, Tsinf=mre’ M1 | N2L horizontal and vertical.
r=3asiné B1 | Correct expression for radius.
_ 2 5 2 S5 g Al | Combine to obtain expression for @>.
T'=mx3aw" =—mg, 0 =—x= p
4 12 a

M1 | N2L horizontal.
Similarly, for B: T cos@ = %m xrx ki ortzonta

Al
T =§makza)2

4
, 5g M1 | Substitute for 7 and @.
—mg =—mak” x—=
4 12a
k*=4, k=2 Al
7
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6(a) Let v and w be speeds after collision: M1 | Momentum along line of centres.
my + kmw = mucosa
M1 | NEL consistent signs.
W—Vv=—ucosa
2
. 3ucosa Al | AG
Add to give 2(1 N k) Convincing working.
Substitute back or re-solve: Al | Accept without modulus sign.
_|(2=k)ucosa
2(1+k)
4
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6(b) 2 B1 | For speed of 4 (SOI).
. [(2=k)ucosa
(usina)” +| ———
2(1+k)
Equal KE after collision: M1 | Equate KEs.
2 2

1 3ucosa 1 . 5 [(2=k)ucosa

—km =—m| (usina)” +| ——

2 2(1+k) 2 2(1+k)

2, . V2 2 2
[ cosa =4(1+k) (sina) +(2-k) (cosa) }
2 M1
Use tana =—
3
16(1+ 2k + &) +9(4— 4k + k) =81k
25k> -85k +52 =0 leading to (Sk — 4)(5k _13) =0 M1 | Obtain quadratic and attempt to solve.
Al
k=— or B
5 5
5
© UCLES 2022

Page 12 of 14



M.Shafig ur Rehman (03247?\%1}53%171)réi£%3i§0n College

9231/32 Cambridge International AS & A Level — Mark Scheme
PUBLISHED
Question Answer Marks Guidance
7(a) For Q: x=ucos ST B1
B1

For P: x =37500sa(T+1)

M1 | Equate and attempt to rearrange.
Collision, so 3—2500s a(T +1)=ucos ST q P g

35 3 ) w27 Al | AG
?xg( + )_”XE Shown convincingly.

4uT =2135(T +1)

7(b) Vertical motion to collision: M1 A1 | M1 for both expressions, one correct.

For QO: yzusin,BT—%gT2

For P: yz%sinO{(T+1)—%g(T+l)2

M1 | Equat d att tt \
Equate: uxLT_lgTz:32—5><%(T+1)—%g(T+1)2 duate anc atiempt fo sove

Jso2
21

14(T+1)—%g(T2+2T+1—T2):7(T+1)

16T +36=21T+21, 15=5T Al
T=3
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7(c) x=42 B1
| y| =24 M1
y=-24 (or 24 m below O) A1l | Correct sign or in words.
3
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2

1 A uniform lamina OABC is a trapezium whose vertices can be represented by coordinates in the x-y
plane. The coordinates of the vertices are O(0,0), 4(15,0), B(9,4) and C(3,4).

Find the x-coordinate of the centre of mass of the lamina. [4]

© UCLES 2022 9231/33/M/1/22



M.Shafig ur Rehman (03247304567) Aitchison College

3

2 Anparticle P of mass m is attached to one end of a light elastic string of natural length a and modulus of
elasticity %mg. The other end of the string is attached to a fixed point O on a rough horizontal surface.
The particle is at rest on the surface with the string at its natural length. The coefficient of friction
between P and the surface is % The particle is projected along the surface in the direction OP with a

speed of 1+/ga.
Find the greatest extension of the string during the subsequent motion. [5]
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4

3 A particle P is projected with speed 25 ms~ ! at an angle 6 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. After 2s the speed of Pis 15ms ™.

(a) Find the value of sin6. [5]
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(b) Find the range of the flight. [3]
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6
4  One end of a light inextensible string of length a is attached to a fixed point O. A particle of mass m
is attached to the other end of the string and is held with the string taut at the point 4. At A the string
makes an angle 6 with the upward vertical through O. The particle is projected perpendicular to the
string in a downward direction from 4 with a speed u. It moves along a circular path in the vertical
plane.

When the string makes an angle a with the downward vertical through O, the speed of the particle is 2u
and the magnitude of the tension in the string is 10 times its magnitude at A.

It is given that u = % ga.
(a) Find, in terms of m and g, the magnitude of the tension in the string at 4. [6]
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5 Anparticle P of mass 4kg is moving in a horizontal straight line. At time ¢s the velocity of P is vms~!

and the displacement of P from a fixed point O on the line is xm. The only force acting on P is a
resistive force of magnitude (4™ +12)e "N. When t =0, x =0 and v = 4.

(a) Show by integration that v = 1 +e§ c. [4]
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(b) Find an expression for x in terms of ¢. [4]
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A

B

AB and BC are two fixed smooth vertical barriers on a smooth horizontal surface, with angle ABC = 60°.
A particle of mass m is moving with speed u on the surface. The particle strikes AB at an angle 6 with

AB. 1t then strikes BC and rebounds at an angle  with BC (see diagram). The coefficient of restitution
between the particle and each barrier is e and tan6 = 2.

The kinetic energy of the particle after the first collision is 40% of its kinetic energy before the first
collision.

(a) Find the value of e. [4]
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(b) Find the size of angle 3. [4]
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A uniform cylinder with a rough surface and of radius a is fixed with its axis horizontal. Two identical
uniform rods 4B and BC, each of weight W and length 2a, are rigidly joined at B with 4B perpendicular
to BC. The rods rest on the cylinder in a vertical plane perpendicular to the axis of the cylinder with
AB at an angle 0 to the horizontal. D and E are the midpoints of AB and BC respectively and also the
points of contact of the rods with the cylinder (see diagram). The rods are about to slip in a clockwise
direction. The coefficient of friction between each rod and the cylinder is .

The normal reaction between AB and the cylinder is R and the normal reaction between BC and the
cylinder is V.

(a) Find the ratio R : N in terms of 4. [6]
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(b) Given that u = %, find the value of tan6. [3]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.
4 Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).
5 Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or

the method required, award all marks earned and deduct just 1 mark for the misread.

6 Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).

e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e  The total number of marks available for each question is shown at the bottom of the Marks column.

e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 ) M1 | Attempt at moments equation with all necessary terms.
Area Distance from Oy
Other options possible for RHS of moments equation, for
Triangle OCD 6 2 example:
(1) OAC:30x 6 and ABC:12x 9
Rectangle 24 6 (2) OBC: 12 x 4and OA4B:30x 8
C .
DEB (3) Subtraction: 60x7.5-6x1-12x13
Triangle BAE 12 11
Trapezium -
OCBA 42 X
where D is point with coordinates (3, 0) and E is a point with
coordinates (9, 0).
Parts that would give correct total area 42 B1
Moments about Oy Al | Correct equation.
42X =6x2+24x6+12x11 (=288)
Al
X= 288 =6.86
42
4
© UCLES 2022 Page 6 of 13



9231/33 Cambridge International AS & A Level — Mark Scheme
PUBLISHED
Question Answer Marks Guidance
2 4 B1 | EPE term correct
137,
—. X
2 a
B1 | Work term correct
—mgx
3
Loss in KE = gain in EPE + work done against friction M1 | Energy equation with 3 terms, allow sign error.
4 ng
15 2
—my° =—x X" +—mgx
2 a 3
2 M1
38,
—X—ga=="—x"+—-gx
2 4% st Obtain and attempt to solve a 3-t dratic equati
163 + 8ax — 34 =0 ain and attempt to solve a 3-term quadratic equation.
(4x—a)(4x+3a) =0
1 Al
xX=—a
4
5
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3(a) Components of velocity : — 25cos @ T25sin0-2g B1
Speed = \/(25 cos 9)2 N (25 sind — 2g)2 M1 A1l | Expression for speed or square of speed.
(25 oS 9)2 " (25 sing — 2g)2 —152 M1 | Attempt to solve and find value for sin 8
625-100gsin @ +4g* =225
. 800 4 Al
sinf=——=—
1000 5
5
3(b) 2x25sin6 Bl
Time of flight = (ﬂ —4(s)
g
Range = 2x25sin6 250080 M1 | Any equivalent method.
g
Range = 60 (m) Al | CWO
Alternative method for question 3(b)
4 1, B1 | Equation of trajectory..
y=—X——X
3 45
Substitute y =0 and solve M1
60 (m) Al
3
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4(a) 1 , 1 5 M1 | Energy equation with all necessary terms, GPE terms must be
Emv _Em” =mga (cosé’ * cosa) resolved, allow sin/cos mix, allow sign error.
1 Al | 2u may be substituted later.
_m(2u)2——mu2 =mga(cosf+cosa) 1 may 3 9
2 2 Implied by 5x;ag=ga(cos¢9+cosa)
m , B1 | N2L
AtA, T+mgcosf=—u
a
B1 | N2L and f tension (107).
Also, 10T —mgcosa = e and use of tension (107)
a
Use all three (two N2L and energy) equations to find 7 in terms of M1 | Might see
and g only. 2
7 anc s onty 9T—mg(cos¢9+cosa)=3—mx§ga
a
(COSH+ cosa) =1
(100059+ cosa) =4
T 1 Al
=—m
3 g
6
4(b ) 1 4 2 M1 | Any appropriate method to obtain cosc .
®) Substitute back, 10x§mg—mgcosa:—mx§ga Y aPpTop
a
2 Al
cosa =—
3
2
© UCLES 2022
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5 B1
@ ] 4 ~(4e7 +12)e
dx
M1 | E ion of th t form.
lvz R S (+4) xpression of the correct form
2
9 Al
v=4, x=0, A=—
2
2 2x -x _ —x Al | AG
Ve a6t +9= (3 e ) Must see the factorisation.
34e 1+3e" Condone lack of justification for taking positive square root.
v=3+ =
ex
4
5(b) dx  1+3e” x M1* Al | Integration to obtain In term
FTS J o +1 dx = _[1 de Correct answer with constant of integration
lln(3ex + 1) =t(+B)
1 DM1 | Find the constant and substitute into their general solution.
t=0, x=0, B=—-In4
3
3 =In e’ +1
4
Al | OE
x= 1n(ie3t —lj
3 3
4
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6(a) Let v be speed of rebound from 1% collision: B1 | Energy loss.
1 2 1 2
Energy loss: —mv* == x—mu*, v ==u’
2 5 2 5
vcosa =ucosf B1 | Both.
vsina =eusind
Combine to form equation in e only M1 | 2 _ ( 1cosd )2 " ( eusind )2
21 , 4
—=—+e x—
55 5
1 Al
e=—
2
4
6(b) tana =etanf , so tana =1, a=45° B1
For 2" collision M1 | Both.
weos B =vcos(180 - 60— ) May be implied by the A1.
wsin B = evsin (18060 - &)
tan /3 = etan (120 — their o) M1 | Divide to find £ .
£ =61.8° Al
4
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7(a) Frictional force = xx normal reaction at D and E Bl | F,; =uR, Fyp.=uN

Moments about B, Na — Ra =Wa(sin@—cos8) B1 | One moments equation about any point involving all relevant

Moments about centre, F,,a+ Fp.a=Wa(cosd—sin6) forces, resolved if necessary (AEF).

Moments about D, Fy.a+ Na=Wa(cos6+sinf)

Moments about E, Ra—Fza=Wa(cos6+sinf)

Parallel to AB, N — F,; =W sin@ + W sin @ B1 | Two resolutions: all relevant terms, different frictional forces

Perpendicular to 4B, Fy. +R =W cos6+ W cos [Vertical: Rcos@+ Fy.cos@+ Nsinf=F,,sin@+W +W
Horizontal: Fj.sin@+ F,, cos@+ Rsin@ = N cosé ]
Alternative approach using two moments equations can earn the
BIB1

1 M1 | Combine appropriate equations.
N-R =5((1—,u)N—(1+,u)R)
1 M1 | Collect terms to obtain ratio/fraction in terms of x only (CWO),
N{1-—(1-p) |=R| 1-=(1+ u) . N
2 any equivalent simplified form.
1 1 1 1
N|—+—u|=R|———
7 7e)#z2
R:N=l+u:l-pu Al
6
© UCLES 2022 Page 12 of 13
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7(b - M1 | Must includ t .
®) Divide resolution equations: tand = N = uR ustinclude 4 fetms
UN+R
M1 | FT their answer to part (a).

Iy
Use R=2N: tan@zg—
—N
3

Al

tant9=l
7
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1  One end of a light elastic string, of natural length a and modulus of elasticity 3mg, is attached to a fixed
point O on a smooth horizontal plane. A particle P of mass m is attached to the other end of the string

and moves in a horizontal circle with centre O. The speed of P is +/ % ga.

Find the extension of the string. [4]
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4

2 Anparticle P of mass mkg moves along a horizontal straight line with acceleration a ms* given by

v(1 -2
=TT

where vms ™! is the velocity of P at time .

(a) Find an expression for v in terms of 7 and an arbitrary constant. [3]

(b) Given that @ = 5 when ¢ = 1, find an expression, in terms of m and ¢, for the horizontal force acting
on P at time ¢. [3]
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3 A light elastic string has natural length a and modulus of elasticity 12mg. One end of the string is
attached to a fixed point O. The other end of the string is attached to a particle of mass m. The particle
hangs in equilibrium vertically below O. The particle is pulled vertically down and released from rest

with the extension of the string equal to e, where e > %a. In the subsequent motion the particle has
speed +2ga when it has ascended a distance %a.

Find e in terms of a. [6]
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A uniform lamina AECF is formed by removing two identical triangles BCE and CDF from a square
lamina ABCD. The square has side 3a and EB = DF = h (see diagram).

(a) Find the distance of the centre of mass of the lamina AECF from AD and from AB, giving your
answers in terms of ¢ and 4. [5]

© UCLES 2021 9231/31/0/N/21
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7
The lamina AECF is placed vertically on its edge AE on a horizontal plane.

(b) Find, in terms of a, the set of values of /4 for which the lamina remains in equilibrium. [3]
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5 Anparticle P is projected from a point O on a horizontal plane and moves freely under gravity. Its initial
speed is u ms~ ! and its angle of projection is sin”! (%) above the horizontal. At time 8 s after projection,
P is at the point 4. At time 32 s after projection, P is at the point B. The direction of motion of P at B is
perpendicular to its direction of motion at 4.

Find the value of u. [7]
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6 A particle P, of mass m, is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle P moves in complete vertical circles about O

with the string taut. The points 4 and B are on the path of P with 4B a diameter of the circle. O4 makes
an angle 6 with the downward vertical through O and OB makes an angle 6 with the upward vertical

through O. The speed of P when it is at 4 is /5ag.
The ratio of the tension in the string when P is at 4 to the tension in the string when Pisat Bis 9 : 5.

(a) Find the value of cos6. [6]
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(b) Find, in terms of @ and g, the greatest speed of P during its motion. [2]
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7
A B

Y L
B
(04

u
P

C

The smooth vertical walls 4B and CB are at right angles to each other. A particle P is moving with
speed u on a smooth horizontal floor and strikes the wall CB at an angle o. It rebounds at an angle 3 to
the wall CB. The particle then strikes the wall 4B and rebounds at an angle 7y to that wall (see diagram).
The coefficient of restitution between each wall and P is e.

(a) Show that tan3 = etanc. [3]

[4]
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As a result of the two impacts the particle loses g of its initial kinetic energy.

(¢) Given that or+ 3 = 90°, find the value of ¢ and the value of tana. (4]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

o the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required
then no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).
e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).
e  The total number of marks available for each question is shown at the bottom of the Marks column.
Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.
e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 3mgx B1 | Their tensions equated to obtain a quadratic equation,
Tr=—
a CAO.

T dmga B1

3 (a + x)
9x* +9ax —4a* =0 leading to (3x—a)(3x+4a)=0 Mi

1 Al
xX=—a

3

4
2(a) Separate variables and integrate: M1 Al | Must include logs. Condone missing modulus.
1-2¢
ﬂ=( ! Jdt SO ln|v|=lnt—t2+c
v
|v| = Ate™" , —V= Ate™ , v=—dte™" Al | CAO.
3
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2(b) —Ate™" (1 _ 2t2) M1 | Substituting their answer to part (a) into given formula
a= =—de™" (1-27)
t
t=l,a=5 ( A= Se) M1 | Use initial condition.
Force = 5me'™" <2t2 _ 1) Al | Use N2L, correct work only.
Alternative method for question 2(b)
v(l —24? M1 | Use initial condition.
a=——" gsubstitute =1, a=5 so v=-5 Use N2L, correct work only.
t
Substituting in their answer to part (a) so (A =5e) M1
Force = 5me'™" (2t2 - 1) Al
3
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3 2 2 B1 | Either term correct.
Loss in EPE = 1X12mge —lxlzﬁx[e—g =2L(6e—a)
2 a 2 a 3
B1
Gain in KE = %mv2 and Gain in GPE = %
Gain in KE + Gain in GPE = Loss in EPE M1 | KE, GPE and at least one EPE term.
Al | All't t.
L. +@:2m_g(6e_a) erms correc
2 3 3
Simplify to a linear equation in e. M1
1 Al
e=—a
2
6
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4(a) M1 | Attempt at moments with three terms.
Area Centre of mass from AD
Square 94> ~a
CDF iah a
2
BEC 3 ah 3a- 1 h
2 3
Resulting AEFC 94% —3ah X
Taking moments about 4D: Al | Two terms correct.
) , 3 3 3 1 Al | All correct.
<9a —3ah) X=|9a"X—a|-|-ahxa |-| —ahX|3a——=h
2 2 2 3
__27d’ ~12ah+ 1’ (_ 9a—h] Al | AEF
6(3a—h) 6
y=x B1 | By symmetry or equal to their X .
5
4(b) For equilibrium, x < 3a—h B1 | Accept strict inequality.
27a* — 12ah + h* < 6(3a — h)*
27a*~ 24ah + Sh* > 0 M1 | Homogeneous 3-term quadratic inequality.
9 Al | CAO.
h< —a
5
3
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5 AtA: Tusin6—-8g  —ucosf M1 | Both.
usin@—-8g Al
tang=——
ucos@
AtB: Tusind-32g —ucosé M1 | Both.
in6— Al
tan B = usind—-32g
ucos@
usin@—-8g U sinf—-32g | B1 | Perpendicular directions, so tanaxtan f=-1.
ucos@ ucos@
w2 =320u+25600=0 M1 | Simplify to a quadratic in u.
u =160 Al
7
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6 B1 | N2L
@) At A4 TA—mgcosﬁzmxyﬁ
a
V2 B1 | N2L
AtB T, +mgcos@=mx—
a
lm «Sag - lmvz _ mgax2cosd M1 | Energy equation with correct number of terms.
2 2
V2 =5ag —4gacosf Al | Accept multiplied by m and/or divided by a.
Use ratio of tensions =9 : 5 M1 | Use ratio and simplify to an expression in cosé .
2 Al | CAO
cosf=—
5
6
6(b) Greatest speed at lowest point M1 | Energy equation including lowest point, correct number
1 1 of terms.
—EmXSag +5mV =mgax(l—cos8)
3lag A1 FT | Ft their cos@ from part (a).
V= f—
5
2
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7(a) ucosa =vcos ff M1
eusing =vsin M1
Divide: tan f=etano Al | AG. Must see divide OE.
3
7(b) vsinf=wcosy (=eusine) M1
eveos f=wsiny (=eucosa) M1
Divide: tany=1/tanax: y=90°-« *Al
After second rebound, direction of motion is parallel to initial path. DB1
4
7(c M1 | Energy expression in terms of u.
© Final KE = %m((eusinoz)2 +(euc0s05)2) (: %mezuzJ gy exp
1 1 1 . 1 Al
So —me’*u® =—x—mu’ giving e=—
2 9 2 3
Part (a) gives tan(90—«a)=etancr M1
So tanar=~/3 Al
4
© UCLES 2021 Page 12 of 12



M.Shafiq ur Rehman (03247304567) Aitchison College
Cambridge Assessment
nternational Education

Cambridge International AS & A Level

CANDIDATE
NAME

CENTRE CANDIDATE
NUMBER NUMBER

x 8 29 9 L T S T Z L >

FURTHER MATHEMATICS 9231/32
Paper 3 Further Mechanics October/November 2021

1 hour 30 minutes
You must answer on the question paper.

You will need: List of formulae (MF19)

INSTRUCTIONS

Answer all questions.

Use a black or dark blue pen. You may use an HB pencil for any diagrams or graphs.

Write your name, centre number and candidate number in the boxes at the top of the page.

Write your answer to each question in the space provided.

Do not use an erasable pen or correction fluid.

Do not write on any bar codes.

If additional space is needed, you should use the lined page at the end of this booklet; the question

number or numbers must be clearly shown.

You should use a calculator where appropriate.

e  You must show all necessary working clearly; no marks will be given for unsupported answers from a
calculator.

e  Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place for angles in
degrees, unless a different level of accuracy is specified in the question.

e Where a numerical value for the acceleration due to gravity (g) is needed, use 10ms™2.

INFORMATION
e  The total mark for this paper is 50.
e  The number of marks for each question or part question is shown in brackets [ ].

This document has 16 pages. Any blank pages are indicated.

DC (CE/FC) 199210/2
© UCLES 2021 [Turn over



M.Shafiq ur Rehman (03247304567) Aitchison College

2

1 A particle is projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane. The particle moves freely under gravity.

(a) Write down the horizontal and vertical components of the velocity of the particle at time 7 after
projection. [2]

At time T after projection, the direction of motion of the particle is perpendicular to the direction of

projection.
(b) Express 7T in terms of u, g and c. [2]
(¢) Deduce that T > g [1]
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2 Alight spring 4B has natural length @ and modulus of elasticity 5mg. The end 4 of the spring is attached
to a fixed point on a smooth horizontal surface. A particle P of mass m is attached to the end B of the
spring. The spring and particle P are at rest on the surface.
Another particle Q of mass km is moving with speed y/4ga along the horizontal surface towards P in
the direction BA. The particles P and Q collide directly and coalesce. In the subsequent motion the

greatest amount by which the spring is compressed is éa.

Find the value of . [6]
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Particles 4 and B, of masses m and 3m respectively, are connected by a light inextensible string of
length a that passes through a fixed smooth ring R. Particle B hangs in equilibrium vertically below the
ring. Particle 4 moves in horizontal circles with speed v. Particles A and B are at the same horizontal
level. The angle between AR and BR is 0 (see diagram).

(a) Show that cosf = % [2]
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An object is formed by removing a solid cylinder, of height ka and radius %a, from a uniform solid
hemisphere of radius a. The axes of symmetry of the hemisphere and the cylinder coincide and one
circular face of the cylinder coincides with the plane face of the hemisphere. 4B is a diameter of the
circular face of the hemisphere (see diagram).

3a(2 -

(a) Show that the distance of the centre of mass of the object from 4B is 2(8=30) " [4]
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When the object is freely suspended from the point 4, the line 4B makes an angle 6 with the downward
vertical, where tan6 = %

(b) Find the possible values of . [3]
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Two uniform smooth spheres 4 and B of equal radii have masses m and %m respectively. The two

spheres are each moving with speed « on a horizontal surface when they collide. Immediately before
the collision A’s direction of motion is along the line of centres, and B’s direction of motion makes an
angle of 60° with the line of centres (see diagram). The coefficient of restitution between the spheres

.2
1S 3
(a) Find the angle through which the direction of motion of B is deflected by the collision. [6]
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6 A particle P of mass 2kg moves along a horizontal straight line. The point O is a fixed point on this
line. At time s the velocity of P is vms~' and the displacement of P from O is xm.

A force of magnitude (8x — 12—38) N acts on P in the direction OP. When ¢ = 0, x = 8 and v = —15.
X

(a) Show that v = —Z(:* —4), 5]
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11
(b) Find an expression for x in terms of ¢. [4]
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7  One end of a light inextensible string of length a is attached to a fixed point O. The other end of the
string is attached to a particle P of mass m. The particle P is held vertically below O with the string
taut and then projected horizontally. When the string makes an angle of 60° with the upward vertical,
P becomes detached from the string. In its subsequent motion, P passes through the point 4 which is a
distance a vertically above O.

(a) The speed of P when it becomes detached from the string is V. Use the equation of the trajectory
of a projectile to find V in terms of @ and g. [4]
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(b) Find, in terms of m and g, the tension in the string immediately after P is initially projected
horizontally. [4]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).
e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).
e  The total number of marks available for each question is shown at the bottom of the Marks column.
Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.
e  Square brackets [ | around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1(a) Velocity: - ucoso B1
Tusino— gl B1 | Allow 10 for g. Must be 7.
2
1(b) ucosar _ sina M1 FT | Allow missing minus sign on RHS for M1.
usina—gl  cosa FT from (a).
T u Al
gsina
2
1(c) . u Bl | AG
sina <1 giving T > —
1
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2 At the collision of P and Q: (m+km)v = kmu M1 | Momentum conserved, allow missing £ on RHS.
k\4ga Al
So v=
(1+k)
2 B1
EPE = 1528 [a) [_mga
2 a 5 10
1 1 Smg (a 2 M1 | Energy equation, LHS correct, EPE dimensionally correct.
Loss in KE = Gain in EPE: —m(k +1)v’ =—x—=x| —
2 2 a 5
Substitute for v and rearrange to form quadratic equation in k M1
20k =1+k
Al
k=1
4
6
© UCLES 2021

Page 7 of 12



M.Shafiq ur Rehman(803247304567) Ait%Bizslon College

9231/32 Cambridge International AS & A Level — Mark Scheme ctober/November
PUBLISHED
Question Answer Marks Guidance
3(a) T =3mg and T cos@ =mg M1 | Must see both of these separately.

.. 1 A1l | At least one step of working, AG.
Combining, cosf = 3

2
3(b — B1
®) (cos@zu,wherex =AR) [singzﬁJ
X 3
AR zéa or BR :la or radius = =
4 4 V2
2 M1
Tsing=""—
,
Combining to find an equation in v?, @ and g only. DM1

v =2ga, v=4|2ga Al
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4(a) M1 | Attempt at moments, 3 terms.
Volume Centre of mass from AB
Hemisphere 2 na’ E a
3 8
. a.n ka
Cylinder mka(— —
y ( 2) 5
2 aY
Remainder | —ma’ —mka| = X
3 2
Taking moments about 4B: Al | Any 2 terms correct.
V) (2 . 3 2 Al | All correct.
—na” —mka XX=|=—ma’X=a| — | wka| — | X—
3 8
3a ( 7_ k2) Al | Shown convincingly, AG.
X
(8—3%)
4
4(b x B1
() tan ="
a
3(2-#) _ 7
(8 3k) 18
27k =21k +2=0 M1 | Rearrange to form quadratic.
2 1 A1l | Both answers correct.
k== and k=—
3 9
3
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5(a) Let speeds of 4 and B along line of centres after collision be v, and M1 | Momentum with masses correct.
&)
mv, +§mv2 = —Emucos600+ mu | =2
2 2 4
2 o M1 | Restitution, with consistent signs on LHS.
v, =W :—E(—uc0s60 —-u) (=u)
( 1 J 1 Al
Vv, =——u v, =—u
2 2
. . o 3 B1
Perpendicular to line of centres, speed of B is usin60° = 7 u
Direction of B is now 60° above line of centres. M1
Angle of deflection is 60°. A1 FT | FT (120° — their direction of B angle)
6
5(b 1 13 5 B1
®) KE before = —mu’ +—. 4 = mu>
2 2 2 4
2 2 2 B1 FT | FT only their speeds from (a)
KE after = lm “ +l3_m Ly [ @ :zmu2
2 \2 2 21\2 2 8
B1
Loss in KE = %mzﬂ
3
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6(a) 5 dv g 128 M1 | Separate variables and integrate, + ¢ not required for M 1.
v—=8x———
dx X’
vi=4x +64x7 +c Al | OE.
x=8,v=-15and c=-32 M1 | Use initial condition.
Al i 2
. =iz(x4 _gy? +16) or 452 _32+6_‘2‘ Correct expression for v*, AEF.
X X
4 2 . 20, Al | Convincingly shown, e.g. v is negative initially, AG.
v ——2(x —4) giving v———(x —4)
X X
5
6(b 1 M1
®) —In(x* —4) =-2t(+4) Use v= @ and integrate.
2 dt
1 DM1 | Use initial condition.
t=0,x=8, 4A=—In60
2
1 2_y o 2 M1 | Remove log.
—In| 2 =-2¢ giving al =™
2 60
x =4+ 60 Al | CAO
4
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7(a) Coordinates of A: x=asin60, y=a—acos60 B1
(a \/3)2 M1 | Substitute their (x, y) into correct trajectory equation.
a_ af 3 55—
2 2V2 1
4
Rearrange to find V7. M1
3 3 Al
Vi=Zag, V= |>a
2 & 2 &
4
7(b 1 1 M1 | Energy equation.
®) —mu’ ——mV? =mga(1+cos60) gy e
2 2
5, 9 Al | u is the speed at P.
u =—ag
2
m M1 | N2L
T'-mg=—u
a
11 Al
T'=—m
> g
4
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1 A particle P of mass 1kg is moving along a straight line against a resistive force of magnitude
(:_(’)_fz N, where vms ! is the speed of P at time ts. When ¢ = 0, v = 25.
Find an expression for v in terms of 7. [5]
© UCLES 2021
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2 A hollow hemispherical bowl of radius a has a smooth inner surface and is fixed with its axis vertical.
A particle P of mass m moves in horizontal circles on the inner surface of the bowl, at a height x above

the lowest point of the bowl. The speed of P is 4/ % ga.
Find x in terms of a. [6]
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3 One end of a light elastic string, of natural length ¢ and modulus of elasticity kmg, is attached to a
fixed point A. The other end of the string is attached to a particle P of mass 4m. The particle P hangs in
equilibrium a distance x vertically below A.

4a

x—a’ [1]

(a) Show that k=

An additional particle, of mass 2m, is now attached to P and the combined particle is released from rest
at the original equilibrium position of P. When the combined particle has descended a distance %a, its
speed is % ga.

(b) Find x in terms of a. [6]

© UCLES 2021 9231/32/M/1/21 [Turn over



M.Shafiq ur Rehman (03247304567) Aitchison College

kh

A uniform solid circular cone has vertical height k4 and radius 7. A uniform solid cylinder has height 4
and radius 7. The base of the cone is joined to one of the circular faces of the cylinder so that the axes
of symmetry of the two solids coincide (see diagram, which shows a cross-section). The cone and the
cylinder are made of the same material.
(a) Show that the distance of the centre of mass of the combined solid from the base of the cylinder
. h(* +4k+6)
1S W [4]
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The solid is placed on a plane that is inclined to the horizontal at an angle 6. The base of the cylinder is
in contact with the plane. The plane is sufficiently rough to prevent sliding. It is given that 34 = 2r and

S . . _ 4
that the solid is on the point of toppling when tan6 = 3.

(b) Find the value of £. [3]
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5 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O. The particle completes vertical circles with centre O. The
points 4 and B are on the path of P, both on the same side of the vertical through O. O4 makes an angle
0 with the downward vertical through O and OB makes an angle 6 with the upward vertical through O.

The speed of P when it is at 4 is u and the speed of P when it is at B is y/ag. The tensions in the string
at 4 and B are T, and T, respectively. It is given that 7, = 7T,

Find the value of 6 and find an expression for # in terms of @ and g. [8]
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Two uniform smooth spheres 4 and B of equal radii each have mass m. The two spheres are each
moving with speed u on a horizontal surface when they collide. Immediately before the collision, A4’s
direction of motion makes an angle a with the line of centres, and B’s direction of motion makes an
angle B with the line of centres (see diagram). The coefficient of restitution between the spheres is %
and 2cosf3 = cosa.

(a) Show that the direction of motion of 4 after the collision is perpendicular to the line of centres.
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The total kinetic energy of the spheres after the collision is %muz.

(b) Find the value of a. [4]
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7 A particle P is projected from a point O on a horizontal plane and moves freely under gravity. The

initial velocity of P is 100ms™" at an angle 0 above the horizontal, where tan6 = 5. The two times at

3
which P’s height above the plane is H m differ by 10s.

(a) Find the value of H. [5]
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(b) Find the magnitude and direction of the velocity of P one second before it strikes the plane.  [4]
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).
e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).
e  The total number of marks available for each question is shown at the bottom of the Marks column.
Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.
e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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Question Answer Marks Guidance
1 dv _ 10dz M1 | Separate variables.
W (e+1)
2y = 10 Ny M1 Al | Attempt to integrate.
t+1
t=0, v=25A=0 M1 | Use correct initial condition.
25 Al | CAO
v= >
(1+1)
5
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2 T RcosO =mg B1
2 B1
— Rsing=""
r
r=asin@ B1
5 . L
8cosH= 3(1 —(COSH) ) M1 | Quadratic equation in cosé .
Al
cosf = 1
3
2 Al
X=—d
3
6
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3 - B1 | AG. Sh incingly.
@ Use Hooke’s Law: 4mg = w leading to &k = 4a owh convineimgty
xX—a
1
3(b) Gain in KE + gain in EPE = loss in GPE B1 | One correct EPE term seen.
1 ga 1 kmg a 2 5 a M1 | All 3 types of energy included in energy equation.
EXémX7+5_ x+_—a| —(x-a) |=6mgx— A1 | All terms correct.
a 3 3
Simplify and substitute for £ from part (a) M1
Obtain linear equation in x and a M1
5 Al | (k=6)
X==-a
3
6
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4(a) Centre of mass M1
Volume from base of
cylinder

Cone lTrerh h +@

3 4
. h
Cylinder nr’h 5
1 _
Combined nr’h (Ek + lj X

Take moments about base: Al | 2 terms correct.

] Al | Allt t
7”"2h (%k+ljx:§nr2kh (h+%j + 717}"2h % erms corree

o (k2 + 4k + 6) Al | AG. Shown convincingly.
x =
4 (3 + k)
4
4(b M1
®) tan @ = 2
X
M1
4_ M Equate to 4 and simplify to quadratic.
3 (K +4k+6) 3
2k —k-15=0
k=3 A1l | CAO. No other solutions.
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5 2 B1
T,—mgcosf= m
a
B1
T, +mgcos@= mnag
a
i mag M1 | Use given relationship and combine.
T.=7Ts so mgcos@+——="T| —mgcos@+—=
a a
u’ =ag(7—-8cosb)
M1 Al | E tion.
Energy: %mu2 - %mag =mg(acos@+acosb) fergy equation
So u” =ag(4cos+1)
Equate expressions for u? M1
Al | CA
cos&zl, 6 =60° CAO
2
u=13 ou Al | CAO
8
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6(a) Along line of centres, speeds v, and v, M1 | Momentum (condone missing masses).
mv, + mv, = mu cos o — mu cos f3
V-1 = eu(oos ﬁ + Cos 0() M1 | Restitution.
Both correct, masses seen. Al
v, =0 so A4 has no speed along line of centres: moves Al | AG.
perpendicular to line of centres
4
6(b M1 | Both ts.
®) (v, =%u cosa=ucosf ) Ot components
KE of B after collision is %m(vz2 +(usin B)’ )
KE of 4 after collision = %m (usiner)’
M1
Add both KEs and equate to %mu2
Simplify to equation in sine M1
. 1 o Al
SInNgx = , o= 45
V2
4
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7(a) At greatest height 0 =100sin 6 — gt M1
t=38 Al
Therefore times at height H are =3 (and ¢ =13) B1
M1
Substitute into H =100sin 6¢ —% gt’
H =195 Al
Alternative method to question 7(a)
M1
T H =100sin ¢ —%gﬁ
Al
And H =100sin6(1 +10) —%g(z‘ +10)
M1
Subtract: 1000sin 6 = %g (207+100)
t=3 B1
H =195 Al
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7(a) Alternative method to question 7(a)
TH=IOOSin0t—%gt2 Bl
Difference between roots = \/(IOOsinlt9)2 — 2 A
P g
Equate to 10 and rearrange to find H M1
H =195 Al
5
7(b) Time to required point =15 s B1
TVZIOOSin 9—10X15(=—70) B1 | Both components.
—v=100cos&=60
Magnitude = 92.2 B1
Angle below horizontal = tan ! (70/60) = 49.4° B1
4
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A uniform lamina ABCD consists of two isosceles triangles 4BD and BCD. The diagonals of ABCD
meet at the point O. The length of A0 is 3a, the length of OC is 6a and the length of BD is 16a (see
diagram).

Find the distance of the centre of mass of the lamina from DB. [3]
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3
2 One end of a light elastic string of natural length 0.8 m and modulus of elasticity 36 N is attached to a
fixed point O on a smooth plane. The plane is inclined at an angle o to the horizontal, where sino = %
A particle P of mass 2 kg is attached to the other end of the string. The string lies along a line of greatest
slope of the plane with the particle below the level of O. The particle is projected with speed vV2ms ™'
directly down the plane from the position where OP is equal to the natural length of the string.

Find the maximum extension of the string during the subsequent motion. [5]
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Particles 4 and B, of masses 3m and m respectively, are connected by a light inextensible string of
length a that passes through a fixed smooth ring R. Particle B hangs in equilibrium vertically below the
ring. Particle 4 moves in horizontal circles on a smooth horizontal surface with speed %@ The angle
between AR and BR is 6 (see diagram). The normal reaction between 4 and the surface is %mg.

(a) Find cos6. [3]
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5

(b) Find, in terms of a, the distance of B below the ring. [3]
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A particle of mass m is attached to one end of a light inextensible string of length a. The other end of
the string is attached to a fixed point O. The particle is initially held with the string taut at the point A4,
where OA4 makes an angle 6 with the downward vertical through O. The particle is then projected with
speed u perpendicular to OA and begins to move upwards in part of a vertical circle. The string goes
slack when the particle is at the point B where angle AOB is a right angle. The speed of the particle

when it is at B is %u (see diagram).
Find the tension in the string at 4, giving your answer in terms of m and g. [8]
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8

5 A particle P of mass mkg is projected vertically upwards from a point O, with speed 20ms”', and
moves under gravity. There is a resistive force of magnitude 2mv N, where vms ™" is the speed of P at
time ¢ s after projection.

(a) Find an expression for v in terms of ¢, while P is moving upwards. [6]
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The displacement of P from O is xm at time  s.

(b) Find an expression for x in terms of ¢, while P is moving upwards. (2]

© UCLES 2021 9231/33/M/1/21 [Turn over



M.Shafiq ur Rehman (03247304567) Aitchison College

10

Two uniform smooth spheres 4 and B of equal radii have masses m and km respectively. Sphere A4 is
moving with speed u on a smooth horizontal surface when it collides with sphere B which is at rest.
Immediately before the collision, 4’s direction of motion makes an angle 6 with the line of centres (see
diagram). The coefficient of restitution between the spheres is %

4ucosO 3]

(a) Show that the speed of B after the collision is 3(1+k)°
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11
70% of the total kinetic energy of the spheres is lost as a result of the collision.

(b) Given that tanf = %, find the value of £. [6]
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12
7  Aparticle P is projected with speed u at an angle 6 above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a

subsequent time ¢ are denoted by x and y respectively.

(a) Use the equation of the trajectory given in the List of formulae (MF19), together with the condition
y = 0, to establish an expression for the range R in terms of «, 6 and g. [2]
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Al

3
(¢) Show that 6 = 60°.

It is given that R =

It is given also that u = V40ms ™.

(d) Find, by differentiating the equation of the trajectory or otherwise, the set of values of x for which
the direction of motion makes an angle of less than 45° with the horizontal. [4]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT above).
e  For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).
e  The total number of marks available for each question is shown at the bottom of the Marks column.
Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.
e  Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations

AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent

AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)

CwWO Correct Working Only

ISW Ignore Subsequent Working

SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 Centre of mass B1 | All distances correct.
Area
from DB
ABD 24 42 —a ABCD can be split in other ways, for example 4DC and ABC.
BCD 48 4> 2a
Combined 72 a* X
Taking moments about DB: M1 | Moments equation with masses in correct ratio.
72 a’x =24a* x—a + 48a* x 2a
OR
Taking moments about 4:
72 a*x =24a’ x2a + 484> x 5a
OR
Taking moments about G:
2407 (% +a) =48d> X(2a-%)
X=a Al | CWO
Alternative method for question 1
. 6a-3 B1 | One calculation.
ADC: distance of centre of mass from BD = —— 3 ?-a
. 6a—3a

ABC: distance of centre of mass from BD = =a
Second calculation or statement about symmetry M1
X=a Al

3
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Question Answer Marks Guidance
2 2 B1 | EPE t.
lx 36x - 225)62) correc
2 038
Loss in GPE + loss in KE = gain in EPE *M1 | Energy equation with only GPE, EPE and KE terms, allow sign
) 1 1 36x2 errors, allow missing g for M1 only, weight must be resolved
xmgsin +—mxX2=—X—— .
2 2 038 (allow sin or cos).
All terms correct Al
( 6 ot 1.9 xzj [leading to45x% — 24x 4= 0] DM1 | Simplify to 3-term quadratic and attempt to solve.
5 5 4
(3x—2)(15x+2) =0 Al
x= 2 onl
3 y
5
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3(a) For B: T =mg B1 | May be embedded.
For4: R+Tcos6=3mg M1 | All 3 terms, allow sign errors, allow sin/cos mix.
. . 3 Al
Use given R to obtain cos@ = 3
3
3(b) ] It M1 | May be seen in part (a), allow sin/cos mix.
T'sin@ =
r
r=ARsin@ B1 | Or equivalent.
. . 3a 1 Al
[Combine to give AR = ik so] BR :Za
3
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4 1 1 (u) *M1 | Energy equation, with 2 KE terms and a two-part GPE term,

Emu2 —Em(aj =mg(acos@+asinb) allow cos/sin mix.
3 . Al

Zuz =2ag(cos+sin6)

( u j2 B1 | N2L
"2
At B, tension in string is zero, so mgsin@=
a

(u° =4agsind)

Eliminate U 2 bMm1

tand=2 OE Al

2 B1 | N2L
AtA, T —mgcos@ = mu
a
M1 A1l | Substitute to find T.

T =¥mg (= 4.02mg)
Alternative method for question 4

1 1 (u) *M1 | Energy equation, with 2 KE terms and a two-part GPE term,
Emu2 —Em(aj =mg(acos@+asinb) allow cos/sin mix.
3 . Al

Zuz =2ag(cos@+sinb)
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4 u ) B1 | N2L
At B, tension in string is zero, so mgsinf =
a
(1* =4agsinB)
DM1 Al
Eliminate 6: > =@
2 B1 | N2L
AtA, T —mgcosf = i
a
M1 A1 | Substitute to find 7.
Tz#mg (= 4.02mg)
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5(a) dv B1 | Use of SUVAT implies 0 marks.
mz =—-mg —2my
N2L, must include ,, .
1I1(5 +v> =—2t( + A) M1 | Separate variables and integrate 3-term N2L, condone omission
of constant.
1n(5+v) =—2t+A A1 FT | FT only sign error in N2L.
t=0,vy=20, A=In25 M1 | Use correct initial condition.
25 25 M1 | Remove all logs.
2t = ln( j , € =
54+v S5+v

v=25e% -5 Al
Alternative method for question 5(a)

dv B1 | N2L, must include ,, .
m—=—mg —2myv

dt
d . M1
j; +2v=—g : Integrating factor = ¢*
d(veZ’) M1 | Integrate both sides, condone omission of constant.

=—ge*, ve” =& (+4)

dt 2

TSN - A1 FT | FT only sign error in N2L.
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Question Answer Marks Guidance
5(a) t=0,v=20, A=25 M1 | Use correct initial condition.
Al
ve' = —§e2t +25, v=25¢% -5
6
5(b) 25 M1 | Use of SUVAT implies 0 marks.
x=——-e' =5(+B) Integrate their expression from part (a).
t=0,x=0, B :é ATFT FT only expressions of the form V=P e +0Q for P, O non-zero.
2
25 =y
=—(1 St
S (1=¢7)
2
5(c) ) B B 1 M1 | Use of SUVAT in part (a) or part (b) implies 0 marks.
Greatest height when v= 10, so t = 0.8047...or Eln 5 Find value of 7, may be embedded.
x=598m Al | CWO
2
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6(a) Let velocities of 4 and B along line of centres after collision be v, M1 | Momentum, must include m, allow cos/sin mix.
and v, .

mv, + kmv, = mucos@ .

1 M1 | Restitution, consistent signs, correct way up.
v, =V, =—ucosf

4ucos@ A1l | AG shown convincingly.
Solve: Vv, =——~
OV T3 (144
3
6(b) (3—k)ucosé B1 | Or equivalent, may be unsimplified.
yy=——
b3(1+k)
Use velocity of 4 with both components. B1

v2 +(usind)’ seen.

1 1 ) 1 M1 | KE after = 30% KE before (all terms present).
—kmv22+Em(v12+(usm49)2):ix—mu2 ’ ( P )

7 10" 2 MO if incorrect masses.
Substitute from part (a) and for 6. M1 | Eliminate trigonometric terms, must be KE equation, in terms of
k only.
(3—k)2 +16k = 2(1+k)2 K —6k-T7=0 M1 | Obtain simplified quadratic equation in & .
k=17 Al
6
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7(a) o : R? M1
y=01in trajectory equation: ~ Rtanf —g—————=0
2u’ (cos @)
212 sin@cos @ Al | Any equivalent single term expression, for example:
(R=) only u?sin20  2u’tan@ _ o
, 5— , at least one intermediate line of
g g sec
working, not just quoting a result.
SC B1 using SUVAT.
2
7(b) u? sinBcos M1 | Oruse SUVAT.
X = their —————— and substitute in trajectory equation.
g
u? (sina)z Al | Single term.
H=
2g
2
7(©) Use R:4—H and simplify: tan 9 = /3, 6 = 60° Bl AG
3
1
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7(d) dy and gx M1 | Differentiate with respect to x.
—=tanf ——=—
dx u” (cos 9)2
Ml
tan @ — ;2 ==1 used Use & =21 as limiting case.
4(cos8) dx
x:\/§+1:x:\/§_l Al
3-l<x<3+1 Al | Strict inequality, exact values.

Alternative method for question 7(d)

1 M1 | Differentiate with respect to x.
y:\/gx——xz, ﬂz\/g—x W Y X

2 dx

M1

dy =+1 used Use i ==1 as limiting case.
dx dx
x=\/§+1,x=\/§—l Al
B-l<x<3+1 Al | Strict inequality, exact values.

© UCLES 2021 Page 15 of 16



9231/33 Cambridge International AS & A Level — Mark Scheme M.Shafiq ur Rehman (032473%3%11%3 %Bbslon College
PUBLISHED
Question Answer Marks Guidance
7(d) Alternative method for question 7(d)
When moving at 45° to horizontal, V, :i-vy M1 | Used, both cases considered.
v, =v/40 0086, v, =\/40sin 6101 Ml
1 1

=L (30-4i0) . 1= (50 +10)

x=V+1, x=-3-1 Al

B-l<x<B+1 Al | Strict inequality, exact values.
4

© UCLES 2021 Page 16 of 16



M.Shafiq ur Rehman (03247304567) Aitchison College
Cambridge Assessment
nternational Education

Cambridge International AS & A Level

CANDIDATE
NAME

CENTRE CANDIDATE
NUMBER NUMBER

> 8 L L 6 8 T 8 T 9 ¥ =

FURTHER MATHEMATICS 9231/31
Paper 3 Further Mechanics October/November 2020

1 hour 30 minutes
You must answer on the question paper.

You will need: List of formulae (MF19)

INSTRUCTIONS

Answer all questions.

Use a black or dark blue pen. You may use an HB pencil for any diagrams or graphs.

Write your name, centre number and candidate number in the boxes at the top of the page.

Write your answer to each question in the space provided.

Do not use an erasable pen or correction fluid.

Do not write on any bar codes.

If additional space is needed, you should use the lined page at the end of this booklet; the question

number or numbers must be clearly shown.

You should use a calculator where appropriate.

e  You must show all necessary working clearly; no marks will be given for unsupported answers from a
calculator.

e  Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place for angles in
degrees, unless a different level of accuracy is specified in the question.

e Where a numerical value for the acceleration due to gravity (g) is needed, use 10ms™2.

INFORMATION
e  The total mark for this paper is 50.
e  The number of marks for each question or part question is shown in brackets [ ].

This document has 16 pages. Blank pages are indicated.

DC (LK/SG) 187876/2
© UCLES 2020 [Turn over



M.Shafiq ur Rehman (03247304567) Aitchison College

2

BLANK PAGE

© UCLES 2020 9231/31/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College

3
1  Aparticle P of mass m is placed on a fixed smooth plane which is inclined at an angle 6 to the horizontal.
A light spring, of natural length @ and modulus of elasticity 3mg, has one end attached to P and the
other end attached to a fixed point O at the top of the plane. The spring lies along a line of greatest
slope of the plane. The system is released from rest with the spring at its natural length.

Find, in terms of a and 6, an expression for the greatest extension of the spring in the subsequent
motion. [3]
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A particle P is attached to one end of a light inextensible string of length a. The other end of the string
is attached to a fixed point O. The particle P is held with the string taut and making an angle 6 with the
downward vertical. The particle P is then projected with speed %«/ Sag perpendicular to the string and

just completes a vertical circle (see diagram).

Find the value of cos6.
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3 One end of a light elastic string, of natural length @ and modulus of elasticity 4mg, is attached to a
fixed point O. The other end of the string is attached to a particle of mass m. The particle moves in

a horizontal circle with a constant angular speed \/% with the string inclined at an angle 6 to the

downward vertical through O. The length of the string during this motion is (k+1)a.

(a) Find the value of £. [4]
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6r

The diagram shows the cross-section ABCD of a uniform solid object which is formed by removing a
cone with cross-section DCE from the top of a larger cone with cross-section ABE. The perpendicular
distance between AB and DC is &, the diameter AB is 6r and the diameter DC is 2r.

(a) Find an expression, in terms of /4, for the distance of the centre of mass of the solid object from AB.

[4]

© UCLES 2020 9231/31/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College

7

The object is freely suspended from the point B and hangs in equilibrium. The angle between 4B and
the downward vertical through B is 6.

(b) Given that h = 14—31/, find the value of tan6. (2]
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5 Anparticle P is projected with speed u at an angle o above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The horizontal and vertical displacements of P from O at a
subsequent time ¢ are denoted by x and y respectively.
(a) Derive the equation of the trajectory of P in the form
2
X
y=xtana—g—2sec2a. [3]
2u

The point Q is the highest point on the trajectory of P in the case where o = 45°.

2
(b) Show that the x-coordinate of Q is g_g [3]
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6  Two smooth spheres 4 and B have equal radii and masses m and 2m respectively. Sphere B is at rest on
a smooth horizontal floor. Sphere 4 is moving on the floor with velocity « and collides directly with B.

The coefficient of restitution between the spheres is e.

(a) Find, in terms of u and e, the velocities of 4 and B after the collision. [3]

Subsequently, B collides with a fixed vertical wall which makes an angle 6 with the direction of motion
of B, where tan6 = %.

The coefficient of restitution between B and the wall is % Immediately after B collides with the wall,
the kinetic energy of 4 is 3% of the kinetic energy of B.

(b) Find the possible values of e. [7]
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7 A particle P moving in a straight line has displacement xm from a fixed point O on the line at time ¢s.

The acceleration of P, in ms ™2, is given by @ — &30 for x > 0. When ¢ = 0, x = 1 and P has velocity
X X

10ms~! directed towards O.

10(1-2
(a) Show that the velocity vms ! of Pis given by v = (fx) [5]
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(b) Show that x and ¢ are related by the equation e ** = (2x—1)e* 2 and deduce what happens to
x as t becomes large. [5]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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9231/31 Cambridge International AS & A Level — Mark Scheme ctober/November

PUBLISHED
Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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PUBLISHED

Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT
above).

e For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e The total number of marks available for each question is shown at the bottom of the Marks column.
e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.
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Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)
CWO Correct Working Only
ISW Ignore Subsequent Working
SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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Question Answer Marks Guidance
1 2 B1 | EPE gain.
Gain in EPE = l 3mgx
2 a
Loss in GPE = mgxsin 8 M1 | Equate energies
Equate
2 . Al | Using forces scores BOMOAO
x=—asin@
3
3
Question Answer Marks Guidance
2 2 B1

. my
At top, tension =0, so mg =—— (v2 =ag)
a

| 2
—mv°- =—mu” —mga(l+cos@
2 2 & ( )

M1 A1 | Energy equation

. 16 M1 | Eliminate
Substitute for u and v: ag = 2—5.5ag —2ag(1+cos0)

1 Al
cosf=—
10

© UCLES 2020 Page 6 of 14



M.Shafiq ur Rehman(803247304567) Ait%%if(?n College

9231/31 Cambridge International AS & A Level — Mark Scheme ctober/November
PUBLISHED
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3(a) ka B1 | Use Hooke’s law
T=4mg.—
a

M1 | N2L horizontally. Must see 7 and £ .
Tsin¢9:(%jzm(k+1)asint9.g Y

a a
T =mg(k+1) Al
1 Al
Equate: k=—
3
4
3(b) TTcos@=mg M1
4 mg 3 Al
I'=—m cosf=—=-==
( 3 g) ﬂmg 1
3
2
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4(a) Volume Centre of mass from 4B B1 | For 9h/8 or 3h/8 (unsimplified)
1 L, h 1 A 9h
Small cone —TrT .= +——=| =—
3 2 42 8
1 3h( 3h
Large cone lft’(3r)2 % —— =
3 2 4 2 8
Object 2—6671'(r)2 h X
Take moments about 4B M1 Al | Moments equation: Allow use of relative masses 1, 26, 27
Eft'rzh.)? = 2—77r1f2h.ﬁ - l/l'rzh.%
3 6 6 8
—_ 9h Al
X=—
26
4
4(b X M1
®) tan@ =
3r
1 Al
= i) Use h= —3r
26r 4
tan@ = 3
8
2
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5(a) — xX=ucosot B1 | Both

. 1
T y:usmon—zgt2

¥ 1 x M1 | Eliminate
Eliminate #: y =usina. -— ( j
ucosa 2\ ucosa
~ o, Al | AG
y=xtano——;sec’o
2u
3
5(b) . (usin 0{)2 2 M1 A1 | Accept alternative methods, for example differentiate expression in
Greatest height = Y = e (a) and equate to 0.
g g

. . u? Al | AG
t=usin45/gso d =ucos45.usin45/g= ey
g
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5(c) Use greatest height displacements in trajectory equation M1 | Use equation of trajectory (substitute coordinates of Q
W ul 4 ,
—=_—tana-——5seco
4g 2g 2u4g
2 M1 2., _ 2
W2 =002 tana—u?(l+tan205) Use of sec 0(—(1+tan 0()
tanla—4tana +3=0 M1 | Obtain a three-term quadratic in tan o
tana=1, 3 so ¢=71.6° A1l | Both solutions needed
4
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6(a) muy =mw+2my B1 | Momentum equation (with m)
v—w=eu B1 | Restitution with consistent signs
u B1 | Both correct.
v=—(e+1)
3
u
w=—(1-2e
“(1-2¢)
3
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6(b) Perpendicular to plane: y =evsiné B1 | Both
Parallel to plane: x =vcosé
2 M1 | Speed of B
4 23 2
Speed of B= (x> +y* = |V* —2+(—.—j =—v
p VX +y \/ (37 +335) | ¢ NG )
4 u? 2 Mi . 1
KEofB——2 ——(e+1) KEometermsofu.Eand 2m needed
59
1 42 ) M1 A1 | Relate the two KEs
KE of 4 = —.m.—(1-2e)
2 9
1w 51, 4
So —m(1-2e) =—.—2m~. “—(e +1Y’
2 9 322 59
4(1 —2@)2 — (e+1)2 or 15¢2 —18¢+3=0 M1 | Rearrange and simplify to quadratic
1+e:i2(1—2e) A1l | Both values
e= l, 1
5
7
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7(a) dv_ 100 200 M1 A1 | Correct equation and attempt to integrate
Yo 22 Correct
2
2
V_ — 5_(2) — ﬂ + A
2 x x
x=Lv=-10: A=200 M1 | Use initial condition
, 100(2x-1)’ M1 | Rearrange to find v*
Vo= —x2
10(2 X — 1) Al | Convincingly shown (no mention of + scores A0)
v =1——= and take negative sign to meet initial condition,
x AG
10(1-2x)
SO y=—-—"—=
X
5
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7(b) xdx L0ds M1 A1 | Rearrange and attempt to integrate
1-2x
l( L _ l)dx =10d¢
2\1-2x
fi—2x -2 =100+ B
4 2
1 M1 | Use initial condition
t=0,x=1: B=—
2
2x—2=—40t— 1n(|1 -2 x|) s0 e = (2x - 1)62)‘*2 Al | Convincingly shown, working required
AG
1 B1 | CAO
For large values of ¢, x — 5
5
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A fixed smooth solid sphere has centre O and radius a. A particle of mass m is projected downwards
with speed +/ %ag from the point 4 on the surface of the sphere, where O4 makes an angle o with the

upward vertical through O (see diagram). The particle moves in part of a vertical circle on the surface
of the sphere. It loses contact with the sphere at the point B, where OB makes an angle 3 with the
upward vertical through O.

Given that cosa = %, find the value of cos 3. [5]

© UCLES 2020 9231/32/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College

Two uniform smooth spheres 4 and B of equal radii have masses 2m and m respectively. Sphere B is
at rest on a smooth horizontal surface. Sphere 4 is moving on the surface with speed u and collides
with B. Immediately before the collision, the direction of motion of 4 makes an angle o with the line
of centres of the spheres, where tana =§ (see diagram). The coefficient of restitution between the
spheres is %

Find the speed of 4 after the collision. [5]
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4

3 An object consists of a uniform solid circular cone, of vertical height 47 and radius 37, and a uniform

solid cylinder, of height 47 and radius 37. The circular base of the cone and one of the circular faces of

the cylinder are joined together so that they coincide. The cone and the cylinder are made of the same
material.

(a) Find the distance of the centre of mass of the object from the end of the cylinder that is not attached
to the cone. [4]
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5

(b) Show that the object can rest in equilibrium with the curved surface of the cone in contact with a
horizontal surface. [3]
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6
4 A particle P of mass m is moving in a horizontal circle with angular speed @ on the smooth inner
surface of a hemispherical shell of radius ». The angle between the vertical and the normal reaction of

the surface on P is 6.

(a) Show that cosf = iz [3]
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7

The plane of the circular motion is at a height x above the lowest point of the shell. When the angular
speed is doubled, the plane of the motion is at a height 4x above the lowest point of the shell.

(b) Find x in terms of 7. [4]
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8

5 A particle P is projected with speed ums~! at an angle of 6 above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The horizontal and vertical displacements of P from O
at a subsequent time ¢s are denoted by xm and ym respectively.

(a) Starting from the equation of the trajectory given in the List of formulae (MF19), show that

2
y=xtan0—%(l+tan29). [1]
u

When 6 = tan~'2, P passes through the point with coordinates (10, 16).

(b) Show that there is no value of 6 for which P can pass through the point with coordinates (18, 30).
[6]
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10
6  One end of a light elastic string, of natural length @ and modulus of elasticity £, is attached to a particle

P of mass m. The other end of the string is attached to a fixed point Q. The particle P is projected
vertically upwards from Q. When P is moving upwards and at a distance %a directly above Q, it has a

speed y/2ga. At this point, its acceleration is %g downwards.

Show that k£ = 4mg and find in terms of a the greatest height above Q reached by P. (8]
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7 A particle P of mass mkg moves in a horizontal straight line against a resistive force of magnitude

mhkv*N, where vms ™' is the speed of P after it has moved a distance xm and & is a positive constant.

The initial speed of P is ums ™.

(a) Show that x = %an when v = %u [4]
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Beginning at the instant when the speed of P is %u, an additional force acts on P. This force has

magnitude STmN and acts in the direction of increasing x.

(b) Show that when the speed of P has increased again to ums™ !, the total distance travelled by P is
given by an expression of the form

1 (A=ker’
3k \B—ku*)’
stating the values of the constants 4 and B. [7]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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Generic Marking Principles

These general marking principles must be applied by all examiners when marking candidate answers. They should be applied alongside the specific content of the
mark scheme or generic level descriptors for a question. Each question paper and mark scheme will also comply with these marking principles.

GENERIC MARKING PRINCIPLE 1:

Marks must be awarded in line with:

e the specific content of the mark scheme or the generic level descriptors for the question

e the specific skills defined in the mark scheme or in the generic level descriptors for the question
e the standard of response required by a candidate as exemplified by the standardisation scripts.

GENERIC MARKING PRINCIPLE 2:
Marks awarded are always whole marks (not half marks, or other fractions).

GENERIC MARKING PRINCIPLE 3:

Marks must be awarded positively:

e  marks are awarded for correct/valid answers, as defined in the mark scheme. However, credit is given for valid answers which go beyond the scope of the
syllabus and mark scheme, referring to your Team Leader as appropriate

marks are awarded when candidates clearly demonstrate what they know and can do

marks are not deducted for errors

marks are not deducted for omissions

answers should only be judged on the quality of spelling, punctuation and grammar when these features are specifically assessed by the question as
indicated by the mark scheme. The meaning, however, should be unambiguous.

GENERIC MARKING PRINCIPLE 4:
Rules must be applied consistently, e.g. in situations where candidates have not followed instructions or in the application of generic level descriptors.

GENERIC MARKING PRINCIPLE 5:
Marks should be awarded using the full range of marks defined in the mark scheme for the question (however; the use of the full mark range may be limited
according to the quality of the candidate responses seen).

GENERIC MARKING PRINCIPLE 6:
Marks awarded are based solely on the requirements as defined in the mark scheme. Marks should not be awarded with grade thresholds or grade descriptors in
mind.
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Mathematics Specific Marking Principles

1 | Unless a particular method has been specified in the question, full marks may be awarded for any correct method. However, if a calculation is required then
no marks will be awarded for a scale drawing.

2 | Unless specified in the question, answers may be given as fractions, decimals or in standard form. Ignore superfluous zeros, provided that the degree of
accuracy is not affected.

3 | Allow alternative conventions for notation if used consistently throughout the paper, e.g. commas being used as decimal points.

4 | Unless otherwise indicated, marks once gained cannot subsequently be lost, e.g. wrong working following a correct form of answer is ignored (isw).

5 | Where a candidate has misread a number in the question and used that value consistently throughout, provided that number does not alter the difficulty or
the method required, award all marks earned and deduct just 1 mark for the misread.

6 | Recovery within working is allowed, e.g. a notation error in the working where the following line of working makes the candidate’s intent clear.
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Mark Scheme Notes

The following notes are intended to aid interpretation of mark schemes in general, but individual mark schemes may include marks awarded for specific reasons
outside the scope of these notes.

Types of mark

M Method mark, awarded for a valid method applied to the problem. Method marks are not lost for numerical errors, algebraic slips or errors in units.
However, it is not usually sufficient for a candidate just to indicate an intention of using some method or just to quote a formula; the formula or idea
must be applied to the specific problem in hand, e.g. by substituting the relevant quantities into the formula. Correct application of a formula
without the formula being quoted obviously earns the M mark and in some cases an M mark can be implied from a correct answer.

A Accuracy mark, awarded for a correct answer or intermediate step correctly obtained. Accuracy marks cannot be given unless the associated method
mark is earned (or implied).

B Mark for a correct result or statement independent of method marks.

DM or DB When a part of a question has two or more ‘method’ steps, the M marks are generally independent unless the scheme specifically says otherwise;
and similarly, when there are several B marks allocated. The notation DM or DB is used to indicate that a particular M or B mark is dependent on
an earlier M or B (asterisked) mark in the scheme. When two or more steps are run together by the candidate, the earlier marks are implied and full
credit is given.

FT Implies that the A or B mark indicated is allowed for work correctly following on from previously incorrect results. Otherwise, A or B marks are
given for correct work only.

e A or B marks are given for correct work only (not for results obtained from incorrect working) unless follow through is allowed (see abbreviation FT
above).

e For a numerical answer, allow the A or B mark if the answer is correct to 3 significant figures or would be correct to 3 significant figures if rounded (1
decimal place for angles in degrees).

e The total number of marks available for each question is shown at the bottom of the Marks column.
e  Wrong or missing units in an answer should not result in loss of marks unless the guidance indicates otherwise.

e Square brackets [ ] around text or numbers show extra information not needed for the mark to be awarded.

© UCLES 2020 Page 4 of 12



M.Shafiq ur Rehman (803247304567) Aitilbizs(?n College

9231/32 Cambridge International AS & A Level — Mark Scheme ctober/November

PUBLISHED
Abbreviations
AEF/OE Any Equivalent Form (of answer is equally acceptable) / Or Equivalent
AG Answer Given on the question paper (so extra checking is needed to ensure that the detailed working leading to the result is valid)
CAO Correct Answer Only (emphasising that no ‘follow through’ from a previous error is allowed)
CWO Correct Working Only
ISW Ignore Subsequent Working
SOI Seen Or Implied

SC Special Case (detailing the mark to be given for a specific wrong solution, or a case where some standard marking practice is to be varied in the
light of a particular circumstance)

WWW  Without Wrong Working

AWRT  Answer Which Rounds To
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1 2 B1
At B, mgcosﬁ=ﬂ: (v’ =agcos )
a
1 , 1 , M1A1 | Energy equation with 4 terms and correct dimensions
—mv" =—mu" +mga(cosa —cos ) 30u
2 2 ta :%—Zagcosﬁ)
Substitute for u, cosa and v: M1 | Eliminate to find cos S
2
agcos ff =2, 2ag(——cosﬂj
6 3
1 Al
cosff=—
p 2
5
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2 Speeds v and w after collision M1 | Momentum equation with m. Correct masses, allow sin instead of
2my +mw = 2mu cos cos
W—V=eucoso M1 | Restitution, with consistent signs
1 1 1) 1 Al
v=—ucosa(2—-e) :—u.§(2——j =—u
3 35 3) 3
1) 5 M1 | Uses correct speed perpendicular to motion
Square of speed of 4 = (Eu] +(usina)
1Y (4 Al
=|-u| +|-u
CONED
13
Speed= —u (=0.867u)
15
5
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3(a) Volume Centre of mass from base B1 | Distances correct
1
Cone 57:'(31’)2. 4r 4r+r
Cylinder z(3r) . 4r 2
. 4 2 _
Combined §7r (3r) LA4r X
Taking moments about base of cylinder: M1 A1l | Moments equation
4 1
f.gﬂ'(3r)2 Ar= 571'(37”)2 Ar.S5r+ 71'(3}")2 Ar2r
_ 11 Al
X=—r
4
4
3(b) Condition: OGcos8 < 0A (where O is vertex of cone and O4 is B1 | Correct condition for equilibrium
slant height of cone)
5r\ 4 M1 | Expression in terms of
4r4+— |X—=<5r
4) 5
21 <25 True A1l | Correct conclusion, with correct working
3
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4(a) T Ncos6=mg B1
« Nsin8 = mrsin 0w* B1
B1 | AG
cos@ =" 5o cosﬁzi2
'r
3
4(b) P g B1 | Using trig of situation: must involve x
cosf = ==
r o’
. . g M1 | Using new situation with 4x and 2w seen
In new situation: r—4x =rXx—=
4’y
r—x=4(r—4x) M1 | Combining
1 Al
xX=—=r
5
4
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5(a) Quote trajectory equation from MF19 and use cos@=1/sec8 B1 | Must include step with sec?
ax? Allow derived from first principles
y=xtanf-=—=(1+ tan’6) AG
2u
1
5(b) 16220 — 10x 1200 (1+4) M1 | Substitute into result (a)
2u
W’ =625, (u=25) Al
10x324 M1
Use equation again: 30=18tan8— (1 + (tan §)* )
2X 625
2.592(tan 0)*) —18tan 8 +32.592 =0 Al | 3 term quadratic.
Alternatives include: 54¢> —375t+679=0,
324+ - 2250t +4074=0
Discriminant = 324 —-4x2.592x32.592 =-13.91 M1 | Discriminant for alternatives:
—6039 and —217404
As this is less than 0, no real solutions for & Al | CWO
6
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6 7 M1
T+mg=m—g
3
a Al | AG
With 7=k giving k = 4mg
a
. 4 B1 | The length being found may be expressed as the total extension of
Let greatest height above O be Ea X the string or the greatest height above Q.
Gain in GPE = mgx and Loss in KE = m.2ga GPE and KE
2 2 B1 2
Gain in EPE = 1, #"8 (x + Zj - (Ej EPE Note: initial EPE = ——o—
2 a 3 3
dmg 2ax a  a M1 A1 | Energy equation, correct number of terms
—S | X+ ——— |+ mgx=mgua
2a 3 9 9
2 4 Tax =0 M1 | Simplify to quadratic
3
1 ... 5 Al
x= ga so greatest height is ga
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7(a) mvﬂ — B1 | N2L, with m
dx
Inv=—kx+c M1 | Separate variables and integrate
x=0,v=u: c=Inu M1 | Use initial condition
1 Al | AG
v=—u: In—=—kx,
2
x l1n2
k
4
7(b) \Y , Sm B1 | N2L (allow missing m in this part)
mv— =—mkv- +—
dx v
2 1 M1A1 | Separate variables and integrate
v dv3 =dv ——1In(5- k') =x(+d)
S—kv 3k
Using (a) MiM1 .. ) 1 1 .
| | | Use condition. MO if v=—u,x =0 used unless —In2 is added on
——In(5-k’)=x——In(5—ku’)——In2 2 k
3k 3k k later
Rearrange dependent on In solution
1 40 — i’ M1A1 | Use v=u
x=—In| —————
3k | 5—ku’
7
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3
1 A particle P is projected with speed u at an angle of 30° above the horizontal from a point O on a
horizontal plane and moves freely under gravity. The particle reaches its greatest height at time 7 after

projection.

Find, in terms of u, the speed of P at time %T after projection. [5]
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A light inextensible string of length a is threaded through a fixed smooth ring R. One end of the string
is attached to a particle 4 of mass 3m. The other end of the string is attached to a particle B of mass m.
The particle 4 hangs in equilibrium at a distance x vertically below the ring. The angle between AR and

BR is 0 (see diagram). The particle B moves in a horizontal circle with constant angular speed 2\/%.

Show that cos6 = % and find x in terms of a. [5]
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3 One end of a light elastic spring, of natural length @ and modulus of elasticity 5mg, is attached to a
fixed point 4. The other end of the spring is attached to a particle P of mass m. The spring hangs with P
vertically below 4. The particle P is released from rest in the position where the extension of the spring
is %a.
(a) Show that the initial acceleration of P is % g upwards. [3]
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7
(b) Find the speed of P when the spring first returns to its natural length. [4]
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7.5cm

D

A uniform square lamina ABCD has sides of length 10cm. The point £ is on BC with EC = 7.5¢cm,
and the point F is on DC with CF = xcm. The triangle EFC is removed from ABCD (see diagram).

The centre of mass of the resulting shape ABEFD is a distance X cm from CB and a distance y cm
from CD.

.2
(a) Show that ¥ = 4;%0_ 3); and find a corresponding expression for y. (4]
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9

The shape ABEFD is in equilibrium in a vertical plane with the edge DF resting on a smooth horizontal
surface.

(b) Find the greatest possible value of x, giving your answer in the form a+b+v2, where a and b are
constants to be determined. [3]
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5 Aparticle P is moving along a straight line with acceleration 3ku — kv where v is its velocity at time ¢,
u is its initial velocity and £ is a constant. The velocity and acceleration of P are both in the direction of

increasing displacement from the initial position.

(a) Find the time taken for P to achieve a velocity of 2u. [3]
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(b) Find an expression for the displacement of P from its initial position when its velocity is 2u. [5]
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6 A particle P of mass m is moving with speed u on a fixed smooth horizontal surface. The particle
strikes a fixed vertical barrier. At the instant of impact the direction of motion of P makes an angle o
with the barrier. The coefficient of restitution between P and the barrier is e. As a result of the impact,

the direction of motion of P is turned through 90°.
(a) Show that tanct =1 3]
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The particle P loses two-thirds of its kinetic energy in the impact.

(b) Find the value of « and the value of e. [5]
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7 A hollow cylinder of radius « is fixed with its axis horizontal. A particle P, of mass m, moves in part
of a vertical circle of radius @ and centre O on the smooth inner surface of the cylinder. The speed of P

when it is at the lowest point 4 of its motion is 4/ % ga.

The particle P loses contact with the surface of the cylinder when OP makes an angle 6 with the upward
vertical through O.

(a) Show that 6 = 60°. [5]
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(b) Show that in its subsequent motion P strikes the cylinder at the point 4. [5]
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For greatest height, 7' =—
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M1
acio2, 2
2 3 6
u3 Al
-V, =
2
2 2 M1
Speed = v, +v,* = ul 3w
36 4
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= —u
3
5
© UCLES 2020 Page 6 of 14



M.Shafi Reh 03247304567) Aitchi Coll
9231/32 Cambridge International AS & A Level — Mark Scheme afiq ur Rehman ( ({\/Iay/.'?uncla (%IZS(? nvotlege
PUBLISHED
Question Answer Marks
2 For A: T =3mg M1
For B: T Tcos@=mg
Equate: 3mgcos@ =mg Al
cosf = 1
3
— Tsin@=mre’ with r=(a—x)sin8 M1
Equate: 3mg =m(a—x)a)2 Al
a Al
xX=—
4
5
Question Answer Marks
3(a) T-mg=ma M1
T=5 ! / > M1
=5Smg.—ala = —m
g 5 5 g
3 Al
a= 3 g (upwards) AG
3
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3(b) . 1o, 1 B1
Gain in KE = Emv Gain in GPE = Emga
1V B1
| Smg.(zaj
LossinEPE= —————=~—
2 a
1V M1
Smg.| —
lmvz+—m a—lm [= lmvz+lm a—ém a |
2 2 & 2 a 2 2 & 8 &
1 Al
v=—./ga
> g
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4(a) Area Centre of mass | Centre of mass M1
© from BC from DC
Square 100 5 5
. 1 5
Triangle Y x. 15/2 —X -
3 2
15 _ _
Shape ABEFD 100 — ?x X y
Take moments about BC:
15
100—-—x |0.x = SOOO'—I—SxO'.lx
4 4 3
(M1 for all terms present)
— 52 Al
F= 400 —x AG
80—-3x
Take moments about DC: M1
15
100——x |.y =100x5 —l—sx.é
4 4 2
_ _ 800-15x Al
160 - 6x
4
4(b) Use condition: X > x B1
2x* —80x+400>0 M1
x=20-10+2 Al
3
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@ dv = kdt
3u—v
-In(Bu—v)=kt+d M1
t=0,v=u: d=-In2u
Al
v=2u: t:lln2
k
3
5(b B1
®) v sty [ = Y gy
dx 3u—v
(—(3u —v)+3u)dv MI1Al
=kdx so —v—3uln(3u—v)=kx+c
3u—v
x=0,v=u: c=—u—-3uln2u M1
Al
v=2u: x=£(3ln2—1)
k
5
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6(a) Let components of velocity (parallel to plane and perpendicular) after impact be (x, y)

y=vcosa =eusin B1
x=vsina=ucosa B1
Divide: tano = ctana tan’ o = é. Bl

3
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6b) | L1, BI
3
ucosar \’ _ luz M1
sin o 3
(tanor )2 =3 Mi
o =60° Al
Al
e=—
3
Alternative method for 6(b)
. 1 1 . M1
KE after impact = Em(x2 +y° ) = Em((u cosc)()2 +e” (u sm(){)2 )
From (a) sina=1/,/(1+¢) and cosa=+Je/ (I+e) Bl
2 Al
KE = lmu2 L = lmuze
2 I+e l+e 2
M1
This is equal to l><lmu2 so e :l
3 2 3
tanar=+/3, r=60° Al
5
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7(a) 2 B1
(N +)mgcos& =
a
M1A1
lmv2 —lm%ﬁ =-mg(a+acosf)
2 2 2
Loses contact when N = 0, so combine and simplify M1
Al
cosﬁz%: 0=60° AG
5
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7(b) i M1
When P is vertically below O, its horizontal displacement is asin 60, so time 7= asin60 _ a3 /v = ba
vcos60 g
21 Al
From (a), v :Eag
M1
Vert: & :ﬁT Lo
2 2
3 3a Al
—a-3a=——
2 2
This corresponds to the point 4 Al
Alternative method for question 7(b)
42 M1A1
a
B1
Coordinates of 4: x = %a\/g, y= —%a
. . . 4x° . . . MIAl
Substitute coordinates into y = x+/3—="— and show that these satisfy this equation
a
5
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2
1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O on a smooth horizontal plane. The particle P moves in

horizontal circles about O. The tension in the string is 4mg.

Find, in terms of a and g, the time that P takes to make one complete revolution. [2]

2 A particle Q of mass mkg falls from rest under gravity. The motion of Q is resisted by a force of
magnitude mkv N, where vms ™' is the speed of Q at time ¢ s and k is a positive constant.

Find an expression for v in terms of g, k and ¢. [6]
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4

3 A particle Q of mass m is attached to a fixed point O by a light inextensible string of length a. The
particle moves in complete vertical circles about O. The points A and B are on the path of O with AB a
diameter of the circle. O4 makes an angle of 60° with the downward vertical through O and OB makes
an angle of 60° with the upward vertical through O. The speed of O when it is at 4 is 2+/ag.

Given that 7, and T are the tensions in the string at 4 and B respectively, find the ratio 7,,: 7. [6]
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Auniform solid circular cone, of vertical height 47 and radius 27, is attached to a uniform solid cylinder,
of height 37 and radius kr, where & is a constant less than 2. The base of the cone is joined to one of the

circular faces of the cylinder so that the axes of symmetry of the two solids coincide (see diagram). The
cone and the cylinder are made of the same material.

(a) Show that the distance of the centre of mass of the combined solid from the vertex of the cone is
(99K* +96) r

. 4
18k +32 4]
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The point C is on the circumference of the base of the cone. When the combined solid is freely
suspended from C and hanging in equilibrium, the diameter through C makes an angle o with the

downward vertical, where tana = %

(b) Given that the centre of mass of the combined solid is within the cylinder, find the value of k. [4]
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Two uniform smooth spheres 4 and B of equal radii each have mass m. The two spheres are each moving
with speed u on a horizontal surface when they collide. Immediately before the collision A4’s direction
of motion makes an angle of a® with the line of centres, and B’s direction of motion is perpendicular to
that of 4 (see diagram). The coefficient of restitution between the spheres is e.

Immediately after the collision, B moves in a direction at right angles to the line of centres.

l1+e
l1—e’ [4]

(a) Show that tana =
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(b) Given that tano = 2, find the speed of 4 after the collision. (4]
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6 A nparticle P is projected with speed u at an angle 6 above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The direction of motion of P makes an angle a above the

horizontal when P first reaches three-quarters of its greatest height.

(a) Show that tana = S tan6. [6]
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(b) Given that tan6 = %, find the horizontal distance travelled by P when it first reaches three-quarters
of its greatest height. Give your answer in terms of # and g. (4]
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7
1
V384
a A B
— mwWWWWWWe ®

)

One end of a light spring of natural length ¢ and modulus of elasticity 4mg is attached to a fixed
point O. The other end of the spring is attached to a particle 4 of mass km, where k is a constant.
Initially the spring lies at rest on a smooth horizontal surface and has length a. A second particle B, of

mass m, is moving towards 4 with speed 4/ % ga along the line of the spring from the opposite direction
to O (see diagram).

The particles 4 and B collide and coalesce. At a point C in the subsequent motion, the length of the
spring is %a and the speed of the combined particle is half of its initial speed.

(a) Find the value of £. [6]
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At the point C the horizontal surface becomes rough, with coefficient of friction 4 between the
combined particle and the surface. The deceleration of the combined particle at C is % g.

(b) Find the value of . [4]
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1 A particle P of mass m is attached to one end of a light inextensible string of length a. The other end
of the string is attached to a fixed point O on a smooth horizontal plane. The particle P moves in

horizontal circles about O. The tension in the string is 4mg.

Find, in terms of a and g, the time that P takes to make one complete revolution. [2]

2 A particle Q of mass mkg falls from rest under gravity. The motion of Q is resisted by a force of
magnitude mkv N, where vms ™' is the speed of Q at time ¢ s and k is a positive constant.

Find an expression for v in terms of g, k and ¢. [6]
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3 A particle Q of mass m is attached to a fixed point O by a light inextensible string of length a. The
particle moves in complete vertical circles about O. The points A and B are on the path of O with AB a
diameter of the circle. O4 makes an angle of 60° with the downward vertical through O and OB makes
an angle of 60° with the upward vertical through O. The speed of O when it is at 4 is 2+/ag.

Given that 7, and T are the tensions in the string at 4 and B respectively, find the ratio 7,,: 7. [6]
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Auniform solid circular cone, of vertical height 47 and radius 27, is attached to a uniform solid cylinder,
of height 37 and radius kr, where & is a constant less than 2. The base of the cone is joined to one of the

circular faces of the cylinder so that the axes of symmetry of the two solids coincide (see diagram). The
cone and the cylinder are made of the same material.

(a) Show that the distance of the centre of mass of the combined solid from the vertex of the cone is
(99K* +96) r

. 4
18k +32 4]
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The point C is on the circumference of the base of the cone. When the combined solid is freely
suspended from C and hanging in equilibrium, the diameter through C makes an angle o with the

downward vertical, where tana = %

(b) Given that the centre of mass of the combined solid is within the cylinder, find the value of k. [4]
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Two uniform smooth spheres 4 and B of equal radii each have mass m. The two spheres are each moving
with speed u on a horizontal surface when they collide. Immediately before the collision A4’s direction
of motion makes an angle of a® with the line of centres, and B’s direction of motion is perpendicular to
that of 4 (see diagram). The coefficient of restitution between the spheres is e.

Immediately after the collision, B moves in a direction at right angles to the line of centres.

l1+e
l1—e’ [4]

(a) Show that tana =
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(b) Given that tano = 2, find the speed of 4 after the collision. (4]
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6 A nparticle P is projected with speed u at an angle 6 above the horizontal from a point O on a horizontal
plane and moves freely under gravity. The direction of motion of P makes an angle a above the

horizontal when P first reaches three-quarters of its greatest height.

(a) Show that tana = S tan6. [6]
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(b) Given that tan6 = %, find the horizontal distance travelled by P when it first reaches three-quarters
of its greatest height. Give your answer in terms of # and g. (4]
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7
1
V384
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)

One end of a light spring of natural length ¢ and modulus of elasticity 4mg is attached to a fixed
point O. The other end of the spring is attached to a particle 4 of mass km, where k is a constant.
Initially the spring lies at rest on a smooth horizontal surface and has length a. A second particle B, of

mass m, is moving towards 4 with speed 4/ % ga along the line of the spring from the opposite direction
to O (see diagram).

The particles 4 and B collide and coalesce. At a point C in the subsequent motion, the length of the
spring is %a and the speed of the combined particle is half of its initial speed.

(a) Find the value of £. [6]
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At the point C the horizontal surface becomes rough, with coefficient of friction 4 between the
combined particle and the surface. The deceleration of the combined particle at C is % g.

(b) Find the value of . [4]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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