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1 Itis given that
a+B+y=3, a+pi+yi=5, o+B+y’=6.
The cubic equation x* +bx* +cx+d = 0 has roots a, B,Y.

Find the values of b, ¢ and d. [6]
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2 (a) Use standard results from the list of formulae (MF19) to find Zr(rJr 1)(r+2) in terms of n,

fully factorising your answer. r=l1 [3]
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4
1 . . . .
(b) Express T T2) in partial fractions and hence use the method of differences to find
> e 5
— r(r+1)(r+2)’
\ 1
(¢) Deduce the value of ZF(H_ Dor+2) [1]
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3 The sequence of real numbers a,, a,, a,, ... is such that @, = 1 and

(a) Prove by mathematical induction that Ina, > 3" 'n2 for all integers n = 2. [6]

[ You may use the fact that In (x+ %) > Inx for x > 0.]

(b) Show that Ina , —Ina, > 3""'In4 for n > 2. [2]

+
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' o _ [cos® —sin6\(3 0
4  The matrix M is given byM_<Sin6 COSG><O 1>'

(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. 2]

(b) Find the values of 6, for 0 < 6 < m, for which the transformation represented by M has exactly
one invariant line through the origin, giving your answers in terms of 7. 9]
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5 The plane IT has equation r = —2i+3j+3k+A(i+Kk) +u(2i+ 3j).
(a) Find a Cartesian equation of 7, giving your answer in the form ax+by+cz =d. [4]

The line / passes through the point P with position vector 2i —3j+ 5k and is parallel to the vector k.

(b) Find the position vector of the point where / meets I7. [3]
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(¢) Find the acute angle between / and I7. [3]
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The curve C has polar equation » = 2cos0(1 +sinf), for 0 < 6 < %n‘

(a) Find the polar coordinates of the point on C that is furthest from the pole. [5]
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(b) Sketch C. [2]

(¢) Find the area of the region bounded by C and the initial line, giving your answer in exact form. [6]
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The curve C has equation y = et 52.
4—4x
(a) Find the equations of the asymptotes of C. [2]
(b) Find the coordinates of any stationary points on C. [4]
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(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]
(d) Sketch the curve with equation y = jx:Sz and find in exact form the set of values of x for
—4x
which 4|4x+5|> 54— 4x?|. [6]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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PUBLISHED
Question Answer Marks Guidance
1 b=—(a+p+y)=-3 B1
5-32_ 2B+ By + yr) M1 A1 | Uses formula for sum of squares.
c=2 Al
6-3(5)+2(3)+3d =0 M1 | Uses original equation or formula for sum of cubes.
[Equation is x* —3x? +2x+1=0 ] Al
d=1
6
Question Answer Marks Guidance
2(a) o 5 L - M1 A1l | Expands and substitutes formulae.
Z(’” +3r7 + 2”) =40 (n+1)" +5n(n+1D(2n+1)+n(n+1) At least two formulae used for M1.
r=l
=Ln(n+1)(n’ +n+4n+2+4)=Ln(n+1)(n+2)(n+3) Al
3
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2(b) 1 1 1 N 1 M1 A1 | Finds partial fractions.
r(r+1)(r+2) 2r r+l1 2(r+2)
L 1 L 4L £(3 M1 A1 | Shows enough terms for cancelation to be clear.
_ = N — + N
;mm(m) AORNICOEEFIE)
+3/(2)= Q) +5/(4) Where £(x) = 1
+3/Q)—f(D+3/(5) r
+3f(n=D—f(m)+7 f(n+1)
+1 f(n) = f(n+D)+3 f(n+2)
11 ! Al | ISW
4 2(n+l) 2(}1 +2)
5
2(¢) % B1 FT | FT from their answer to part (b).
1
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Question Answer Marks Guidance
3(a) a, = 3 leading to Ina, =3In2 so true when n=2. B1 | Checks base case. Must be n =2 and exact.
Assume that Ing, > 3112, B1 | States inductive hypothesis.
1 M1 | Applies result given in part (a).
Ina,,, =3In| a, +— |>3Ina,
a
> 3*In2 M1 A1l | Applies inductive hypothesis and writes in required
form.
So true when n =k +1. By induction, true for all integers n = 2. Al | States conclusion, all previous marks must be gained.
6
3(b) 1 M1 | Applies results given in parts (a) and (b).
3In| a, +— |-Ina, >2Ina,
a}’l
>2x3""'In2=3""1In4 Al | AG
2
Question Answer Marks Guidance
4(a) One-way stretch [scale factor 3 parallel to the x-axis] followed by a rotation, B2 | Award B1 if given in the wrong order.
[anticlockwise centred at the origin, through an angle 6. ]
2
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4(b) M- 3cosf —siné B1
| 3sin@ cos@
3cosf —sin@\(x) (3xcos@—ysiné Bl x X
. = . Transforms to .
3sin@ cosf )\ y 3xsin@+ ycosé y Y
3xsin @ + mxcos = 3mxcos@ — m*xsin O M1 Al | Uses y=mx and ¥ =mX .
m*sin@ —2mcos@ +3sin@ =0 Al
4c0s260—-12sin28=0 M1 A1 | Sets discriminant equal to 0.
tan 6 — iL or M1 | Uses an appropriate trigonometric identity.
NG
4cos? 0—12(1 —cos? 9) =0 leading to 16cos’ 8 —12=0 leading to
cosf = ié
9:%7; and 9:%7; Al | Allow 30° and 150°
9
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5(a) i j K (3 M1 A1 | Finds vector perpendicular to IT.
1 0 1|=2
2 3 0] (3
-3(-2)+2(3)+3(3)=21 M1 | Substitutes point on I1.
—3x+2y+3z=21 Al
4
5(b) 2 B1 | Forms general point on line (given as a single vector).
-3
S5+t
=3(2)+2(-3)+3(5+¢)=21 leading to t=6 M1 | Substitutes into the equation for IT.
2 Al
-3
11
3
5(c) 0)(-3 M1 | Uses dot product of k and their normal.
01 2 :\ﬁ\/ﬁcosaleading to cos0{:i ALFT
V22
1){3
Acute angle between / and I7is 90 — or =39.8’ Al
3
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Question Answer Marks Guidance
5(d) 0 2 -2 B1 | Finds direction vector from P to plane.
0|-1-3|=| 3
7 5 2
2\ (=3 M1 A1 | Uses dot product of their direction and normal vectors.
1 18
—3 | 2 |=——=3.84
J22 V22
2 3
3
6 - - M1
(a) 2(c(c)=(1+5)s)=0 Finds - and sets equal to 0.
déo
1-5-25"=0 Al
Sin 6=-1 s Sin 6 = % leading to 0 :%7’[ M1 A1 | Solves quadratic in sin@.
(343, 4n) AL Allow (2.60,Lm) 3sf
5
6(b) —_ B1 ) T .
4 Correct shape. Tangential to 8 =— at pole, r strictl
/ \H pe. Tang S ap y
i | increasing to % then decreasing.
/ 1
|III IlII
I|I / B1 | Correct position. All in first quadrant.
» =0
2
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6(c) %J.Zn4c2 (1+5)’ dO = 2]'07“02 +25c% + 5262 do MI A1 | Uses %J‘rz dé with correct limits.
M1 | Uses double angle formulae on first and last terms.
2_[ 1(cos260+1) +2sinfcos’ 0+ 4sin 220 d6 Y 8 Y
1n . A1l | Obtains integrable form.
Io c0526+1+4sm€cos29+%—%cos40 deo &
. . in M1 | Int tes.
[%0+%s1n 20—%cos’ 6—-Lsin 4912) niegrates
5.4
3 T+ 3 Al
6
Question Answer Marks Guidance
7(a) x=1, x=-1 B1 | Vertical asymptotes.
y=0 B1 | Horizontal asymptote.
2
T0) | dy _ (4-4x7)(4) - (4x +5)(-8x) ML g &
2
dx (4-42) dx
16x% +40x+16=0 M1 | Sets equal to 0 and forms equation.
(24). (%) ALAI
4
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7(c) Y4 B1 | Axes and asymptotes.
— — B1 | Correct shape and position.
! Il
|>|< >
i X
— >
‘I| _ 4x+5
Y= hax?
(-3,0), (0’ ) B1 | States coordinates of intersections with axes.
3
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7(d) 4 II' I| B1 FT | FT from sketch in part (c).
{ || B1 | Correct shape at infinity.
| p y
II .'ll |
‘ \ J \ _|4x+5
- -  14-4x2 .
1 — -‘_—\—____ =
4x+5 5 or 4x+5 5 M2 | Finds critical points, award M1 for each case.
4-4x* 4 4-4x* 4
5x*+4x=0 or 5x* —4x-10=0
x=—%, x=0 or x:%_%\/g, x=%+%\/€ Al | AOif -1.07,1.87
%_%\/6 <x<-%, 0<x<2 +%\/6 . x#+l A1 FT | Condone exclusion of x=%1 from the range.
6
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1 (a) Give full details of the geometrical transformation in the x-y plane represented by the matrix
6 0
(0 6)' [1]

(b) The triangle DEF in the x-y plane is transformed by A onto triangle POR.

Given that the area of triangle DEF is 13 cm?, find the area of triangle POR. [2]

(d) Show that the origin is the only invariant point of the transformation in the x-y plane represented
by A. [4]
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2 Itis given that y = xe®, where a is a constant.

Prove by mathematical induction that, for all positive integers #,
d"y

e (anx + nan_1>ewc. [6]

© UCLES 2021 9231/12/0/N/21 [Tlll‘ll over
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= +2
3 LetS = E 1nr(r ).
" (r+1)?

r=l1

n+2
2(n+1)° [4]

(a) Using the method of differences, or otherwise, show that § = In

© UCLES 2021 9231/12/0/N/21
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5
< +2
Let §= Zlnr(r 2
— (r+1)
(b) Find the least value of n such that § —§ < 0.01. [3]
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4  The cubic equation x° +2x%+3x+3 = 0 has roots o, S, 7.
(a) Find the value of o + 8% + 72 [2]
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(¢) Use standard results from the list of formulac (MF19) to show that

2((0{+r)3 +(ﬁ+r)3 +(y+r)3> = n+in(n+l)<an2+bn+c>,

r=l1
where a, b and ¢ are constants to be determined. [6]
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5  The curve C has polar equation » = 3+2sin6, for —m < 6 < 7.

(a) The diagram shows part of C. Sketch the rest of C on the diagram. [1]

The straight line / has polar equation rsin@ = 2.

(b) Add [ to the diagram in part (a) and find the polar coordinates of the points of intersection of C
and /. [5]

© UCLES 2021 9231/12/0/N/21
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(¢) The region R is enclosed by C and /, and contains the pole.

Find the area of R, giving your answer in exact form. [6]
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2
The curve C has equation y = 3
(a) Find the equations of the asymptotes of C. [3]
(b) Show that there is no point on C for which 0 <y <12 [4]

© UCLES 2021 9231/12/0/N/21
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(c) Sketch C. [2]

2
(d) (i) Sketch the graphs of y = ‘xx_ 3 and y =|x|—3 on a single diagram, stating the coordinates
of the intersections with the axes. [4]

2
(ii) Use your sketch to find the set of values of ¢ for which ‘xij;‘ <|x|+ ¢ has no solution. [1]
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7  The points 4, B, C have position vectors
2i+2j, —j+k and 2i+j—7k
respectively, relative to the origin O.

(a) Find an equation of the plane OAB, giving your answer in the form r.n = p. [3]

The plane IT has equation x—3y—2z = 1.

(b) Find the perpendicular distance of I from the origin. [1]

© UCLES 2021 9231/12/0/N/21
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(¢) Find the acute angle between the planes OAB and 1. [3]
(d) Find an equation for the common perpendicular to the lines OC and 4B. [10]
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1(a) Enlargement, scale factor 6. B1
1
1(b) detA=6-8=-2 M1 | Finds det A.
Area =2x13=26cm’ Al
2
1(c) Ao L 2 4 M1 | Finds A™".
-2 3
2 -4 -6 12 Al | AEF
B=-3 2 3 = 6 -9 Could be solved by equations.
2
1(d) 3 4)\(x) (3x+4y Bl|  (x
_ Finds
2 2 )0\y 2x+2y Y
3x+4y=x . 2x+4y=0 M1 X X . .
leading to Uses = to form simultaneous equations.
2x+2y=y 2x+y=0 y Y
y=-2xleading to —6x =0 leading tox=0, y=0 M1 Al ) 2 4
Solves equations or states that det )1 #0,AG.
4
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2 dy o ax o M1 A1l | Differentiates once using the product rule.
—=axe” +e” =(ax+1)e” sotrue when n=1.
k B1 | States inductive hypothesis.
Assume that d—i} = (akx + ka*™! )e”x. P
dx
k1 M1 A1 | Differentiates kth derivative.
(i - — (akx +ka*! )e”" +e* (ak ) = (ak+1 +(k+1)a* )e‘”
dx +1
So true when n =k +1. By induction, true for all positive integers #. Al | States conclusion.
6
Question Answer Marks Guidance
3(a) n B1 | Separates logarithms into correct form using a
Z (Inr—2In(r+1) +In(r +2)) difference.
r=t Or as logarithm of product.
In1-2In2+1n3 M1 A1l | Shows enough terms to make cancellation clear.
In2-2In3+1n4
In3-2In4+1n5
In(n—1)-2Inn+In(rn+1)
Inn—-2In(n+1)+In(n+2)
Al | AG
[In1]=In2—In(n+1)+In(n +2) = In "2
2(n+1)
4
© UCLES 2021 Page 7 of 16



9231/12 M.Shafiqyr.Rebman (93244 304564) Aitchisan College October/November 2021

PUBLISHED
Question Answer Marks Guidance
3(b) S=-In2 B1 | States sum to infinity. AEF
M1 | F i lit
S —-S= ln[n al fj <0.01 leading to n+2<e"'(n+1) orms Mequatity
n+
Least value of n is 99 Al | CAO
3
Question Answer Marks Guidance
4(a) (=2)* =2(3) M1 | Uses formula for sum of squares.
-2 Al
2
4(b) o+ P+ 7 =-2(-2)-3(-2)-3(3) M1 | Uses original equation or formula for sum of cubes.
1 Al | AG
2
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4() (a+r) =0 +30%r +30r® +7° B1 | Expands.
n 3 ; ; n M1 A1 | Collects like terms and uses results from parts (a) and
2((a+ P +(B+r) +(y+7) ) = (14+3(=2r +3(-2)r* +3r7) ).
r=1 r=1
n—6(tn(m+1))=6(Ln(n+1)@2n+1))+2n’(n+1)’ M1 | Applies formulae from MF19.
n=3n(n+1)—n(n+)2n+1)+3n’*(n+1)>°
n+in(n+l) (-12-42n+1)+3n(n+ 1)) M1 A1l | Simplifies.
n++n(n+ 1)(3112 —5n— 16)
6
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5(a) B1 | Correct symmetrical shape, closed loop.
2 e F=0
1
5(b) Line / parallel to initial line and correct side of pole. B1
— . ) Ml 4
2=3sin6+2sin" 0 Forms quadratic in sin@. Orinr r=3+—
r
Sin@:% M1 | Solves for sin 8.
(4,%n) Al | SC1 For finding both angles correctly
(4.37) Al
5
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5(c) e N2 M1 | Finds the part of the required area enclosed by the
2 XEI_%(3 +2sind)" do curved outer edge and two line segments from the pole.
Limits must be correct.
_ﬁ 9+ 125in 6+ 2(1—c0s 26) dO M1 | Uses double angle formula and integrates.
[116-12cos6—sin26]", =27-33 Al Al
Zg- %\/3 +(4cosZ)x 2 M1 | Adds area of triangle.
238 A
6
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6(a) x=3 B1 | States vertical asymptote.
9 . M1 A1 | Finds oblique asymptote.
y=x+3+ 3leadmgtoyzx+3
3
6(b) yx—3y= 2 leading to 2= x+3y=0 M1 Al | Forms quadratic in x.
2 —4(3y)<0 leading to 3 —12y<0 M1 | Uses that discriminant is negative.
O<y<l12 Al | AG
4
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6(c) ¥4 | A B1 | Axes and asymptotes.
il o
i | - o
Y o B1 | Branches correct.
™ L
I %
i o X
: . --' //$
e
..._.".:__.-"" I i
o |1
e | !
y S |
VT3 ||
2
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6(d)(i) y4 B1 FT | FT from sketch in (c).
B1 | Correct shape at infinity.
B1 | Correct shape of y= |x| -3.
B1 | Correct intercepts with axes (may be seen on graph).
s
H\J/
4
6(d)(ii) <-3 B1
1
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7(a) i j k 2 1 M1 A1 | Finds common perpendicular.
n=2 2 0|=]-=2|~]|-1
0 -1 =2 -1
1 Al
r.|—-1{=0
-1
3
7(b) 1 1 B1 | Divides by magnitude of the normal to 77
/12 132402 J14 0.267
1
7(c) 1 1 M1 | Takes dot product of normal vectors.
: 6 A1FT
1 -3 |=3V14cosax leading to cosa =
V314
-1)\ -2
22.2° Al | Accept 0.388 radians. Mark final answer.
3
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7(d) i i Kk -20 5 M1 A1 | Finds direction of common perpendicular.

2 1 I=| 12 |~|-3

2 -3 1| (4 1
2 2-2u 2-2u-22 M1 AL | Finds PO.
OP=A| 1 |,00=|2-3u |leadingtoPO=| 2-3u—-21
-7 Y7, u+71
2-2p-22) (-2 2-2u-24 5 M1 | Uses that dot product of P—Q with line direction is zero,
2-3u~-A4 ¢ =3|=0o0r| 2-3u-2 |=k -3 or, alternatively, FQ is a multiple of the common
H+TA 1 HtTA 1 perpendicular (parameter & not 1).

14u+144=10 Al | Deduces one equation.

2-2u-2A\( 2 A1l | Deduces second equation.

2-3u—-A 4 1 [=0=>14u+541=6
u+7A -7
1 1 2 M1 A1 | Solves for 4 and substitutes into OP .
A=—— leadingto OP=——| 1
10 10
-7
-0.2 5 B1 FT | FT using their common perpendicular.
r=|-0.1|+k| -3
0.7 1
10
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1  Prove by mathematical induction that 2% 431" =2 is divisible by 15 for all positive integers 7. [6]
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4

2 (a) Use standard results from the List of formulae (MF19) to find Z (1 —r—rz) in terms of n,
simplifying your answer. r=1 (3]
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(b) Show that

1—r—? r+1 r

<r2+2r+2><r2+1> - <r+1>2+1 - 41

% 2
and hence use the method of differences to find Z I=r=r . [5]
=1 <r2 +2r+2><r2 + 1)
o0 2
(¢) Deduce the value of Z I=r=r . [1]
=1 (r2 +2r+2><r2 + 1)
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3 The equation x*—2x*> =1 =0 has roots «, B,7,9.

(a) Find a quartic equation whose roots are o, B°, y°, 8° and state the value of o + > +7° +8°.

[4]
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7
(b) Find the value of é + # + # + é [3]
(¢) Find the value of o* + % +y* +6*. [2]
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4  The matrix M represents the sequence of two transformations in the x-y plane given by a rotation of 60°
anticlockwise about the origin followed by a one-way stretch in the x-direction, scale factor d (d # 0).

(a) Find M in terms of 4. [4]

b) The unit square in the x-y plane is transformed by M onto a parallelogram of area ~d> units2.
(b) q Y y p g P

Show that d = 2. [2]

© UCLES 2021 9231/11/M/J/21
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The matrix N is such that MN =

D= =

(¢) Find N.

(d) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by MN. [3]
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1
gﬂ.

5  The curve C has polar equation » = acot (%n - 9), where a is a positive constant and 0 < 6 <
It is given that the greatest distance of a point on C from the pole is 2v/3.

(a) Sketch C and show that a = 2. [3]

(b) Findlthe exact value of the area of the region bounded by C, the initial line and the half-line
0=¢m. [4]
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6 Lettbe apositive constant.

The line /, passes through the point with position vector #i+ j and is parallel to the vector —2i—j. The
line 7, passes through the point with position vector j+ 7k and is parallel to the vector —2j+k.

It is given that the shortest distance between the lines /, and /, is V21.

(a) Find the value of z. [5]

The plane 1T, contains /, and is parallel to /,.

(b) Write down an equation of IT,, giving your answer in the form r = a+ Ab+ uc. [1]

© UCLES 2021 9231/11/M/J/21
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The plane 11, has Cartesian equation 5Sx —6y+7z = 0.

(¢) Find the acute angle between /, and I1,. [3]

© UCLES 2021 9231/11/M/J/21 [Turn over
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The curve C has equation y = M
d R B
(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of the stationary points on C. [4]

© UCLES 2021 9231/11/M/J/21
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(¢) Sketch C, stating the coordinates of any intersections with the axes. [3]
. . x> +x+9 .
(d) Sketch the curve with equation y = i1 and find the set of values of x for which
2|x* +x+9|> 13|x+1]. [5]
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PUBLISHED
Question Answer Marks Guidance
1 2% +31-2=45 is divisible by 15 B1 | Checks base case.
Assume that 2** +31° —2 is divisible by 15 for some positive integer £. B1 | States inductive hypothesis.
Then 2% 431" —2 =15+ 1)2* + (30+1)31* -2 M1 A1 | Separates 2* +31% —2 or considers difference.
is divisible by 15 because 15x2* +30x31* is divisible by 15. Al
Hence, by induction, true for every positive integer . Al
6
Question Answer Marks Guidance
2(a) n —%n(n +1) —%n(n +1)(2n+1) M1AT1 | Substitutes correct formulae from MF19.
Expanding brackets correctly.
B I Al | Simplifies by collecting terms.
3
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PUBLISHED
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2(b) il - (r+ 1)(,,2 n 1) _ r(r2 T 2) l—yey? M1 A1 | Puts over a common denominator and expands, AG.
r+12+1 2+l (r2+2r+2)<r2+1) _(r2+2r+2)(r2+1)
Z": 1—p—s2 Z r+1 7 M1 A1 | Shows at least three complete terms including first and
. <r2 Y +2)(r2 +1) = S\ Pl P last. Cancellation may be implicit.
2. 1,3 2,4 3 ntl _»n
5 2 10 5 17 10 (n+1)>+1 n*+1
1 n+1 Al | ISW
2 (n+1)*+1
5
2(c) -1 B1 FT | FT from their answer to part (b).
1
Question Answer Marks Guidance
3(a) y=x B1 | Correct substitution.
y% —2y—1=0=y* =2y +1)’ =8> +12)7 + 6y +1 M1 | Obtains an equation not involving radicals.
y*—8y° 122 —6y—1=0 Al
0{3+ﬂ3+7f7’+53=8 B1FT
4
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3(b 39363 393 3,3 o3 3,3 ¢3 M1 1 1 1
®) _3+L3+L+L3:0’:B5 +0{,337/33+ﬁ3;/35 ta’ys :i A1 FT | Relates —+—+—+— to coefficients.
o B ) a’Bys -1 @ By 6
-6 Al
3
3(¢) a8 =2+ S+ )+ 4 M1 | Uses original equation.
=20 Al
2
Question Answer Marks Guidance
4(a) c0s60 —sin 60 _ % _ % B1 | Rotation 60° anticlockwise about the origin.
sin60  cos60 g 1
d 0 B1 | One-way stretch in the x-direction, scale factor d.
0 1
d o\ i —& d _dB3 M1 A1 | Correct order.
M — 2 2 — 2 2
[O lj B FER
2 2 2
4
4(b) d= %d2 M1 | Uses value of detM .
d#0=>d=2 Al | AG
2
© UCLES 2021 Page 8 of 14




9231/11 M.Shafiqyr.Rebman (93247 304564) Aitehisan College May/June 2021
PUBLISHED
Question Answer Marks Guidance
4(c) 1 L NE) B1 FT | Inverse of their M.
Y i
208
2
1 1) 1 4 B 1 M1 | Multiplies on the left by the inverse of their M.
N:M_l(l 1}2_ zﬁ [1 1J
7 2) 2(-% 1 \7 2
11443 1443 Al | CAO
41-v3 1-3
3
4(d) 1 1) x xX+y B1 x X
_ =, 1 Transforms to .
2 )W) Fxtyy Y Y

%x+%mx:m<x+mx) M1 A1 | Uses y=mx and Y =mX .

l+m=2m+2m*=2m* +m—-1=0 Al

y:%x and y=-x Al | WWW
5
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5(a) =0 B1 B1 | Initial line with correct position and shape of curve.
SCBI if correct shape with wrong starting position.
Pole position must be clear.
acotlr=23=a=2 B1 | Substitutes O=17. AG.
3
5(b) ij.%n4c0t2 (ln-6)de M1 | {ges %jrz d@ with correct limits.
2 0 3
in i 2 _ 2 .
2-"06 cosec? (%n B 9) _1do= 2[00,[(%“ B 9) B glf; M1 Al | yses cot (%n— 9) = cosec (%n—ﬁ) —1 and integrates.
2(\/5_%71_%\/5):%\@_%“ Al | OE, must be exact.
4
5(c) _ cosZcos @ +sin 7 sin 6 M1 | Uses the identities for cos(4— B) and sin(4 —B). Or
" sin§ cos@ —cos §sin@ identity for tan (4 — B).
Pty =2 rcos@ ++/3rsind M1 Applies r =+/x* +y*, x=rcos@ and y=rsiné.
3rcos@-rsind
2(x+y\/§)=(x\/§—y) ,x2+y2 Al | AG.
3
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6(a) 0 t -1 B1 | Finds vector from any point on /; to any point on /.
1|—-|1]|=¢0
t 0 1
i i k -1 M1 A1 | Finds common perpendicular.
-2 -1 0|=| 2
0 -2 1 4
1N (-1 M1 A1 | Uses formula for shortest distance.
t
—— 0 4 2 [=V21=>t=2=42
V21 ’
1 4
5
6(b) r=2i+j+A(2i+j)+u(-2j+k) B1 FT | Using their value of 7.
1
6(c) 0 5 M1 A1 | Uses dot product of —2j+k and normal.
19
=2 [ =6 |=+/54/1 10 cos leading to cosaf = —=———
. V54110
Acute angle between /, and I1, is 90— =54.1" Al
3
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6(d) -1\( 5 M1 | Dot product using their normal to IT,.
. 11 A1FT
2 |of =6 |=~/214/110 cos e leading to cosor=——
¢ V214110
4 7
76.8" Al
3
Question Answer Marks Guidance
7(a) x=-1 B1 | States vertical asymptote.
_x(x+D)+9 9 M1 | Finds oblique asymptote.
x4l x+1
y=x Al
3
7(b) dy o 2 M1 A1l | Differentiates and sets derivative equal to 0.
—=1-9(x+1)"=0=>(x+1)"=9
dx
(2.5) Al
(-4,-7) Al
4
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7(c) Y E r // B1 | Axes labelled and correct asymptotes drawn.
i 7
E | f,;”/ g B1 | Upper branch with (0,9) stated or shown on diagram.
I /
9 ,.x’j/ B1 | Lower branch correct and good approach to asymptotes
' /7
i 7 throughout, no extra branches.
i -7
I /
I /
i ’
i
7 1
|
’ i
SN
/R
%
4 ]
J |
A I
3
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7(d) \ y t / B1 FT | FT from sketch in (¢) with asymptotes shown.
N H /
\ H
S " [il p
N /] /
— 4 :9 |Il ) - -
: ."\._ -
: >x
S 3 1 2, h 9o 3 1 M1 M1 | Finds critical points, award M1 for each case.
¥ Axe9=2r(x k) or X Hx+9= (x+1) May state that x* + x+9 = —L(x+1) has no real
) ) solutions since 7>%.
11 S — 15 31

X —7X+7—0 or x +7X+7—0

x=1,5 Al

x<% and x>5. Al
5
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1 (a) Show that

_ sin 1
tan(r+l)_tanr_—cos(r+1)cosr' [2]
Letu, = S E—
r cos(r+1)cosr’
(b) Use the method of differences to find Zur. [3]

r=1
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2 The cubic equation 2x° —4x” +3 = 0 has roots o, 3, 7. Let S =a"+p"+v".

(a) State the value of S, and find the value of S,. [3]
(b) (i) Express S, ,intermsof S  , and S . [1]
(ii) Hence, or otherwise, find the value of §,,. [2]

© UCLES 2021 9231/13/M/1/21
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(¢) Use the substitution y =§, —x, where §, is the numerical value found in part (a), to find and
simplify an equation whose roots are a+f3, B+7y, vy +o. (3]

(d) Find the value of L + L + ! [2]

o+pB Bty yt+a’

© UCLES 2021 9231/13/M/1/21 [Tlll‘ll over
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(a) Prove by mathematical induction that, for all positive integers #,
Z<5r4+r2>Z%nz(n+1)2(2n+l). [6]
r=1

© UCLES 2021 9231/13/M/1/21
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(b) Use the result given in part (a) together with the List of formulae (MF19) to find Zr4 in terms

r=1

of n, fully factorising your answer. [3]

© UCLES 2021 9231/13/M/1/21 [Tlll‘ll over
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The matrices A, B and C are given by

2 k k 1 0 01 1

A=5—13,B=OlandC=_120,

1 0 1 1 0
where £ is a real constant.
(a) Find CAB. [3]
(b) Given that A is singular, find the value of £. [3]

© UCLES 2021 9231/13/M/1/21
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(¢) Using the value of & from part (b), find the equations of the invariant lines, through the origin, of
the transformation in the x-y plane represented by CAB. [5]
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5  The curve C has polar equation » = ﬁ - %, where 0 < 6 < %n.
(a) Sketch C. [3]
(b) Show that the area of the region bounded by the half-line 6 = %n and Cis 3= 44nln2 [6]
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6 The lines /, and [/, have equations r=—i—2j+k+s(2i—3j) and r=3i—-2k+7(3i—j+3k)
respectively.

The plane IT, contains /, and the point P with position vector —2i—2j+4k.

(a) Find an equation of I7,, giving your answer in the form r = a+Ab+ uc. 2]

The plane I1, contains /, and is parallel to /,.

(b) Find an equation of I7,, giving your answer in the form ax+by+cz=d. [4]

© UCLES 2021 9231/13/M/1/21



M.Shafiq ur Rehman (03247304567) Aitchison College
13

(¢) Find the acute angle between IT, and I1,. [5]
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(d) The point Q is such that O—Q> =—50P.
Find the position vector of the foot of the perpendicular from the point Q to I7,. [4]
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x*—x=3
7  The curve C has equation y = —.
I+x—x
(a) Find the equations of the asymptotes of C. [2]
(b) Find the coordinates of any stationary points on C. (3]
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(¢) Sketch C, stating the coordinates of the intersections with the axes. [3]
x*—x—3
(d) Sketch the curve with equation y = T2 and find in exact form the set of values of x for
X—X
2 — —
which [ —X=3| < 3. 6]
I+x—x
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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PUBLISHED
Question Answer Marks Guidance
1(a) sin(+1) sinr _sin(r +1)cosr —cos(r +1)sinr _ sin(r+1-r) M1 | Applies all relevant correct addition formulae
cos(r +1) cosr cos(r +1)cosr - cos(r +1)cos from MF19 for the route chosen and combines
. . . . . into a single fraction.
sin(r+1) sinr _sinrcosl+cosrsinl sinr
cos(r+1) cosr cos(r+1) cosr
_sinrcosrcosl+ cos” rsinl —sinrcosrcosl+sin” rsinl
cos(r+1)cosr
B sinl A1l | SC B2 for this route completely correct to AG.
cos(r +1)cosr
tanr +tanl _tanr+tan1—tanr+tan2rtanl
I—-tanrtanl I—-tanrtanl
B tan lsec® r B tan1 B sinl
I-tanrtanl cosr(cosr—sinrtanl) cosr(cosrcosl—sinrsinl)
_ sinl
cosrcos(r+1)
2
1(b) . n M1 A1 | Shows enough terms for cancellation to be clear.
[sin1] Z“r =tan2—tanl+tan3—tan2+..+tan(n+1)—tann There must be three complete terms including first
r=l and last. Cancelling may be implied.
n - tan(n + 1) —tanl Al | OE and ISW.
= sinl
3
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PUBLISHED
Question Answer Marks Guidance
1(c) tan(n +1) oscillates as n —> so u, +u, +u, +... does not converge. B1 | States ‘oscillates’ or refers to diverging values of
tan(n +1), or states that tan(xn +1) does not tend to
a limit.
1
2(a) S, =2 B1
S, =52-2(0) M1 | Uses formula for sum of squares.
=4 A1l | Correct answer implies M1A1.
3
2(b)(1) S.3=25,, —%Sn B1 | CAO or as a single fraction.
1
2(b)(d) | § , =28, _% S, =2(28, —%So) _% S, M1 | Uses their recursive formula from part (i) to find
S, [$=1]-
=4 Al
2
2(c) x=2-y B1 | SOI
22— y)3 —4(2- y)2 +3=0 M1 | Makes their substitution.
2y° -8y +8y—-3=0 Al | OE but must be an equation.
3
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PUBLISHED
Question Answer Marks Guidance
2 d 8 Ml 1 1 1 ' v+ [ |+ [P ]
@ 2 USCS—'+—'+—':aﬂ 'ﬂ}'/'}/a
3 a gy a' By
OR
Or use 25, —8S, +8S, —3S_, =0 with substitution of their values
8 A1 FT | FT from 2(c).
2
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PUBLISHED
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3 B1 | Checks b .
@ 1 st e =Ly 241)[=6] so H, is true. SO DIRE EE
2
k B1 | States inductive hypothesis [for some £] includin
1 yp g
Assume that Z[(5r4 +r? )J = Ekz (k+1)° (2k +1) the algebraic form. If says for ALL k, then BO.
r=l1
k1 M1 | Considers sumto £ +1.
Z[(Sr“ + rz)] :%kz(k +1)% (2k +1)+5(k +1)* + (k+1)?
r=l1
L(k+1y (2k3 I 10k +1)2 + 2) M1 | Take out the factor of (k + 1)? OR expands the
summation expression and the target expression
for k + 1 and collects like terms for both.
Lk +1) 2K +116% + 20k +12) =L (k +1)* (k +2)° (2k +3) Al | Factorises or having expanded, checks explicitly.
At least one intermediate step seen following the
award of M1 before reaching the answer.
So H,,, is true. By induction, H, is true for all positive integers n. A1 | States conclusion. Implication must be clearly
expressed.
6
3(b) n M1 2
52r4 +%n(n F1)(2n+1) :§n2 (n +1)2(2n 1) Uses correct formula for Zr .
r=l1
n M1 4 ; ;
[5127’4 = Ln(n+ D)2+ DGn(n+1)-1) Makes Zr the subject and takes out all linear
6 .. .
o factors and the remaining term is of correct form.
B, 5 Al | CAO
Dt =Ln(+D2n+1D)G3n’ +3n-1)
r=1
3
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PUBLISHED
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4(a) 0 11 2 k kY1 O 0 2+k k M1 A1l | Multiplies two matrices correctly.
[ j 5 -1 3|0 1|= [ j 8 -1
-1 2 0 -1 2 0
1 0 1){1 O 2 0
2 k k)1 O 1 0
0 1 1 6 -1 4
Or 5 -1 3|0 1|= 0 1
-1 2 0 8 —k-2 —-k+6
1 0 1){1 O 1 0
10 -1 Al
—k+14 —k-2
3
4(b) -1 3 5 3 5 — ) M1 A1l | Sets determinant equal to zero and forms linear
o 1 —k1 | +k1 0 =0 leading to —2—-2k+k=0 equation.
k=-2 Al
3
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4(c) 10 -1)x 10x—y M1 X
= Transforms .
16 0 )y 16x y
1
Allow q[ j where ¢ is x, t or a nonzero number.
m

10x—mx=X and 16x=mX M1 Al | Uses y=mx and ¥ =mX .
Expect 16x = m(le —mx) .

16=10m-m>  [m>—10m+16=0] Al | OE

y=2x and y=8x Al

5
Question Answer Marks Guidance
5(a) A “ B1 | Approximately correct curve passing through the
\ pole, O, with correct domain.
B1 | 7 strictly increasing over the domain 0 to L.
1 B1 | Correct form at O.
Approx tangential to initial line at O.
~ .-l-....
(0] [6=0]
3
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5(b) (1 1Y M1 | Uses %Jrz d@ with correct limits.

1 j —— | do

0 \n—-6 =

1n M1 | E ds.
%I 1 - 2 + L 460 Xpands

O (n-6) n(n-6) =

3™ M1 A1 | Integrates all terms to obtain correct form.
1 1 2 0
— +=In(n-0)+—
2| t— T
12 . 2 0T 1 (1 N 2 )= 1(3 . 2 n 1 M1 | Substitute 1'imit.s into an expression of the correct
P S S P T form and simplify the log terms.
_3-4In2 Al | AG
 4n
6
Question Answer Marks Guidance
6(a) | —(-2i-2j+4k)+(-i-2j+k)=i-3k B1 | OE. Finds direction vector from P to a point of /.
r=-2i-2j+4k+A(2i-3j)+ u(i-3k) B1 FT | OE. FT theiri- 3k
r=—i-2j+k+A(2i-3j)+u(i-3k)
2
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6(b) i j k| (-9 M1 A1 | OE. Finds vector perpendicular to IT,.
2 -3 0|]=|-6
3 -1 31 \7
—9(3) - 6(0) + 7(-2) =—41 M1 | Uses point on IT,.
Ox+6y—-T7z=41 Al
4
6(c) i j ok 9 3 M1 A1 | Finds vector perpendicular to IT, .
2 -3 0|=|6|~|2
1 0 -3 (3 1
3Y( 9 DM1 | Dot product using their normal vectors.
. 32 A1FT
24 6 |=+/144166 cos leading to cos¥ = ——
s V14:/166
48.4° Al | 0.845 rad
5
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6(d) -2 9 10+9¢ M1 A1 FT | Scales OP by a factor of +5 and uses multiple of
OF =00+0QF =-5| -2 |+t| 6 |=| 10+6¢ their normal to IT,.
4 -7 -20-"7¢
9(10+9¢)+6(10+6)—7(-20—7¢) = 41 leading to 290 +166¢ = 41 DM1 | Substitutes into the equation of IT,.
_z Al
_ 2
t= —% leading to OF =| 1
9
2
4
Question Answer Marks Guidance
7(a) 1-/5 1+/5 B1 | Vertical asymptotes. Must be exact.
x= , X =
2 2
y=-1 B1 | Horizontal asymptote.
2
7(b e D =(x* = x=3)1- M1
(b) dy _(I+x-x")2x-D)—(x 2x 3)(1-2x) Finds &
dx (1 +x—x° ) dx
2x-1)(-2)=0 M1
@x=1(=2) Sets their % equal to 0 and forms equation.
X
( 1 _13 ) Al | WWW
22 5
3
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PUBLISHED
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7(c) VA B1 | Both axes labelled and correct asymptotes shown.
B1 | Correct shape and position, with all asymptotic
behaviour clear.
x
( 141 \/E,O), ( 11 J13 ’0)’ (0,-3) B1 | States exact coordinates of intersections with axes.
3
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PUBLISHED
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7(d) A B1 FT | FT from sketch in (c).
B1 | Correct shape as x tends to infinity and
intersections with x axis.
X -x-3 ) X -x-3 3 M2 | Finds critical points, award M1 for each case.
1+x—x° l+x—x°
4x* —4x—6=0 or —2x* +2x=0
x:%+%\ﬁ, x=1-1J7, x=0, x=1 Al | Must be exact.
x<l1 _%\/7, 0O<x<l, x>1+ %\/7 A1FT | Must be three distinct regions and strict
inequalities.
6
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