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1  The cubic equation x>+ bx* +d = 0 has roots @, B, v, where a = and d # 0.

(a) Show that 4b° +27d = 0. [5]
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2 Prove by mathematical induction that, for all positive integers n, 7°" +97" — 50 is divisible by 48. [6]
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(a) By considering <2r+ 1)3 - <2r— 1)3 , use the method of differences to prove that
D P =tnm+ )@n+1). 5]

r=1
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Let S, = 12+3x22 432 +3x42 + 524362+ ..+ 2+ (= 1))

(b) Show that §, = %n(2n +1)(an+ b), where a and b are integers to be determined. [3]
s,

(c) State the value of lim —. [1]
n

© UCLES 2022 9231/11/0/N/22 [Tlll‘ll over



M.Shafig ur Rehman (03247304567) Aitchison College
6

4  The plane II contains the lines r = 3i—2j+k+A(—i+2j+K) and r = 4i+4j+2k+ u(3i+2j—Kk).
(a) Find a Cartesian equation of I1, giving your answer in the form ax+by+cz =d. [4]
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The line / passes through the point P with position vector 2i+3j+k and is parallel to the vector j+Kk.

(b) Find the acute angle between / and I1. [3]
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o W2 =2\ & ,
5  The matrix M is given by M = 0 1) where k is a constant.

i i
(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. (2]

(b) The triangle ABC in the x—y plane is transformed by M onto triangle DEF..
Find, in terms of £, the single matrix which transforms triangle DEF onto triangle ABC. [2]
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(¢) Find the set of values of k for which the transformation represented by M has no invariant lines
through the origin. [7]
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6 (a) Show that the curve with Cartesian equation
2
(2 +y?) =36 —»?)
has polar equation 1 =36¢0s26. [3]

1

The curve C has polar equation % = 36 cos 20, for —%n SO

(b) Sketch C and state the maximum distance of a point on C from the pole. [3]
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(¢) Find the area of the region enclosed by C. [2]

[6]
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The curve C has equation y = 5x°
q YT =2
(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of the stationary points on C. [4]
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(c) Sketch C. [3]

2
(d) Sketch the curve with equation y = ‘ 5§x— 5 and find in exact form the set of values of x for which
5x°
T [6]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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Question Answer Marks Guidance
1(a) 2a+y=-Db B1
a?+2ay =0
a=-2y leadingto -4y +y=-b M1 | Solves simultaneous equations, or, express b and d
interms of ¢ and y.
=1 =_2 Al
v 3b. a 3b b=3}/:—ga andd=—a27/.
a’y =—d leading to 4p®=—d leading to4b® +27d =0 M1 Al | Substitutes into third equation, AG.
5
1(b) 3b=b? leading to b=3 MLIAL | Uses 202 + 7% = (2a+y) - 2(a2 + 2a7) or
substitutes for «, in terms of b.
d=-4 Al
3
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PUBLISHED
Question Answer Marks Guidance
2 7% +97-50=96 is divisible by 48 B1 | Checks base case.
Assume that 7% +97% —50 is divisible by 48 for some positive integer k. B1 | States inductive hypothesis.
Then 722 + 971 _50 = (48 +1)7%* + (96 +1)97* —50 M1 AL | separates 7% +97* —50 or considers difference.
is divisible by 48 because 48x 72% +96x97* is divisible by 48. Al
Hence, by induction, true for every positive integer n. Al
6
Question Answer Marks Guidance
3@ | 8r®+12r? +6r+1—(8r° —12r® +6r —1)=24r> +2 M1 | Expands.
n, 5 M1 Al Al | Sums both sides and uses method of differences
24> r?+2n=(2n+1)° -1 with sufficient complete terms.
r=1
n Al | AG.
24> r? =8n° +12n% + 4n=4n(n+1)(2n +1)
=1
5
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Question Answer Marks Guidance
3(b) 2n n 2n n M1 | Relates with sum of squares.
Sp= rP+2> (2r) =>r*+8>r?
r=1 r=1 r=1 r=1
S,, =%(2n)(2n+1)(4n+1)+En(n+1)(2n +1 M1 L
2n =5(20)( ) )+ e+ Applies D r? =in(n+1)(2n+1).
=1
S,n =%n(2n+1)(4n+1+4n+4)=1n(2n+1)(8n+5) Al Z“:r _1n(n+1)
=1 )
r=1
Alternative for 3(b)
n , y & M1 | Relates with sum of squares.
Spn =D (2r=1)" +3) (2r)" =D (4r* —4r +1+12r7)
r=1 r=1 r=1
16n(n+1)(2n+1)_4n(n+1)+n M1 | Applies
n n
6 2 Y rf=in(+h@n+1) and >'r =in(n+1)
=1 r=1
n p n Al
g(16n +18n+5)—§(2n+1)(8n+5)
3
3(c) 1 BLFT
1
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Question Answer Marks Guidance
4(a) i j k -4 2 M1 Al | Finds vector perpendicular to I71.
-1 2 1= 2 |~|-1
3 2 -1 (-8 4
23— (-2)+4() =12 M1 | Substitutes point on 77.
2X—y+4z2=12 Al
4
4(b) 0)( 2 M1 A1 FT | Uses dot product of j+k and their normal.
1 o 1 |=+2+21cose leading to cosa _3 May be implied by angle 62.4°
Jaz
1) 4
Acute angle between | and I7is 90—« = 27.6° Al | 0.48 radians
3
4(c) 2) (2+2t M1 AL | Forms OF using parameter.
OF =OP +t| -1 |=| 3-t
4 1+ 4t
21t +5=12 M1 | Substitutes into equation of plane.
8 Al
— 1
OF==|8
3
7
4
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Question Answer Marks Guidance
5(a) Shear (in the x-direction) followed by a rotation (anticlockwise about the origin B2 | Award B1 if given in the wrong order.
through 45°).
2
5(b) k+1 k-1) (k+1 k-1 MLAL| Finds M.
wil @ ||
.11t 1
2 2)\¢e &
2
R I ENER T (S ) B1
W2 (k142
- - Bl X
1.2 R -1/2 x+(k-1)y Transforms (Xj to [ ]
270 k+1)ly) 2 {x+(k+D)y y Y
X+m(k+1)X:m(X+m(k_1)X) M1 Al | Uses y=mX and Y=mX.
(k-)m*—km-1=0 Al
k2 +4k —-4<0 M1 | Sets discriminant negative.
Al

2(-1-v2) <k <2(-1+2]
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Question Answer Marks Guidance
5(c) Alternative method for question 5(c)
M_{%ﬁ %(k—l)ﬁ} Bl
W2 (k+DV2
) %\/5_/1 1(k _1)\/5 B1 | Sets up to find characteristic equation.
[M-A1=] =0
2o Lk+)V2-2
(%ﬁ—i)(%(k +1)\/§—/1)—%(k _1)\/5% 2-0 M1 Al | Evaluates determinant.
222 —\2(k+2)A+2=0 Al
k2 4+4k —4<0 M1 | Sets discriminant negative.
2(-1-42) <k <2(-1+2] Al
7
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Question Answer Marks Guidance
6(a) x> +y?=r?> x=rcosf y=rsind B1 | Used.
r* =36r2 (0052 0 —sin? 6?) =36r2cos 20 M1 | substitutes and applies cos26 = cos? & —sin 6 .
r? =36¢0s26 Al | AG.
3
6(b) —— B1 | Closed curve.
_— B Correct position and symmetrical about initial line.
\ B1 | Single correct loop.
\
ﬁ
——» =0
J
/
/;
Rh““h-__________,—ﬂ"
6 B1 | States maximum distance or labels sketch.
3
© UCLES 2022

Page 12 of 15




M.Shafig,pp RgmARIGHAY S A1) pikiseRCollege

9231/11 October/November 2022
PUBLISHED
Question Answer Marks Guidance
6(c z ] x M1 2
© 18[" cos20 dg=9[sin20]", Forms 4[r* d@
18 Al
2
6(d) y:6cos% 20sin g Bl
cos? 20cos 6 —cos 2 20sin 20sin 6 =0 M1 A1l Sets d—yzo.
do
2 M1 | Applies suitable trigonometric identity.
cos26cosd—sin20sin@ =0 leading to 1=M PP J Y
1-tan“ @
O=xtn Al
%ﬁ Al
6
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Question Answer Marks Guidance
7(a) X = % B1 | Vertical asymptote.
5x -2 2)+ 4 M1 Al | Oblique asymptote.
yz(x )(X+5)+5Ieadingto y=x+2 e asymp
5x -2
3
7(b) dy _ (5x—2)(10x) - (5x*)(5) M1 Fings &Y.
dx (5x—2)° dx
5x2 —4x =0 M1 | Sets equal to 0 and forms quadratic equation.
©0). (24) ALAL
4
7(c) J B1 | Axes and asymptotes.
I
|
| B1 | Correct upper branch and asymptotic behaviour.
|
|
2l B1 | Correct lower branch.
|
|
d
: 2 4
|
|
|
|
|
|
|
|
|
|
|
3
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Question Answer Marks Guidance
7(d) i B1 FT | FT from sketch in part (c).
i B1 | Correct shape as x tends to infinity.
5x2 5 5x2 5 M2 | Finds critical points, award M1 for each case.
=2 o0r =—

5x -2 5x -2

5x* —10x+4=0 or 5x* +10x—4=0

x=-1-3\5, x=-1+35 or x=1-15, x=1+1.5 Al | Must be exact.

~1-3J5<x<-1+3\5, 1-i5< x<1+%\/§ Al FT | Follow through on use of decimals.

6
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1 (a) Use the list of formulae (MF19) to find Zr(r—i— 2) in terms of n, simplifying your answer.  [2]

r=1
(b) Express 1 _ in partial fractions and hence find Zn:# in terms of n [4]
r(r+2) — r(r+2) ’
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1
r(r+2)° [1]

(¢) Deduce the value of Z
r=1
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The equation x*+3x% +2x+6 = 0 has roots «, B,7,9.

. . . 1 1 1 1 1 1 1 1
(a) Find a quartic equation whose roots are ?, F’ ?, ? and state the value of ? + F + ? + §
[4]
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(b) Find the value of B*y?8* +a’y?8* +a* B2 8% + o* B2 y2. [3]
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1 0\(1 O
3  The matrix M is given by M = (0 k)(k l)’ where £ is a constant and k£ # 0 or 1.
(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. [2]

1—k

© UCLES 2022 9231/12/0/N/22
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(d) The triangle ABC in the x-y plane is transformed by M onto triangle DEF.

Find the value of k for which the area of triangle DEF is equal to the area of triangle ABC. (2]
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4  The function fis such that f"(x) = f(x).
Prove by mathematical induction that, for every positive integer 7,
2n—1

%(xf(x)) = xF'() + 2n— 1) f(). 7]
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5  The curve C has polar equation » = asec’6, where « is a positive constant and 0 < 6 < %n.

(a) Sketch C, stating the polar coordinates of the point of intersection of C with the initial line and

also with the half-line 6 = {7 . [3]
(b) Find the maximum distance of a point of C from the initial line. [2]
(¢) Find the area of the region enclosed by C, the initial line and the half-line 6 = %n. [4]
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6 The lines /, and [/, have equations r=2i+k+A(i—j+2k) and r=2j+6k+u(i+2j—2k)
respectively.

The point P on /, and the point Q on /, are such that PQ is perpendicular to both /, and /,.
(a) Find the length PQ. [5]

© UCLES 2022 9231/12/0/N/22
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The plane IT, contains PQ and /,.
The plane I1, contains PQ and /,.
(b) (i) Write down an equation of /7, giving your answer in the form r = a+sb+zc. [1]
(i)) Find an equation of I7,, giving your answer in the form ax+by+cz =d. (4]
(c) Find the acute angle between IT and I1,. [5]
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. x*—x
7  The curve C has equation y = 1
(a) Find the equations of the asymptotes of C. [3]
(b) Find the exact coordinates of the stationary points on C [4]
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(¢) Sketch C, stating the coordinates of any intersections with the axes. [3]
x*—x
(d) Sketch the curve with equation y = ‘ 1 and find in exact form the set of values of x for which
2
X —x
1| <6 (5]
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1(a) n n, M1 | Uses List of formulae (MF19).
D or(r+2)=>r*+2r=1n(n+1)(2n+1)+n(n+1)
r=1 r=1
In(n+1)(2n+7) Al | At least all like terms collected and
fractions simplified.
2
1(b) 1 1 (1 1 j M1 Al | Expresses in partial fractions.
r(r+2) 2\r r+2
n 2 1 1 1 M1 | Writes enough terms.
232
1
+E -+ ==
6
1 1 1 1
—_— + —_———_—
n-1 n+l n n+2
LA | 1(3 1 1 Al | OE
;r(r+2) _E(E_ n+l n+2)
4
1(c) 3 B1 FT | FT their part (b) of correct form.
1
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2(a) y=x7 leading to x = y B1 | Correct substitution.
y2+3y 7t +2y 7 +6=0 leading to 1+ 3y +2y? +6y2 =0 M1 gz:i;r:z an equation not involving
36y* +32y° +21y? +6y+1=0 Al
1,1 1.1 e s BLFT
aZ ﬂZ 7/2 52 36 9
4
2(b) afyd =6 B1 | SOI
1 1 1 1 B8+’ By + B0 +a’y°s° M1 | Relates to coefficients.
PV P
ﬂ27252+a27252a2ﬂ252+a2ﬂ27/2 :_32 Al
3
2(c) i+i+i+i B i+i+i+i 2 M1 | Uses formula for sum of squares.
a4 ﬂ4 }/4 54 aZ ,82 7/2 52
_ 2(0!72ﬂ72 i 0[27/72 ra2s?y ﬂfzyfz 4 ﬁfzé‘fz 4 7/72572)
2
(-4 -2(3)
_ 6L Al
162
2
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3(a) Shear [in the y-direction] followed by a stretch, [parallel to the y-axis, scale factor k]. B2 | Award B1 if given in the wrong order.
2
3(b) 10" (1 0y (1 0y (10 B1
k 1) (-« 1)'lo k) (o0 &
, (1 0)1 0 B1 | Correct order.
M=
-k 1){0 &
2
3(c) 1 0 Bl
M=| |,
ke k
1 0)(x X Bl X X
= Transforms to
k2 k)\y kX + ky y Y
2 - M1 X
k*x+ky =y Sets[ j:(xj
Y y
k2 Al | AG.
y=—-X
1-k
4
3(d) 1=|k| M1 | Uses |DEF|=|det M||ABC]|
k=-1 Al
2
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4 B1 | Checks base case using product rule.
di(xf (%)) = xf () + £ (x) = xF (%) + (2(0) ~1) f () using product
X
g2kt ' B1 | States inductive hypothesis.
Assume true for n=k, so W(Xf (X)) =xf'(x) + (2k —1) f (x)
2 . M1 Al | Differentiates once.
Then vz (xf (x)) = xf (x) + 2kf (x)
g2kt ‘ M1 Al | Differentiates again.
W(Xf (X)) = xf '(x) + f(x) + 2kf (x)
=xf'(X) + (2k +12) f (x)
So, itis also true for n=k +1. Hence, by induction, true for all positive integers. Al | States conclusion.
7
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PUBLISHED
Question Answer Marks Guidance
5(a) B1 | Correct position and domain and r strictly
increasing.
B1 | Decreasing positive gradient.
=0
(a,0) (2a,%n) B1 | Can be labelled on their sketch.
3
5(b) y=(2a)sin(%n) M1 | Uses y=rsing
a2 Al
2
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Question Answer Marks Guidance
5(c ! M1 1[y2 i imi
(©) %az_[ sect 0do Forms ;J.r dé@ with correct limits.
in M1 i 20 =tan? i
:%az.[ sec? e(tanz 9+1)d9 Applles sec®@=tan“@+1 to obtain an
0 integrable form.
=1a’[1tan® 0+ tan 0]:[ Al
2
= %a Al
4
5(d) x2+y2=r? x=rcosé@ M1 | Substitutes to eliminate either r or 6.
r2cos? 0 =ar leading to x2 = a/x2 + v2 leading to x* = a2 (x2 + v2 M1 | Completes substitution to eliminate both
J y ) ( Y ) r and @ and makes y or y? the subject.
y=va?x* —x2 =xyJa?x? -1 Al | AEF
3
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6(a) 0 2 -2 B1 | Finds a vector joining any point of I to
ol-lol=l 2 any point of I,.
6) (1 5
i J k 2 M1 Al | Finds common perpendicular.
1 2 -2=|-4
1 -1 2 -3
N[ 2 M1 Al | Uses formula for shortest distance.
%9 2 |o -4 =%=5.01
5)-3
5
6(b)(i) r=2i+k+ s(i —j+ zk) +t(2i —4j _3k) B1 | FT their common perpendicular from part
().
1
6(b)(ii) i j Kk -14 M1 ALFT | Finds normal to the plane IT,. FT their
1 2 2= -1 common perpendicular from part (a).
2 -4 -3 -8
14(0) +(2) +8(6) =50 = 14x+ y+8z =50 M1 Al | Substitutes point.

© UCLES 2022
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6(c) i j k| (11 M1 A1 FT | Finds normal to the plane T1,. FT their
1 -1 2|=|7 part (b)(i).
2 -4 -3 |2
11\ (14 M1 Al | Uses dot product of normal vectors.
. 145
7 || 1 |=+174+/261c0s6 leading to cos = ———
ol s J V1744261
47.1° Al | 0.822 radians
5
Question Answer Marks Guidance
7(a) x=-1 B1 | States vertical asymptote.
_ (xX+D(x-2)+2 M1 | Finds oblique asymptote.
y= X+1
y=x-2 Al
3
7(b) % 12 (x+1)’2 0 (x+1)2 _ M1 Al ([))ifferentiates and sets derivative equal to
X .
(-1+v2,-3+242), (-1-v2,-3-212) ALAL
4
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Question Answer Marks Guidance
7(c) o B1 | Axes and asymptotes labelled.
E ) B1 | Upper branch with (0,0) and (1,0) stated
i or clear on scale.
L v 3 B1 | Lower branch correct and all asymptotic
i 4 approaches correct.
i A
3
© UCLES 2022 Page 14 of 15




9231/12 M -Shaf@aHBrB&h%&m%%7§Q\4§©e7 ) pifgiseRCollege October/November 2022
PUBLISHED
Question Answer Marks Guidance
7(d) | B1 FT | FT from sketch in part (c).
X2 — X X2 — x M2 | Finds critical points, award M1 for each
= or == case.
x+1 x+1
X2 —7x—6=0 or X +5x+6=0
x=-3,-2, 1-1.73, 11173 Al
—3<x<-2and I-173<x<1+173 Al
5
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M.Shafig ur Rehman (03247304567) Aitchison College

3
1 Leta be apositive constant.
(a) Use the method of differences to find Z @+ 1) (;r TatD) in terms of # and a. [4]
r=I1
: N 1 1
(b) Find the value of a for which Zl(aH_ D@ +a+D) 6 [3]

© UCLES 2022 9231/11/M/3/22 [Turn over
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4

2 The points 4, B, C have position vectors
4i—4j+k, —4i+3j—4k, 4i—j—2Kk,
respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz =d. [5]

© UCLES 2022 9231/11/M/J/22
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5

(b) Find the perpendicular distance from O to the plane ABC. [2]

(¢) The point D has position vector 2i+3j—3k.

Find the coordinates of the point of intersection of the line OD with the plane ABC. [3]

© UCLES 2022 9231/11/M/3/22 [Turn over
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6

3 The sequence of positive numbers u, u,, U, ... is such that u; > 4 and, for n > 1,

2

w+u +12
— n n .

U, 2u
n

(a) By considering u, , —4, or otherwise, prove by mathematical induction that u, > 4 for all
positive integers 7. [5]

© UCLES 2022 9231/11/M/J/22
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(b) Show that u_ , <u_forn> 1. 3]

+
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8

The cubic equation 2x> +5x —6 = 0 has roots o, 3, 7.

(a) Find a cubic equation whose roots are é, #, % [3]
Y
(b) Find the value of - +-L + L 3]
a® BO T yS

© UCLES 2022 9231/11/M/J/22
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2% —x—1

5  The curve C has equation y = .
4 Y ¥ +x+1

(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote of C.

© UCLES 2022 9231/11/M/J/22
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1
(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]
2 — —
(d) Sketch the curve with equation y = % and state the set of values of k for which
X" +x
2 — —_—
2);4)(1‘ = k has 4 distinct real solutions. (2]
x“+x+1

© UCLES 2022 9231/11/M/3/22 [Turn over
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12
6  The curve C has polar equation 7 =tan”! <%9>, where 0 < 0 < 2.
(a) Sketch C and state, in exact form, the greatest distance of a point on C from the pole. [3]
(b) Find the exact value of the area of the region bounded by C and the half-line 6 = 2. [5]

© UCLES 2022 9231/11/M/J/22
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Now consider the part of C where 0 < 6 < %n.

(¢) Show that, at the point furthest from the half-line 6 = %n,
(6% +4)tan”' (ge)sine— cos6 =0

and verify that this equation has a root between 0.6 and 0.7. [5]

© UCLES 2022 9231/11/M/3/22 [Turn over
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14
123
7  The matrix A is givenby A=(4 k 6
789
(a) Find the set of values of & for which A is non-singular. [3]
(b) Given that A is non-singular, find, in terms of k, the entries in the top row of A~ [4]

© UCLES 2022 9231/11/M/J/22
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100 21
(¢) Given that B = (0 1 0), give an example of a matrix C such that BAC = ( i 4>. [4]

© UCLES 2022 9231/11/M/3/22 [Turn over
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16
. . o 2
(d) Find the set of values of & for which the transformation in the x-y plane represented by <k 4> has
two distinct invariant lines through the origin. [6]

© UCLES 2022 9231/11/M/J/22
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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9231/11 M.Shafig, . Rehman {Q3d/sQ4204 ) Hitghisen.College May/June 2022
PUBLISHED
Question Answer Marks Guidance
1(a) 1 1 ( 1 1 ) M1 A1 | Finds partial fractions.
(ar+1)(ar+a+1)_a ar+1 ar+a+l
n 1 (1 1 1 1 1 1 M1 | Writes at least three complete terms,
;(ar+l)(ar+a+l) a(a+1 2a+1 2a+1 3a+1 an+1 an+a+lj including first and last.
n 1 1( 1 1 Al | OE ISW
;(ar+l)(ar+a+1) _;(a+1 _an+a+1j
4
1(b) k2 1 1 5 M1 A1l | Finds sum to infinity, forms quadratic.
Z =— leadingtoa” +a—-6=0
p (ar+1)(ar+a+1) a’+a
a=2 Al | CAO
3
© UCLES 2022 Page 6 of 15




9231/11 M.Shafig, . Rehman {Q3d/sQ4204 ) Hitghisen.College May/June 2022
PUBLISHED
Question Answer Marks Guidance
2(a) AB=—8i+7 j—5k AC =3 j-3k B1 | Finds direction vectors of two lines in the
plane.
i j k -6 1 M1 A1l | Finds normal to the plane ABC.
-8 7 -S5|=|-24|~|4
0 3 -3 (24 4
@) +4(-4)+4)=-8=x+4y+4z=-8 M1 A1l | Substitutes point.
Alternative method for question 2(a)
Setting up 3 equations using the points given M1
x+4y+4z=-38 Al Al Al Al
5
2(b) 8 139 M1 A1 | Divides their constant by magnitude of
2442 + 42 S their normal vector.
8
— CAO
V33
2
2(c) 2 B1 | Equation of line OD.
r=t¢t 3
-3
2t+12¢t 12t =-8 M1 | Substitutes into equation of plane.
(-8,-12,12) Al
3
© UCLES 2022 Page 7 of 15
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9231/11
PUBLISHED
Question Answer Marks Guidance
3(a) u, >4 (given) B1 | States base case.
Assume that u, >4 for some positive integer k. B1 | States inductive hypothesis.
2 2 1
+u. +12 —Tu. +12 M1 | Considers u,., —4, puts over common
Then u,,, —4= U T gt T CTS e p
2u, 2u, denominator.
u, —3)(u, —4 Al
g
2u,

Hence, by induction, u, >4 for all positive integers n. Al

5
3(b) —u+u, +12 —(u, —4)(u, +3) M1 Al | Considers u,,, —u,.
un+l - un = =
2u, 2u,

Sou,>4=u,, —u,<0 Al | Uses u, >4.

3
© UCLES 2022 Page 8 of 15
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PUBLISHED
Question Answer Marks Guidance
4(a) y=x'=x= y*é B1 | Substitutes.
=2y + Sy% —6=0 leading to 5);% —6-2y' =125y = (63— 2)3 M1 | Cubes to eliminate radical.
216)° —216)* =53y —8=0 Al
Alternative method for question 4(a)
(2x° —6)’ =(-5x*)° MI | 8x? —72x° +125x° +216x° =216 =0
y = x_3 leadlng to x3 - y_l Bl SubStltuteS
216)° —216)* =53y —8=0 Al
3
4(b) a’+ ﬁ‘3 + 7/‘3 =1 a B+ vy = -3 B1 FT | Using their answer to part (a).
a*6+ﬂ*6+7*6=12_2(_25_136) Ml a76+ﬁ76+}/76:(a73+ﬂ73+}/73)2_
2(a—3ﬁ—3 + ﬂ_37_3 + 7—3a—3)
%, p6, . 6
at+p Ty =18 Al
3
4(c) 2168 5 =2168_¢ +53S 5 +24 M1 | Using their
2160~ 2160 ° - 530~ -8=0
S,=2=1 Al
2
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PUBLISHED
Question Answer Marks Guidance
5(a) -3<0 M1 Al | Finds discriminant or roots of x> + x +1 ,

or completes square.

y=2 B1 | Horizontal asymptote.

3
5(b) dy (P +x+DEx—D-2x" —x-D(Q2x+1) M1 Finds &
= - .

dx (x2 +x+ 1) dx

32 +6x=0 M1 | Sets equal to 0 and forms equation.

(0,_1) (_2, 3) Al A1 | One point correct, or both x values.
Other point correct.

Alternative method for question 5(b)

2% —x—1-y(x* +x+1)=0 M1 | Forms quadratic equation

Finds discriminant (y +1)> —4(y +1)(y —2) AND states y exists if discriminant> 0 Mi

OR does not exist if discriminant < 0

Finds (0, -1) and (-2, 3) Al

Explains why they are stationary values. Al | Double xroots for y=—1 and y =3
or no vertical asymptote etc

4
© UCLES 2022 Page 10 of 15
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PUBLISHED

Question Answer Marks Guidance

5(c) v o# B1 | Axes and asymptote.

B1 | Correct shape and position.

A ]

(1,0), (-2.0), (0,-1) B1 | States coordinates of intersections with
axes.

5(d) ¥ B1 FT | FT from sketch in part (¢). There must be
cusps on the x axis.

el

O0<k<l B1

© UCLES 2022 Page 11 of 15
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PUBLISHED
Question Answer Marks Guidance
6(a) B1 | Correct domain, 7 strictly increasing.
B1 | Correct gradient when € =0 and 6 =2.
e =1
Maximum distance of C from the pole is /. Bl Must be exact. l\/;
2
3
6(b) 1 2tan 1 (%H)dé' M1 | Uses %Irz dé@ with correct limits.
| 2 0 M1 A1 | Applies integration by parts.
D f'tan (%6’)]0 —IO 22
1[6tan™ (£6)~In(6 + 4)]2 Al
%n—%ln8+%]n4=%n—%hl2 Al | Must be exact.
5
© UCLES 2022
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PUBLISHED
Question Answer Marks Guidance
6(c) o (tan’l (%0))% cosd B1 | Uses x=rcosd
(% _ —(tan’l (%9))5 Sind+ cosH(tan’l (%9))—5 (02 N 4)—1 o M1 A1 | Sets derivative equal to zero.
(6’2 +4)tan_1 (%H)Sinﬁ—cosﬁzo Al | AG
(0.6* +4)tan™ (0.3)sin 0.6~ c0s0.6 =—0.108 and Bl | Shows sign change.
(0.7 +4)tan"" (0.35)sin 0.7 - c0s0.7 = 0.209
5
© UCLES 2022 Page 13 of 15




9231/11 M.Shafig, . Rehman {Q3d/sQ4204 ) Hitghisen.College May/June 2022
PUBLISHED
Question Answer Marks Guidance
7(a) k 6 4 6 4 k M1 A1l | Sets det A=0. SOI
- +3 =0=-12k+60=0
8 9 7|7 9 |7 8
k#5 Al
3
7(b) 1 |k 6 9k-48 3k-16 M1 A1 | Finds one correct entry.
60-12k|8 9 60—12k 4(5-k)
~1 3, 61 Al
60—12k(8 9| 60—12k 2(5—k)
1|2 3| 12-3k  4-k Al
60-12k|k 6 60—12k 4(5-k)
4
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PUBLISHED
Question Answer Marks Guidance
7(c) 1 2 3 M1 Al | Finds BA.
1 00 1 23
BA = 4 k 6|=
010 4 k 6
7 8 9
a d M1 | Sets C as 3x2 matrix.
1 2 3 b a+2b+3¢c d+2e+3f 2 1
e |= =
4 k 6 P 4a+kb+6c 4d+ke+6f k 4
c
0 1 Al | Acceptany a, b, ¢, d, e and f'such that
C=|1 0 a+2b+3c  d+2e+3f ) (2 1
0 0 4a+kb+6c 4d+ke+6f) \k 4)
4
7(d) 2 1)\(x 2x+y B1 X X
= Transforms to .
k 4)\y kx+4y y Y
Jox + 4mx = m(2x + mx) M1 Al | Uses y =mx and Y =mX .
m’ =2m—k=0 Al
4+4k>0 M1 | Sets discriminant positive.
k>-1 k#8 Al

© UCLES 2022
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3
. . x+1
1 (a) Sketch the curve with equation y = 1 [2]
. . |x|+1 IR
(b) Sketch the curve with equation y = =1 and find the set of values of x for which =1 <-=2.
x|— x|—
[4]
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2 The cubic equation x° +5x +10x—2 = 0 has roots a, j3, 7.
(a) Find the value of o® + 8% + 72 [3]
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1l ap
(b) Show that the matrix (a 1 y) is singular. [4]

By 1

© UCLES 2022 9231/13/M/1/22 [Tlll‘ll over



M.Shafig ur Rehman (03247304567) Aitchison College

6
. ax® +x—1 . "
3 Acurve C has equation y = =1 where a is a positive constant.
(a) Find the equations of the asymptotes of C. [3]
(b) Show that there is no point on C for which 1 <y < 1+4a. [4]

© UCLES 2022 9231/13/M/1/22
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(¢) Sketch C. You do not need to find the coordinates of the intersections with the axes. [3]
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Letu = e™(e* —2e* +1).

(a) Using the method of differences, or otherwise, find i u_ in terms of n and x. [3]

r=1

(b) Deduce the set of non-zero values of x for which the infinite series
u,tu,tus+...
is convergent and give the sum to infinity when this exists. [3]

© UCLES 2022 9231/13/M/1/22
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r=1
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1
5 LetA= (0 Lf), where a is a positive constant.

(a) State the type of the geometrical transformation in the x—y plane represented by A. [1]

© UCLES 2022 9231/13/M/1/22
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b b . ..
Let B= o g where b is a positive constant.

(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x—y plane
represented by A"B . [6]
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The curve C has Cartesian equation x* +xy+ y2 = a, where a is a positive constant.

. . 2 2a
(a) Show that the polar equation of C'is »* = 3 ¥snig" [3]

(b) Sketch the part of C for 0 < 6 < {. [2]

© UCLES 2022 9231/13/M/1/22
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The region R is enclosed by this part of C, the initial line and the half-line 6 = %n.

2tan6

+tan’0

(¢) Itis given that sin26 may be expressed as . Use this result to show that the area of R is

1
1 ("™ 1+tan’6
2a 2
o l+tan6+tan-6

and use the substitution 7 = tan 6 to find the exact value of this area. [8]
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7  The position vectors of the points 4, B, C, D are
7i+4j—Kk, 11i+3j, 2i+6j+ 3k, 2i+7j+ Ak
respectively.

(a) Given that the shortest distance between the line AB and the line CD is 3, show that
A —51+4=0. [7]

© UCLES 2022 9231/13/M/1/22
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Let I1, be the plane ABD when A = 1.
Let I1, be the plane ABD when A = 4.
(b) (i) Write down an equation of /7, giving your answer in the form r = a+sb +c. [2]
(i) Find an equation of II,, giving your answer in the form ax+by+cz =d. [4]
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(c) Find the acute angle between IT and I1,. [5]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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1(a) v A B1 | Axes and asymptotes.
B1 | Branches correct.
x
2
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1(b) L4 B1 FT | FT from sketch in part (a), symmetrical about x = 0.
B1 | Correct shape at x =0 (reflection not turning point).
X
+1 M1 | Finds critical point(s).
i =-2 leading to |x|=1 point(s)
[ -1
—l<x<-1, 1<x<l Al
4
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2(a) af + Py +ya =10 B1 | SOI
a’+ 4y =5 -20=5 MIAL Yses a® + 2+ =(a+ B+7) —2(af + By +ya).
Alternative method for question 2(a)
Put y=x> and form cubic not involving x M1 Al (¥ +10)* =25y* =20y + 4 (need not be simplified).
¥y =5y +120y—-4=0
o’ + B +y7 =[-(-5)]=5 Al
3
2(b) 1 a B M1 Al | Finds determinant.
B 1 y a y a 1 3 ) ) )
a 1 y|= - +p =l-a"-p" -y " +2apy
g 1 g vy
gy 1
1-a* =% —y* +2afr=1-5+2(2)=0 M1 A1l | Substitutes and uses afy =2
4
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3(a) x=1 B1 | States vertical asymptote.
(x - 1) (ax+a+1D+a M1 | Finds oblique asymptote.
y= =ax+a+1+
x-1 x—1
y=ax+a+l Al
3
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3(b) ax’ +x—1=yx—y leading to ax’ —(y —)x+(y—=1) =0 M1 A1l | Forms a three term quadratic in x.
( y— 1)2 —da(y-1)<0 M1 | Correct inequality using discriminant.
l<y<l+4a Al | AG
Clear method to reach given answer
eg (y-D(y—-1-4a)<0
Alternative method for question 3(b)
ax® +x—1= yx— y leading to ax> —(y = Dx +(y=1) =0 M1 A1l | Forms three term quadratic in x.
( y— 1)2 —da(y-1)=0 M1 COH§ct inequality using discrimipant. Must be clear
looking for where values of y exist.
I<y<l+4a Al | AG Clear method to reach given answer
eg (y-D(y-1-4a)=0
Second alternative method for question 3(b)
d_y_(x—l)(2ax+1)—(ax2+x—l)_0 M1
dx (x-1)°
x=0o0r x=2 Al
Proves (0, 1) is local maximum and (2,4a +1) is local minimum. M1 d’y
Either ) or gradient either side
Reference to position of asymptote or two distinct branches to justify Al | AG
I<y<l+4a
4
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3(c) A B1 FT | Asymptotes identified. FT from part 3a.
e
“’; B1 | Two branches in correct position relative to correct
asymptotes and of correct shape. Good asymptotic
behaviour.
B1 | Lower branch in all four quadrants from correct
asymptotes.
3
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4(a) L N i N M1 A1 | Shows enough complete terms to make pattern of
Ze (e —2¢ + 1) =e" —2e" +e cancelling clear
r=1
et —2e’ e GP method.
Sx 4x 3x
+e" —2e™ +e ) u ) ()" -1
. e —2e"+1) ) e =(e™ —2e" +1)e" ———
: )
+e(n+1)x _ zenx + e(n—l)x
+e(n+2)x _ Ze(n+l)x + enx
— et e _grthx | o(n+2)x Al | OE
e (e =™ -1)
3
4(b) x<0 B1 | Accept x <0.
e™ —0asn—> oo leading to u, +u, +u; +...=¢" —e”* M1 Al | Must see ™ —0[as n —> ] agreeing with their set of
x
3
4(c) n n M1* | Uses laws of logarithms correctly.
D Inu, =) (rx+In(e" ~1)*)
r=1 r=l1
n 5 dM1 Al n
Zlnur =1xn(n+1)+nin(e* -1) Applies Zr =1n(n+1).
r=1 r=1
AEF for +nln(e* —1)
3
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5(a) A shear in the x-direction. B1 | Accept ‘shear’.
1
5(b) 1 a B1 | States base case.
A= so true when n=1.
0 1
o . (1 ka B1 | States inductive hypothesis.
Assume that it is true for n=k,so A" = 0o 11
Then AF* [ ! ka)(1 a) (1 a+ak) (1 (k+Da M1 Al | Multiplies A¥ with A.
0 1)l0 1 0 1 0 1
Ifitis true for [n =1 and] n =4k then it is also true for =k +1. Hence, Al | Everything correct and states conclusion.
[by induction,] true for all positive integers.
5
5(c) ., 1 na\(b b) (b+n b+n M1 A1l | Uses formula given in part (b).
A'B= o 1\t 17| ¢ 1
b+n b+n\x b+n)(x+y) B1 x C . X
1 . = . Transforms by multiplying matrices to find .
AV w(x+y) Y !
L1+ m)=m(b+n)1+m) M1 | Uses y=mx and ¥ =mX
y=-x Al
y= a(bl-%—n) x Al
6
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6(a) x=rcos@® y=rsin@ x*+y>=r’ B1 | SOI
72 (1+sin@cos@) = 72 (1 + %sin20) —a M1 | Eliminates both xand y and uses the double angle
formula.
) 2a Al | AG
re=—
2 +sin26
3
6(b) B1 | Polar graph with curve in correct domain.
Graph needs gradient < 0and » >0 for all € in the
domain.
B1 : . T .
r strictly decreasing such that » at 6= 2 is greater than
half rat 6 =0. Concave graph.
e =0
Gradient at =0 and % must not be vertical or
horizontal, respectively.
2
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6(c) 1 in 5 B1 | AG
in 1
R=1["r do=a L
0 0 2(1+tan 0)+2tan0
M1 | Applies gi bstitution.
t =tan @ leading to a =sec’ 0 PPIES SIvEn SUDSHIIHON
dée
ﬁzseczé’zlﬂ‘z M1 | Applies sec’ @ =1+ tan’ 6
dé
| Al
R= %aj > dt
ot +t+1
Prt+l=(t+ %)2 +3 B1 | Completes the square.
1 1 1 | M1 A1 | Applies formula.
R=21a dt:La[tan it+¢}
2 Jo(t+;)2+i \/g (\/g \/g) 0
na Al
6+/3
8
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7(a) AB=4i-j+k CD=j+(A-3)k B1 | Finds direction vectors of the two lines.
i Kk 2-2 M1 A1 | Finds common perpendicular.
4 -1 1 l=l12-42 This may also be done by setting up simultaneous
equations and solving them.
0 1 A-3 4
-5 21 M1 A1 | Uses formula for perpendicular distance.
= ! = 2 o 12—44
JA-2? +@1-127 +16| , A
30-34 | M1 | Sets equal to 3 and forms in quadratic in A.
=3=9(4-10)" =9(174* ~1004 +164)
J1722 =100 +164]
164% —804 + 64 =0 leading to A —51+4=0 Al | AG
7
7(b)(1) r=7i+4j-k+s(4i-j+k)+7(-5i+3j+2k) M1 Al | OE
M1 for using a correct point and attempting to find
relevant direction vectors.
2
7(b)(ii) i j k| (-8 M1 A1l | Finds normal to the plane IT,.
4 -1 1|=|-25
-5 3 5 7
—8(7)—25(4)+7(-1) leading to —8x—25y+7z=-163 M1 A1 | Substitutes point.
4
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7(c) i j Kk -5 M1 Al | Finds normal to the plane IT,.
4 -1 1|=|-13
-5 3 2 7
-5 -8 M1 A1 | Uses dot product of normal vectors.
a3./73% . 414 =0.9776176...
—13 |o| =25 [|=+/243+/738 cos A leading to cosf) = ——— cos
7 7 s \243+/738
12.1° Al | Mark final answer. Accept 0.212°
5
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