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The matrix M represents the sequence of two transformations in the x-y plane given by a stretch parallel
to the x-axis, scale factor k (k # 0), followed by a shear, x-axis fixed, with (0, 1) mapped to (%, 1).

(a) Show that M = ( k). (4]

(b) The transformation represented by M has a line of invariant points.

Find, in terms of k, the equation of this line. [3]
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The unit square S in the x-y plane is transformed by M onto the parallelogram P.

(¢) Find, in terms of &, a matrix which transforms P onto S. [1]
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Prove by mathematical induction that, for all positive integers #,

(f:n<tan x) P (x)<l+x ) n,

where P (x) is a polynomial of degree n—1. [6]
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The quartic equation x*+2x* =1 = 0 has roots «, B,v,06

a) Find a quartic equation whose roots are oc4, 4, 4, 5% and state the value of a* + 8* +y* +5*.
q q Y Y
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(b) Find the value of a® + 8> +7° +65°. [3]
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4 (a) Use the method of differences to find Z Gr+k)

Sk
(5r+5+k)

in terms of » and &, where & is a

positive constant. [4]
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I
Itis given that Z Grih) (5r+ 5463

(b) Find the value of £. [2]
\ 5k .
(¢) Hence find Z GriRGris+h in terms of ». [2]
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5 (a) Show that the curve with Cartesian equation

(57 = 6y

has polar equation = 3sin26.

The curve C has polar equation 7 = 3sin26, for 0 < 6 < %n.

(b) Sketch C and state the maximum distance of a point on C from the pole.
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(¢) Find the area of the region enclosed by C. [2]
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The curve C has equation y =

|‘ 12

4x% +x+1
20> =Tx+3’
(a) Find the equations of the asymptotes of C.
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(¢) Sketch C, stating the coordinates of any intersections with the axes. [5]
. : |4t +xtl :
(d) Sketch the curve with equation y =|——————| and state the set of values of k for which
2x°—Tx+3
2
M‘ = k has 4 distinct real solutions. [2]
2x°—Tx+3
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The lines /, and /, have equations r = i+3j—2k+A(2i+j+k) and r =i—2j+9k+u(i—4j+2k)
respectlvely The plane II, contains /, and is parallel to /,.

(a) Find the equation of I7,, giving your answer in the form ax+by+cz =d. [4]

The plane I1, contains /, and the point with coordinates (2, — 1, 7).

(b) Find the acute angle between /1, and I1,. [4]
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The point P on /, and the point Q on /, are such that PQ is perpendicular to both /, and /,.

(¢) Find a vector equation for PQ. [7]
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Question Answer Marks Guidance
1(a) k 0 B1 | [Stretch parallel to the x-axis, scale factor k
0 1 (k=0)]. (Allow without identification.)
(1 kj B1 | [Shear, x-axis fixed, with (0,1) mapped to
01 (k,1).] (Allow without identification.)
1 k k k M1 Al | Correct order for M1, must have identified
M= 0 1 0 1 which matrix gives which transformation, AG.
4
1(b Bl
®) kokx = Transforms X to X
0 1)y y Y
kx +Kky = x M1 [xj (xj
Sets =
Y y
_1-k « Al
=
3
1(c) M- 1 1 B1 | (An alternative is possible.)
kl0 Kk
1
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Question Answer Marks Guidance
1(d) |k |=3K? M1 | Uses that detM =Kk. Without modulus is SC
B1.
k#z0=k==%% Al
2
Question Answer Marks Guidance
2 d(tan‘l x) 1 B1 | Differentiates once.
= > SO true when n=1.
dx 1+x
dX o o\ B1 | States inductive hypothesis. Must have
Assume that dT(Ian x) =P, (x)(1+ X ) , where degP, (x)=k-1. deg P, (x)=k -1,
dk+l(tan—1 x) ) kl M1 Al | Differentiates kth derivative using the product
—  J-p ‘(x)(1+ xz)f —2kxP, (x)(1+x2)7 ) rule.
ka+l k k
- (Pk (x)(1+ x*) - 2kxP, (x))(1+ X2 )7H so degP,,,(x)=k AL | Writes in the form P (X)(14+° )7H.
So true when n=k +1. By induction, true for all positive integers n. Al | Attempts to show degree of Py+1 () is at most k
(condone not showing coefficient of x* is non-
zero) and states conclusion.
6
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Question Answer Marks Guidance
3(a) y=x* B1 | Uses correct substitution.
Y+ Zy% _1=0=16y° :(1_ y)4 M1 | Substitutes and obtains an equation not
involving radicals.
16y° =1—-4y +6y2 —4y°® + y* M1 | Uses binomial expansion.
y* —20y% +6y2 —4y+1=0 Al | Must be an equation.
at+ gyt 154 =20 Bl
5
3(b) a+pf+y+6=-2 B1
XC+2x —x=0=a’+ P+ +68° =-2(20)+(-2) M1 | Multiplies original equation by x and substitutes.
—42 Al
3
3(c) 8 L BB 58 =20%-2 M1 | Uses formula for sum of squares. Or alternative
o % 0°—2(6) Jr a
complete method eg another substitution.
388 Al | CAO.
2
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Question Answer Marks Guidance
4(a) 5k " 1 1 M1 Al | Finds partial fractions. (Don’t allow a
(5r +K)(5r + 5+ k) " 5r+k Br+5+k substitution of a value for k.)
Zn: 5k —k( 11 . 11 - 1 1 ) M1 | Writes at least three terms, including last.
ZiGrik)Sri5+k) (5+k 104k 10+k 15+k  Bntk 5n+5+k (Allow any value of k.)
k( 1 1 j Al
- (5+k 5Bn+5+k
4
4(b M1 Al
® 1kl g sikmke
5+k 3 2
2
4(c) n? 5K n- M1 | Or applies the method of differences again.
Z:(5r+k)(5r+5+k Z:l: 5r+k)(5r+5+k) Z(5r+k)(5r+5+k)
—k( 1 1 j k[ 1 1 )—k( 1 1 j ALFT | FT on their value of k (must be substituted in).
- (5+k 5n?+5+k 5+k 5n+k) \5n+k 5n?+5+k
_ 1t 1
2n+1 2n°+3
2
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5(a) r* =6r2sin@coso M1 | Substitutes x=rcosé, y=rsiné and applies
sin28 =2sinfcosé.
r? =3sin20 Al | AG.
2
5(b) B1 | Correct position and symmetrical about 0 =1,
B1 | Single correct loop.
—» 0=0
3 B1 | States maximum distance or labels sketch.
Allow (ﬁ%n) but not (%n,\ﬁ) . Allow 3sf.
3
5() %Fsin 20do =%[—%c0326?:|% M1 Forms %J-r2 dé. (Allow with wrong limits.)
0 0
3 Al
2
2
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5(d) y =3 sin? 20sin @ Bl
. - s M1 Al
sin? 26 cosé@ +sin 2 26cos20sin 6 =0 Sets d—y=0.
do
. L B 2tang M1 | Applies suitable trigonometric identity.
S|n20c030+c03295|n0_0:>tan2¢9_—tam9:>m_—tan49 Accept sin30=0.
O=1in Al
34 Al | AEF.
— =140
25
6
Question Answer Marks Guidance
6(a) 1 B1 | Vertical asymptotes.
X=—, x=3
y=2 B1 | Horizontal asymptote.
2
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Question Answer Marks Guidance
6(b) dy _ (2x° -7x+3)Bx+1) - (4% + x+1)(4x-7) M1 Finds 2. Allow top line only for M1.
dx (2x2 —7x+3)2 dx
3x%2+2x+1=0 M1 | Sets equal to 0 and forms equation.
(-3.2). (29 ALAL
4
6(c) y 4 i B1 | Axes and asymptotes. Clear identification (label
; E or clear intersection with axes at correct place).
§ B1 | x>3 correctly approaching asymptotes, not too
; truncated.
| Bl | L1<x<3 correct.
________________________________________ S —
\ 5 Bl | x<1 correct.
B1 | States coordinates of intersection with axis. May

be seen on their graph.

© Cambridge University Press & Assessment 2024

Page 12 of 15




9231/11 M-Shaf'%&!ﬁbﬁﬁbm&!ﬁhﬁ%?ﬁ? é%@@J Lﬁ%'@&ﬁm College October/November 2024
PUBLISHED
Question Answer Marks Guidance
6(d) ¥ 4 i B1FT | FT from sketch in (c). At least two branches.
k>3 Bl
2
Question Answer Marks Guidance
7(a) i j k 6 -2 M1 Al | Finds common perpendicular. Allow one error.

2 1 1=-3|~|1

1 -4 2 (-9 3
20 +(3)+3(-2)=-5 M1 | Substitutes point on |, .
2x—y—-3z=5 Al | CAO.

4
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7(b) i j k| (6 M1 Al | Finds the normal to 77,.
1 4 2|=|4
1 1 -2/ \5
2\(6 M1 | Uses dot product of normal vectors.
~1 || 4 |=1477 cos0 = cos O = —
-3)\5 T
77.7° Al | No ISW. Accept 1.36 rad.
4
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7(c) 1+22 1+ u p1—22 MLAL | Finds PQ.
OP=| 3+ [,0Q=| —2-4u |=>PQ=|-5-4u-1
—2+A 9+2u 11+2u—A4
u=24 2 =24 6 M1 | Uses that dot product of PQ with line direction
S—4u—-All =00r|-5-4u-1 =k -3 is zero, or, alternatively, PQ is a multiple of the
11+2u-2)\1 11+2u-2 -9 common perpendicular.
—61+6=0 Al | Deduces one equation.
u—22 1 Al | Deduces second equation.
S-4u—-A -4 |=0=21u+42=0
11+2u-4 )\ 2
3 -1 M1 | Solves for A or x and substitutes into OP or
A=1=0P=| 4 |or u=-2=0Q=| 6 0Q
-1 5
-1 6 Al FT | OE. FT using their common perpendicular. Must
r=| 6 |+t -3 have"r =".
5 -9
7
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The sequence u,, u,, u;, ... issuch that u, =4 and u, ., =3u —2 forn=> 1.

Prove by induction that # = 3"+ 1 for all positive integers ». [5]
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The line /, has equation r = i+3j—k+A(i—j—4k).

The plane IT contains /, and is parallel to the vector 2i+ 5j —4Kk.

(a) Find the equation of II, giving your answer in the form ax+by+cz =d.
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The line 7, is parallel to the vector 5i—5j —2k.

(b) Find the acute angle between /, and II. [3]
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It is given that

a+pB+y+d5=2
ol +B*+y*+8% =3,
o+ Y +8 =4

(a) Find the value of a+ay+ad+ By +pBS+74. [2]

(b) Find the value of o’ B+’ y + 0?8+ B> a+ B>y + 6+ v a+y*B+y>5+8°a+8°B+8%y. [3]
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(¢) Itis given that o, B, v, & are the roots of the equation

6xt — 1223 +3x2 +2x+6 = 0.

(i) Find the value of o* + B* +y* + 6%, [3]
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The matrices A, B and C are given by

3 0 -2

3, B=|-1 3andC=<_2_1 1).
1 13

5 0 0

(b) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by CAB. [5]
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Let M= < 0 1)
(¢) Give full details of the transformation represented by M. [2]
(d) Find the matrix N such that NM = CAB [3]
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It is given that § = Zlu where u_= =x' —x*D and x > 0.

(a) Find S, in terms of », x and the function f. [2]

(b) Given that f(») = Inr, find the set of values of x for which the infinite series
U, tu,tu,+...
is convergent and give the sum to infinity when this exists. [3]

| © UCLES 2024 @ 9231/12/0/N/24 I

LR -

DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN



DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

(©

11 .

* oooosooM@haf m ur Rehman (03247304567) Aitchison College

Given instead that f(r) = 2log r where x # 1, use standard results from the List of formulae
N
(MF19) to find Z_:l S, in terms of N. Fully factorise your answer. [4]
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The curve C has equation y =

24 1
(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote. [2]

(b) Show that 1 < y < 3 for all real values of x. (4]
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T _

(d) Sketch C, stating the coordinates of any intersections with the axes and labelling the asymptote.

[3]
X +1 o+l ]
(e) Sketch the curve with equation y == and find the set of values of x for which = < 3.
x“+3 x*+3 2
[4]
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The curve C, has polar equation r = a(cos 6 +sin6) for ——TE <0< %n, where a is a positive constant.

(a) Find a Cartesian equation for C, and show that it represents a circle, stating its radius and the
Cartesian coordinates of its centre. [4]

(b) Sketch C, and state the greatest distance of a point on C, from the pole. [3]
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The curve C, with polar equation r = a6 intersects C,| at the pole and the point with polar coordinates

(ag, §).

(¢) Verify that 1.25 < ¢ < 1.26. [2]

(d) Show that the area of the smaller region enclosed by C, and C, is equal to
! a2<%n+ %¢3 —¢+ %cos2¢>
and deduce, in terms of @ and ¢, the area of the larger region enclosed by C, and C,. [7]
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9231/12
PUBLISHED
Question Answer Marks Guidance
1 u=4=3+1 B1 | Shows base case
Assume that it is true for n=k, so u, =3“+1. B1 | States inductive hypothesis.
Then u,,, =33 +1)-2=3"+1 M1 Al | Substitutes into recursion formula.
[So, it is also true for n=k +1]. Hence, by induction, u_=3"+1for all positive integers. Al | States conclusion.
5
Question Answer Marks Guidance
2(a) i j k 24 M1 Al | Finds vector perpendicular to the plane.
1 -1 —4/=|-4
2 5 -4 7
24D -4Q3)+7(-1)=d = 24x—-4y+7z=5 M1 Al | Uses point in the plane.
4
2(b) 24\ ( 5 M1ALFT | Uses dot product of 5i —5j— 2K and
—4 |o| =5 | = /641/54 cos a = cos a = & their normal.
71 o \/641+/54
Acute angle between |, and /7is 90— = 42.6’ Al | 0.744 radians
3
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PUBLISHED
Question Answer Marks Guidance
3() 2 2,2, §2 _ 2 M1 | Substitutes into formula for sum of
a +p +y +o (a+,8+7/+5) 2(aﬂ+a7/+a5+ﬂy+ﬁ5+7/5) squares.
3=2"-2(af+ay+ad+Py+B5+y5)
af+ay+ad+Py+PO+yo =5 Al
2
3(b) o (ﬂ+7,+5)+132 (a+7/+5)+}/2 (a+,8+5)+52 (a+ﬂ+7) M1 Al | Factorises and substitutes.
=a’ (2—a)+,82(2—,8)+7/2(2—7)+52 (2—5)
2(3)-4=2 Al
3
3©)(W) | 6S,-12S,+3S,+2S, +24=0=>6S,-12(4)+3(3)+2(2)+24=0 M1 | Sums and substitutes.
Al
Sy = %l Al
3
3@ | 6S,-12S, +3S,+2S,+6S, =0 =65, —12(1)+3(4)+2(3)+12=0 M1 | Multiplies equation through by x, sums
and substitutes.
S—2S,+3S,;+3S,+5,=0
=5, -2(3)+5(4)+3(3)+2-0
S =—4 Al
2
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9231/12
PUBLISHED
Question Answer Marks Guidance
4(a) 1 2 30 =2 -2 4 M1 Al | Multiplying two matrices correctly,
-2 -11 -2 -1 1 i i
5 1 321 _ 1 1 correct dimensions.
1 1 3 1 1 3
3 2 5 -2 0
1 2 30 -2 0 -2
-2 -11 -1 -3 4
Or 2 1 3||-1 3 |= -1 3
1 1 3 12 9 21
3 2 5){0 0 O
3 7 B1 | Convincingly completing matrix
= 9 3 multiplication, AG.
3
4(b) 3 -7\(x) (3x-7y B1 X X
= Transforms to .
-9 3 )\y —-9x+3y y Y
—9x+3m)(:m(3x_7mx) M1 Al | Uses y=mx and Y =mX..
—9+3m=3m-7m*=7m* =9 Al
y=7Xxand y=—4X Al
5
4(c) Stretch Bl
parallel to the x-axis, scale factor 3. B1
2
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PUBLISHED
Question Answer Marks Guidance
4(d) L 110 B1
~3lo 3
1(3 -7)1 0 3 —7\YLi 0 M1 | Correct order
N== or N= 8
3\-9 3 /10 3 -9 3J){0 1
1 -7 Al
-3 3
3
Question Answer Marks Guidance
5(a) xTO _xf@ L @ _yf® 4y Ty F(neD) M1 | Writes at least three terms, including last.
—x O _y Al
2
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Question Answer Marks Guidance
5(b) [0<]x<1 B1 | Accept [0<]x<1
Zn:ur — 1_ Xln(n+1)
r=1
0 B1 | Without wrong working.
> u, =1 [for x<1]
r=1
o Bl
Du, =0 for x=1
r=1
3
5(c) Uses x2°%" =2 M1
S, =1-(n+1)*=-n*-2n Al
N M1 | Substitutes formulae from MF19.
> —n?—2n=—1N(N+1)(2N +1) - N(N +1)
n=1
—IN(N+D)(2N +7) Al
4
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PUBLISHED
Question Answer Marks Guidance
6(a) x? +1=0 has no real roots. B1
y=1 B1 | Horizontal asymptote.
2
6(b) v +y=x2+3= (1-y)X*—y+3=0 M1 Al | Forms quadratic in x or uses
2
=1+ .
y x*+1
_4(1_ y)(3_ y)=0 M1 | Uses that discriminant is > 0 or
0< 22 <2.
xX“+1
1<y<3 Al | Explanation of why y #1
AG.
4
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PUBLISHED
Question Answer Marks Guidance
6(c) dy (XZ +1)(2X)—(X2 +3)(2X) M1 | Differentiates
dx (xz +1)2
(0,3) Al
Alternative method for question 6(c)
When y=3 2x*=0 M1 | Using inequality from (b)
(0,3) Al
2
6(d) AY B1 | Axes and correct asymptote labelled.
B1 | Correct shape and position.
2 B1 | States (0, 3)coordinates of intersection
with axes, may been seen on diagram.
5 4 -3 2 1 0 1 2 3 4 5 X
3
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PUBLISHED
Question Answer Marks Guidance
() I e B1FT | FT from sketch in (d)
\‘1///_'
3
x*+1 1 M1 | Finds critical points.
xX*+3 2
X =1=x==1 Al
-1<x<1 Al
4
Question Answer Marks Guidance
7(a) r:a(§+%):> r? =ax+ay M1 | Uses x=rcosé and y=rsiné to
eliminate &
x> —ax+y>—ay=0 M1 Al | OE Obtains Cartesian equation.
(using r* = x*+vy?%)
(x=2)" +(y-2)" =% = Centre ($,%) and radius % B1
4
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PUBLISHED
Question Answer Marks Guidance
7(b) B1 | Circle
B1 | Correct position, passing throughO .
a2 B1 | States maximum distance or labels sketch.
3
7(c) cosg+sing—¢=0 M1
c0s1.25+sin1.25-1.25=0.01 co0s1.26+sin1.26—1.26 =—0.002 Al | Shows sign change.
2
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PUBLISHED
Question Answer Marks Guidance
7(d P 2 (3n . M1 | Uses area formula on both curves.
@ %j 492d0+a7j (cos@+sing)’ do
0 ¢
Al | Forms area of smaller region enclosed by
C, and C, with correct limits.
2 (9 0 2 [am . M1 | Applies relevant identities for the circle
a?_[o 0 d9+a?'|- 1+2singcosfdo integral to produce integrable form.
¢
2 @ 2 . 3n i i i .
%[% 93] +a7[¢9+5|n2 6’] Al | For correct integration of the circle part
0 ¢
a8 | a2 (3 1 -2 0\ _ a2, 3 1 Al | Integrates spiral and substitutes correct
5 +7(Zn+5—¢—sm ¢)—7 S+sn—@+35cos2p limits.
AG.

2 2 (4 M1 | Forms area of larger region enclosed by
a—n—a—(¢—+§n— +1cos2 )

2 AERELE AR ¢ C,and C,.

2 3 Al
%(—%+%n+¢—%c052¢)
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PUBLISHED
Question Answer Marks Guidance
7(d) Alternative method for question 7(d)
2 (¢ . 2 (¢
%L (cos@+sm 9)2 dé’—%fo 6%do M1 | Uses area formula on both curves.
' Al | Forms area of larger region enclosed by
C, and C, with correct limits.
2 (4 . 2 (9 1o M1 | Applies relevant identities for the circle
a- —_a
2 .[_%n1+sm 20d0—% Io 0°do integral to produce integrable form.
3—22[9—%005 20]2 _a_zz[% 93]? Al | For correct integration of the circle part.
a2 1 26+ 1 & _ @ 1 1 ) Al | Integrates spiral and substitutes correct
7(¢—§COS ¢+ZTC)— 5 =7 —?4—271? ¢—ECOS ¢ limits.
Answer not given.
3—2275 _%(_§+%n+¢_%cos 2¢) M1 Fcorr:nsdaréza of smaller region enclosed by
1 2"
%2(¢—;+%n—¢+%cos2¢) Al | AG
7
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2

The cubic equation 20 +x% — px—5 =0, where p is a positive constant, has roots a, 3, Y.

(a) State, in terms of p, the value of a8+ By +ya. [1]
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3
(¢) Deduce a cubic equation whose roots are af3, By, ay. [1]
(d) Given that o + % +y% = %, find the value of p. (2]
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4

Prove by mathematical induction that 6*" +38" —2 is divisible by 74 for all positive integers 7. [6]
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6

(a) Use standard results from the list of formulaec (MF19) to show that

N
Zr(r—l— 1)(3r+4) = EN(N+1)(N+2)(ON+19). [3]
r=1
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7
(b) Express r3(:1 41‘) in partial fractions and hence use the method of differences to find
34 (1)
— r(r+1)\ 4
in terms of N. [4]
(¢) Deduce the value of i rd (1 . [1]
— r(r+1)\ 4 ’
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8

1 1
5 —3V3|(14 0
. o _| 2 2
4 ThematrllesglvenbyM—(%\/§ % )( 0 1).
(a) The matrix M represents a sequence of two geometrical transformations in the x-y plane.

Give full details of each transformation, and make clear the order in which they are applied.  [4]

© UCLES 2024 9231/11/M/J/24



M.Shafiq ur Rehman (03247304567) Aitchison College
9

(¢) Find the equations of the invariant lines, through the origin, of the transformation represented
by M. [5]

(d) The triangle ABC in the x-y plane is transformed by M onto triangle DEF.

Given that the area of triangle DEF is 28 cm?, find the area of triangle ABC. [2]
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10
5  The points 4, B, C have position vectors
2i+2j+4k, 2i+4j—k, —3i—3j+4k,
respectively, relative to the origin O.
(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz =d. [5]
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11
The point D has position vector 2i+j+3k.
(b) Find the perpendicular distance from D to the plane ABC. [2]
(¢) Find the shortest distance between the lines AB and CD. [5]
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12
2
. o x H+ax+1 5
The curve C has equation y = %7 where a > 3.
(a) Find the equations of the asymptotes of C. [3]
(b) Show that C has no stationary points. [4]
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13
(¢) Sketch C, stating the coordinates of the point of intersection with the y-axis and labelling the
asymptotes. [3]
2
(d) (i) Sketch the curve with equation y = %‘ [2]
(ii) On your sketch in part (i), draw the line y = a. [1]
. x> tax+1
(iii) It is given that 7 <afor—5-+v14 <x<-3and —5++14 <x < 3.
Find the value of a. [2]
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7  The curve C has polar equation ¥ = (m—06) tan"! (m—0), for 0 <6 < 7.

(a) Sketch C and state the polar coordinates of the point of C furthest from the pole. [3]

(b) Using the substitution # = m—6, or otherwise, find the area of the region enclosed by C and the
initial line. [7]
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(¢) Show that, at the point of C furthest from the initial line,

2(m—0)tan~' (1—6)cotd———0 — _tan"!(m—0) = 0

1+ (m—06)
and verify that this equation has a root for 6 between 1.2 and 1.3. [5]
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PUBLISHED
Question Answer Marks Guidance
1(a) ~1p B1
1
1(b) af’y +a’By +afy’ 20['37([34_7_'_0[):%(_%) M1 | Factorises.
_5 Al
4
2
1(c) 4z° +2pz* —52-25=0 BIFT | OE
FT on their value of aff + fy + ya (in terms of p).
1
1(d) 1=1ip M1 | Uses a® + 2+ y> =(a+ f+7) —2ap + By +ya)
p== Al | CAO
2
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Question Answer Marks Guidance
2 6* +38-2=1332 is divisible by 74. B1 | Checks base case.
Assume that 6** +38* —2 is divisible by 74 for some positive integer k. Bl | States inductive hypothesis.
Then 6% +38 1 -2 =(1295+1)x 6% + (37+1)x38" -2 MI A1 | geparates 6* +38° —2 or considers difference.
Is divisible by 74 because 1295x 6* +37x38 is divisible by 74. Al
Hence, by induction, 6* +38" —2 is divisible by 74, is true for every positive integer Al
n.
6
Question Answer Marks Guidance
3(a) N N N N B1 | Expands.
Dorr+D)(3r+4)=3> " +7) r +4> r P
r=1 r=1 r=1 r=1
%Nz (N + 1)2 +ZN(N+1)(2N +1)+2N (N +1) M1 | Substitutes formulae from MF19.
LN(ON(N? +2N +1)+14(2N7 43N +1)+ 24N +24) Al
%N(9N3 +46N2 +75N+38)=%N(N+1)(N+2)(9N+19) AG
3
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PUBLISHED
Question Answer Marks Guidance
3(b) 3Jr+4 4 1 M1 A1 | Finds partial fractions.
r(r+1) o+l
i 344 (l)rH ) [i)(i_lj +(Lj(i_l N 1 j(i— 1 M1 | Writes at least three terms, including last.
~r(r+1)\ 4 # )1 2) (£)2 3 4NN N+1
1 1 Al
4 4NN+
4
3(c) % B1 | CAO
1
Question Answer Marks Guidance
4(a) [One way] stretch, rotation B1
Stretch followed by rotation B1 | Correct order.
Stretch parallel to the x-axis, scale factor 14 B1
Rotation, %n [anticlockwise] about the origin. B1
4
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PUBLISHED
Question Answer Marks Guidance
—1 _ .
4(b) [ % _%\/EJ [ % %\/gj (14 Oj 1 B [1 Oj B1 | Both inverses correct.
13 1 13 1 0 1 1410 14
| ( L Oj { 1 1 NE) J B1 | Correct order.
M= 1 1
0 {33 4
2
4(0) 7 _1 3 B1
M= :
W34
B1
7 —3V3 (x]: Tx =43y Transforms (xj to (Xj
73 L ) | 7Bx+ly v) ¥
7\/§x+%mx=m(7x—%\/§mx) M1 | Uses y=mx and ¥ =mX .
T3 +im=Tm—13m* = 1\3m* ~LBm+7/3=0 Al
y=23x and y=%\/§x Al
5
Ad) 28 =14x|4BC| M1 | Uses |DEF|=|detM]||4BC| .
2 em? A1l | Allow with units missing.
2
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PUBLISHED
Question Answer Marks Guidance
5(a) AB=2j-5k AC=-5i—-5j BC=-5i—-7j+5k B1 | Finds direction vectors of two lines in the plane.
i j k =25 -5 M1 A1l | Finds normal to the plane ABC.
0 2 =5=|25|~|5
-5 -5 0 10 2
-5(2)+5(2)+2(4)=8=>-5x+5y+2z=8 M1 A1 | Substitutes point. AEF for final answer.
5
5(b) 8— ( 2i+j+ 3k).(_5i +5j+ 2k) 7 0.953 M1 A1l | Correct formula for distance from point to plane.
V5% 450 422 V4
2
5(c) 2 (=3) (5 B1
CD=|1|-|-3|=| 4
3 4 -1
i j Kk 18 M1 A1l | Find common perpendicular.
0 2 -5=]-25
5 4 -1 -10
-5\ ( 18 M1 A1 | Uses formula for shortest distance.
1 35
=S 25|= =1.08
71049 o Il-10 11049
5
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6(a) x=-2 B1
72— _ M1
y:(x+2)(x+a 2) 2a+5=x+a—2+5 2a
x+2 x+2
y=x+a-2 Al
3
6(b) dy (x+ 2)(2x+ a) —(x2 ax+ 1) M1 | Differentiates.
dr (x+2)
Al dy

x* +4x+2a-1=0 ord—y=1+ 2a—52
dx (x+2)

Forms quadratic equation or simplifies e

Not from wrong working.

16-4(2a—-1)=20-8a <0 (or y'>0 ) = No stationary points

M1 A1

Consideration of discriminant or sign of y' with

correct conclusion.
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6(c) | vy 4 B1 | Axes and asymptotes labelled.

i
"
s o o s e s e
L)
"

=
Il

=V

B1

Branches correct. (Asymptotes may cross above, on

or below the x-axis.)

B1

May be seen on their diagram.
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6(d)(i) | ; YA B1 | FT from their attempt in part 6(c).
B1 | Everything correct (approach to vertical asymptote
[ and cusps correct).
[
I
[
| i
[
| i
[
[
[
/ i
\ l,l'II [ I|
N/ Y
v, E ] .
I X
2
6(d)(ii) : y 4 B1
|
[ ]
[
[
I
[
| i
[
\ |
N y=a [
/ i /
/ i
y i !
/ Py /
N/ L\
'h.'r »
T x
1
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6(d)(1i1) | 2 4 ax+1 2 +ax+1 M1 | Or direct use of x ==3
e g or
x+2 x+2
X2 +1-2a=0 or x* +2ax+1+2a=0
—a—a*-2a-1<x<—2a-1,—a+va* -2a-1<x<~2a-1
a=>5 Al
2
Question Answer Marks Guidance
7(a) - B1 | Correct shape.

B1

Section +m < @< 7 correct.

(\/mn*1 - o) —(1.99, 0)

B1

May be seen on their diagram.
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O 4=t (m-0)tan (1-0)d0 or A=—1 [ (u)tan”! (u)du M| Uses correct formula.
T _1 -1
or A= 2IO (u)tan™ (u)du
B n oyl M1 A1l | Integrates by parts.
L) a0 ()| [ du
Tyl tl+u?—1 n 1 M1 | Rearranges integral into form which can be
L 1+ duz'[o 1+ du :_[0 1_1+u2 du integrated.
[u —tan™' u]n Al
A=t 4wy e ()] ~4u-tan ()] Al
A=1r’tan'n —%(n —tan”' n) = %(nz + l)tan’1 n—4;m=2.65 Al
7
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7(c) y=\/(n—0)tan_l(n—9) sin@ B1 | Uses y=rsin®
(n—ﬁ) 1+(n_9)2 -l +tan”! (71:—6’) M1 A1 | Finds derivative.
dy -1 .
—=\/(n—6’)tan (n—H)cosﬁ— sin
do 2\/(n—9)tan_l(n—9)
-1 -1 Al dy .
[6#0],n=2(n—0)tan"' (n—6)cotd — ~—tan " (1—0)=0 Puts — =0 and forms equation. AG.
1+(n-0) do
2(n-12)tan" (n~12)cot1 2- — 2 _an (-12)=0.151 Bl | Shows sign change.
1+(n—12)
and 2(m~1.3)tan”" (z~1.3)cot] 3- — 5 tan” (z~1.3)=-0.395
1+ (n -1 .3)
5
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1

The matrix A is given by

k1 0
A=l 6 5 2|
-1 3 -k
where k is a real constant.
(a) Show that A is non-singular. [3]
3 0 -1
(b) Giventhat A”'=| 1 0 0 |, find the value of k. [2]
23 1
-= 5 3
2 2
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The cubic equation x° +2x? +3x+1 = 0 has roots a, 3, 7.

(a) Find a cubic equation whose roots are o’ +1, ﬂ2 +1, )/2 +1. [3]
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(b) Find the value of (o2 +1) +(82+1) +(y2+1). 2]
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70
3 The matrix M is given by M = (0 1 )( )

01

(a) The matrix M represents a sequence of two geometrical transformations in the x-y plane.

Give full details of each transformation, and make clear the order in which they are applied.  [4]

(b) Find the equations of the invariant lines, through the origin, of the transformation represented
by M. [3]
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LT — -
12

DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN



DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN DO NOT WRITE IN THIS MARGIN

DO NOT WRITE IN THIS MARGIN

M.Shafiq ur Rehman (03247304567) Aitchison College

* 0019655321207 *

(I — -

The triangle DEF in the x-y plane is transformed by M onto triangle POR.

(¢) Given that the area of triangle POR is 35 cm?, find the area of triangle DEF. [2]
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4 (a) Prove by mathematical induction that, for all positive integers »,

n

Zﬁ =L+ 1)@n+1). 5]
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n

The sum § is defined by S = Zr4.

r=1

(b) Using the identity

(2r 1) —(2¢=1) = 1604 +80r2 +2,

show that S, = s5n(n+1)(2n+1)(3n° +3n—1). [6]
(¢) Find the value of lim (n_SS ) 2]
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The lines /, and /, have equations r = i+4j—k+A(j —2k) and r =—3i+4j+ u(i+2j+k)
respectively.

(a) Find the shortest distance between /, and /,. [5]

The plane IT, contains /, and is parallel to /,.

(b) Obtain an equation of I, in the form px+qy+rz =s. 2]

|- -
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(¢) The point (1,1,1) lies on the plane I7,.

It is given that the line of intersection of the planes IT, and II, passes through the point (0,0,2)
and is parallel to the vector i+4j—3k.

Obtain an equation of /7, in the form ax+by+cz=d. [3]
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The curve C has equation y =

2+ 3
(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote. (2]
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(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]

(d) Sketch y* = x2+ I , stating the coordinates of the stationary points and the intersections with the
axes. X" +3 [4]

| © UCLES 2024 E% 9231/13/M/1/24 [Turn over I



M.Shafiq ur Rehman (03247304567) Aitchison College

* 0019655321314 *

The curve C has polar equation #* = sin26 cos O, for 0 < 6 < 1.

(a) Sketch C and state the equation of the line of symmetry. [3]
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(¢) Find the total area enclosed by C. [4]
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(d) Find the greatest distance of a point on C from the pole. [6]
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LT -

Additional page
If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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1(a) 5 2 2 5 M1 A1 | Evaluates determinant, forms quadratic
k 3 -k -1 =k k(=5k=6) = (=6k +2) =—5k" -2 expression.
(Allow 1 slip in the calculation of the
determinant for M1 only)
No real value of £ = Non-singular Al | Convincing conclusion using the
discriminant or determinant.
3
1(b) 3k+1=1 or _% = 21 M1 | yses AA™ =T ordet(A™")=(detA) 'to
k" +2 find equation in k. Could also use a minor
determinant e.g. —kx1-3x0=0
k=0 Al | Only k=0, A0 for any additional solutions.
2
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2(a) y= ¥ +1 B1 | Uses correct substitution. May use a
different letter.
_1) _ 1V a1 10 (v — (1) M1 | Substitutes and obtains an equation not
=12 +2(y-D+3(y-1) +1=0=(y-1)*((y-1)+3)==2(y-1)-1 involving radicals,
(y=1)(y+2) =(-2p+1) = (y=1)(»* +4y+4)=4)" =4y +1
OR
(X +3x) =(2x2 1) = x® +2x* +5x —1=0
(y=1y +2(y=1)’ +5(y-1)=1=0
¥ =y +4y-5=0 Al | OF
3
2(0) 201) + (g2 1) (2 +1) =1-204 M1 | Uses
(1) +(7741) +(77+1) @ &+ p ey =(a+ fy)
—2efp + By + ya).
on their answer for part 2(a).
-7 Al | CAO
2
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20 | (@] +(8 1) (2 +1) =7-4+5(3) M1 | Uses their equation from part 2(a).
4 Al | CAO
Alternative method for question 2(c)
Uses M1
Tfe ) -
(Z(Oﬂ +1))3 —3(Z(a2 +1))(Z(a2 +1)(8? +1))+3((a2 +1)(82 +1)(» +1))
P 3xlxdt3xS Uses their equation from part 2(a) in a valid
formula.
4 Al | cao
2
Question Answer Marks Guidance
3(a) | [One-way] stretch, shear B1 | Both types.
Stretch followed by shear B1 | Correct order.
Stretch parallel to the x-axis, scale factor 7 B1
Shear, x-axis fixed, with (0,1) mapped to (2,1). B1
4
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3(b) 7 2 B1
M=
0 1
7 2\ x Tx+2y B1 FT X X
= Transforms to .
0 1)y y y Y
mx =m(7x+ 2mx) M1 | Uses y=mx and ¥ =mX .
2m* +6m=0 Al
y=0 and y=-3x Al | SCBI1 if MO and both straight lines correct
5
3(c) Area of POR = |7|x Area of DEF M1
Area of DEF =5 cm? Al | SCBI for an answer of 245 (35 x 7)
2
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4(a) 12 =1(1)(2)(3) so H, is true. B1 | Checks base case.
k B1 | States inductive hypothesis.
Assume that ) r* =Lk(k+1)(2k +1).
r=1

LS, 5 M1 | Considers sum to k+1.

Dt =Lk(k+ D)2k +1)+(k+1)

r=1

1 2 =1 2 =1 Al

Lk +1)(2K + 46k +6) =L (k +1)(2k” + Tk +6) =L (ke + 1) (k +2)(2k +3)

So H,, is true. By induction, H, is true for all positive integers 7. A1l | States conclusion.

5
4(b) P55 35 (Zn n 1)5 —@n-1y° M1 | Applies method of differences to LHS,

writes complete terms for at least three
values of 7 including the first and last.

(2n+ 1)5 ~1 A1l | SCBI1 for insufficient complete terms
shown.

160S, + %n(n +1)(2n+1)+2n M1 A1 | Sums RHS and applies standard formulae.

1608, = (2n+ 1)5 — ()20 +1)— (2 +1) M1 | Makes S, the subject and factorises.

1605, = 2n-+D)(2n+1)' ~£n(n+1)-1)

(2n+1)(16n* +320° + 320 ~1en) =100 (2n +1)(3n° + 60" + 2n 1) Al | AG

=8, =wn(n+1)2n+ )(3n* +3n—-1)

6
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M| s, =1+ )2+ ) (342 %) M1 | Divides by °.
1 Al
5
2
Question Answer Marks Guidance
5(a) -3 -4 B1 | OE.
_ Finds direction of one line to another.
4 |- 41|=0
0 -1 1
i j ok 5 M1 Al | Find common perpendicular.
0 1 2/=-2
1 2 1 -1
4\( 5 M1 A1l | Uses formula for shortest distance.
1 21
—| 0 | 2[=—=(=3.83
£ I Y IRENY :
5
5(b) 5D)-24)-1(-1)==2 =5x-2y—-z=-2 M1 | Uses point in the plane.
Al FT | Follow through their normal in part 5(a)
2
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5(c) —i-j+k

B1

Finding direction between the two given
points.

i j ok -1 M1 | Find common perpendicular. Allow use of
1 -1 1l=|- their normal from part (b).
1 4 -3 (-3
xX+2y+3z=6 Al | OE
3
Question Answer Marks Guidance
6(a) x* +3=0 has no real roots. B1 | OE
y=0 B1 | Horizontal asymptote.
2
6(b 2 _ M1 | . d
(b) dy_(P+3)-(x +21)(2x) Finds ay ‘
dx (x2 + 3)
2 +2x=3=0 M1 | Sets equal to 0 and simplifies to quadratic
equation.
(3 -4). (. Y ALl
4
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6(c) y B1 | Axes and approach to asymptote.
i T_ﬂ_ T = B1 | Correct smooth shape and position.
—— S ‘ ¥
(-1, 0), (0, L) B1 | States coordinates of intersections with
’ axes, may be shown on their graph.
3
6(d) ¥ B1 | Sections for x>0 and x <—1 correct
A
_ B1 | -1<x<0 correct.
/.«-“’_ - _—
\ X
L o I
_ 1 B1 | States coordinates of intersections with
( 19 0)9 07 T—= .
V3 axes, may be shown on their graph.
(1 + L ) B1 | May be shown on their graph.
> T2
4
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7(a) ll/_,_—_,q__ B1 | One loop correct with initial line.
|' .l'| B1 | Second loop correct with correct form at the
\ / pole.
/
Y\
— "ull'l -
0=0
9= %n B1 | May be seen on their diagram.
3
7(b) ¥° =2(rsin0)(rcos ) M1 | Use of sin26 =2sin@cos@, and x=rcosd
or y=rsind.
P’ =2yx? Al
(xz n y2 )5 _ 2x2y Al AEF
3
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© j "sin(26) cos 6 d@ MI | Applies £ [ do.
0
1, . M1 | Attempt to integrate in a valid way.
Ejsm(29) cos¢ d& May apply sin(26) =2sinfcos6 .

. 1 Al | Correct answer (there are alternative forms).
=.[ 51n€coszt9dt9=—§cos39 + [c] wer ( v )
= [—%0053 0:'; :% Al | CAO

4
7(d 1 *M1 Al | Differentiates with t to 6.
@ %z%(sinzﬁcos 6) *(2cos26cosf —sin26sin ) HHCTENHAtes Wt Tespect 1o
2¢0s26cos@ —sin20sin @ = 6cos> O —4cosf dM1 | Correct use of relevant identities to express
in terms of a single trig function.
6cos’ @—4cosh=0= cos’ O =2 dM1 A1 | Sets derivative equal to 0 and solves to find
sinzé?:l , 00529:% ,
one of | 3
tan’ 6 =5 or 9=0.6155
Al
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7(d) Alternative method for question 7(d)
» dr > (—25in2 00080 + cos’ 9) *M1 A1l | Differentiates [RHS] with respect to 6.
deo
2(_2(1 _ cos? 6’) c0s 0 + cos’ (9) —6c0s° 0 —4cosh dM1 | Correct use of relevant identities in terms of
a single trig function
6cos’ O —4cosd=0= cos’ O =2 dM1 A1 | Sets derivative equal to 0 and solves to find

sin2¢9:l , 00520:z ,
one of |
tan> @ =Eor 0=0.6155

Al
r= |4 = 43 _ 877
33 9
6
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