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. o 1 b 0 .
1 The matrix M is given by M = (0 1)(3 l)’ where a and b are positive constants.
(a) The matrix M represents a sequence of two geometrical transformations.

State the type of each transformation, and make clear the order in which they are applied. [2]

The unit square in the x-y plane is transformed by M onto parallelogram OPQR.

(b) Find, in terms of a and b, the matrix which transforms parallelogram OPQR onto the unit square.

[2]
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It is given that the area of OPQR is 2cm? and that the line x+3y =0 is invariant under the
transformation represented by M.

(¢) Find the values of @ and b. [5]
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(a) Use standard results from the List of Formulae (MF19) to show that
Zn: (7r+1)(7r+8) = an® +bn* +cn,
r=1
where a, b and ¢ are constants to be determined. [3]
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: . 1 :
(b) Use the method of differences to find Zl Tr 1) (77 +3) in terms of n. [4]
N 1
(¢) Deduce the value of Zl T+ DT+ 8)° [1]
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The cubic equation P+l = 0, where c is a constant, has roots a, 3, 7.

(a) Find a cubic equation whose roots are o, /33, y3. [3]

© UCLES 2020 9231/11/0/N/20



M.Shafiq ur Rehman (03247304567) Aitchison College
7

1 a3 ﬁ3
3 1 3

(¢) Find the real value of ¢ for which the matrix | o Y~ | is singular. [5]
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4  The points 4, B, C have position vectors
—i+j+2k, -2i—j, 2i+2Kk,
respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d. [5]
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(b) Find the perpendicular distance from O to the plane ABC. [2]
(¢) Find the acute angle between the planes OAB and ABC. [4]
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Prove by mathematical induction that, for every positive integer n,
d2n—1 !
LT esiny = (—=1)"""(xcosx+ (2n—1)sinx). [7]
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. x24x—1
The curve C has equation y = ——
(a) Find the equations of the asymptotes of C. [3]
(b) Show that there is no point on C for which 1 <y <5. [4]
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(¢) Find the coordinates of the intersections of C with the axes, and sketch C. [3]
. . x24x—1
(d) Sketch the curve with equation y = 1 I [2]
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(a) Show that the curve with Cartesian equation
(4377 = 4 =)
has polar equation » = sin46. [4]
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The curve C has polar equation » = sin46, for 0 < 6 < in.

(b) Sketch C and state the equation of the line of symmetry. [3]
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(d) Using the identity sin46 = 4 sin®cos>0—4sin’ 6 cos 0, find the maximum distance of C from the
line 6 = %n. Give your answer correct to 2 decimal places. [6]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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1(a) One-way stretch followed by a shear. B2 | Both named correctly. Award B1 if given in the wrong
order.
2
1(b) LT P M1 Al
a\0 a
2
1(c) a=2 B1
a b\(x ax+by B1 X X
= Transforms to .
0 1 )\y y y Y
[ax—%bx} M1 | Uses x+3y=0.
x=ax—ibx=>1=a-1b M1 | Uses that line is invariant (or X +3Y =0).
b=3 Al
5
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2(a) n n M1 | Expands.
D (Tr+1)(Tr+8) =) 49r% +63r+8
r=l r=l1
=49(Ln(n+1)2n+1))+63(Ln(n+1))+8n M1 | Substitutes formulae for » r* and » 7.
=Ln’ +56n" +14n Al
3
2(b) 1 B 1[ 1 1 j M1 A1 | Finds partial fractions.
(Tr+1)(7r+8) 7\ 7r+1 7r+8
n 1 11 1 1 1 1 1 M1 | Writes at least three correct terms, including first and
;(7r+1)(7r+8)_7(§ 1515 22 Tn+1 7n+8j last.
1 ( 11 j Al
7\8 7Tn+8
4
2(c) 1 B1 FT
56
1
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3(a) y=x'=x= y% B1 | Substitutes.
y+ cy% +1=0= —c3y — (y + 1)3 — y3 + 3y2 +3y+1 M1 | Correct attempt to eliminate cube root.
y3+3y2+(3+c3)y+1=0 Al
3
3(b) B+ =3 P+ =3+ B1 FT | Using their answer to ().
o' + B0+ =(-3) -2(3+¢") ML | o+ B+ = (@ + B+ ) -2’ B + oy + )
=3-2¢° Al | AG
3
3(c) By =-1 B1 | If using their answer to (a) FT
1 o B M1 A1 | Evaluates determinant.
& 1 pl=l-(a’+ 0 +y )+ 2 By =20 - 4
p oy
263 —4=0 M1 | Sets determinant equal to zero.
=2 Al
5
© UCLES 2020 Page 8 of 15



9231/11 M 'ShaflchbB&bm%t(%zﬂg Q%Li@ll&'eﬁﬁﬁéﬁ&lé College October/November 2020
PUBLISHED
Question Answer Marks Guidance
4(a) AB=-i-2j-2k AC=3i-j B1 | Finds direction vectors of two lines in the plane.
BC =4i+j+2k
i j k| (=2 M1 A1l | Finds normal to the plane ABC.
2 2|=|-6
-1 0] \7
2(-D-6()+7(2)=10=-2x-6y+7z=10 M1 A1l | Substitutes point.
Alternative method for question 4(a)
Setting up 3 equations using points given. M1
—2x—-6y+7z=10 Al A1 A1 A1 | OFE
5
4(b) 10 10 M1 A1l | Divides by magnitude of normal vector.
=T OF 1.06
J22rer 477 /89 .06...
2
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4(c) i i k 2 M1 A1 | Finds normal to the plane OA4B.
-1 1 2|=|-4
-2 -1 0 3
2N\ (2 M1 | Uses dot product correctly.
—6 [ —4 2@@0059
7 3
36.2° Al
4
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5 d . ) 0 ) B1 | Checks base case using product rule.
a(xsmx) =xcosx+sinx=(-1) (xcosx+(2(1)—1)sinx)
Assume true for n =k, so B1 | States inductive hypothesis.
d2k—1 . 5 )
W(xsmx) = (=1)" (xcos x + (2k —1)sin x)
2k . M1 A1 | Differentiates once. Must have correct LHS for Al.
Then W(xsinx) =(=1)""(~xsinx + 2k cos x)
2%+ - M1 A1l | Differentiates again.
W(xsinx) =(=1)""(=xcos x —sin x — 2k sin x)
=(-1)*(xcosx + (2k +1)sinx)
So, it is also true for n =k +1. Hence, by induction, true for all A1l | States conclusion.
positive integers.
7
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6(a) x=1 B1 | States vertical asymptote.
P Hx-l=(x-D)x+2)+1=>y=x+2 M1 A1l | Finds oblique asymptote.
3
6(b) —y=x’+x—-1=x>+(1-y)x+y-1=0 M1 A1l | Forms quadratic in x.
(1-y)* —4(y-1)<0=1> -6y +5<0 M1 | Uses that discriminant is negative if there are no values
of x.
I<y<5 Al | AG
4
A
6(c) v 1 | |I B1 | Axes and asymptotes.
H
A o B1 | Branches correct.
| e
| &
1 " &
| -
1+
&
|
& i I
I
T
i .
[T X
i
| I
I
I
||
I
1
(0,1) (—i +145 0) (—l —14y5 0) B1 | States coordinates of intersections with axes, can be
b b 2 2 b b 2 2 b
labelled on graph. Accept (0.618,0) and (—1.62,0).
3
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6(d) y 4 B1 FT | FT from sketch in (¢) with both branches.
B1 | Correct shape at extremities.
1
I
I
[
[
|
[
||
I
N S
' x
2
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7(a) = 4xy<x2 _yz) Bl | Uses 12 =x? +)7.
P =4t cos@sin&(cosz 0 —sin> 0) B1 | Uses x=rcos@ and y=rsinf.
r=2sin26cos26 M1 | Applies at least one double angle formula.
r=sin46 Al | Applies both double angle formulae, AG.
4
7(b) o b B1 | Initial line drawn and one loop in the first quadrant.
A B1 | Correct shape at extremities.
'---. n il
¥ i =1
9= %ﬂ B1 | States the equation of the line of symmetry.
3
7(c) %J‘j" sin? 4640 M1 | yses %J.rz dé@ with correct limits.
1 J’%nl —cos89do =1 [9 ~lsin 80]% M1 A1l | Applies double angle formula and integrates.
0 0
=Ln Al
4
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7(d) x= 4<sint9cos4 6 —sin® 6 cos’ 49) Bl | Uses x=rcos6.
—4sin” @cos’ @ +cos’ @+ 2sin* Bcos @ —3sin’ Bcos’ =0 M1 | Differentiates and sets equal to 0.
cos9<2sin40—7sin2900520+cos4 0)=0 Al
cos@=0 or 2tan*@—7tan’ @ +1=0 M1 | Forms quadratic in tan® @ . Must see consideration of
cosd =0.
tan® @ =1(7 £V 41) = 6=40.369, +1.071 B1 | Allow use of decimals.
0=0369=x=0.93 Al | Substituting 8 =%0.369 gives maximum value of | x|.
(or 8=-0.369=|x|=0.93)
6
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1  The cubic equation bt toex+d= 0, where b, ¢ and d are constants, has roots o, B, v. It is given
that afy =—1.

(a) State the value of d. [1]

[3]
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Prove by mathematical induction that 7°" —1 is divisible by 12 for every positive integer #. [5]
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3 (a) By simplifying (x" — VX" + 1><x” +v/ x4+ 1), show that ;21 =—x"—Vx"+1. [I]
x"—Vx"+
Let u, = X+ 1 =
x"—=Vx"+1
N
(b) Use the method of differences to find >, u, in terms of N and x. [3]

n=1

(¢) Deduce the set of values of x for which the infinite series
u, ‘u,tu,+...
is convergent and give the sum to infinity when this exists. [3]
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4  The matrices A and B are given by
1 1
01 ? V3
A= 10 and B =, e
V3 5
(a) Give full details of the geometrical transformation in the x-y plane represented by A. [1]
(b) Give full details of the geometrical transformation in the x-y plane represented by B [2]

The triangle DEF in the x-y plane is transformed by AB onto triangle POR.

(¢) Show that the triangles DEF and POR have the same area. [3]

© UCLES 2020 9231/12/0O/N/20
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(d) Find the matrix which transforms triangle POR onto triangle DEF. [2]

(e) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by AB. [5]
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5  The curve C has polar equation » = In(1 +1—0), for 0 < 6 < 7.

(a) Sketch C and state the polar coordinates of the point of C furthest from the pole. [3]

(b) Using the substitution # = 1 + 71— 0, or otherwise, show that the area of the region enclosed by C
and the initial line is

T +mn(1+m)(In(1+m) —2)+7. [6]

© UCLES 2020 9231/12/0O/N/20
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(¢) Show that, at the point of C furthest from the initial line,
(1+nt—-6)In(1+1—6)—tan6 =0
and verify that this equation has a root between 1.2 and 1.3. [5]
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6 Leta be a positive constant.
. _ X—a
(a) The curve C, has equation y = Py (2]
Sketch C .
The curve C, has equation y = <u>2 The curve C, has equation y = o
2 x—2al " 3 x—2a|
(b) (i) Find the coordinates of any stationary points of C,. [3]
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(ii) Find also the coordinates of any points of intersection of C, and C;. [3]

(¢) Sketch C, and C; on a single diagram, clearly identifying each curve. Hence find the set of values

xX—a
x—2a

_ 2
of x forwhich(x “) < . (5]

x—2a
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7  The points 4, B, C have position vectors
=2i+2j—k, —2i+j+2k, —-2j+Kk,
respectively, relative to the origin O.

(a) Find the equation of the plane ABC, giving your answer in the form ax+by+cz = d. [5]
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The point D has position vector #i—j.

(c) Given that the shortest distance between the lines 4B and CD is /10, find the value of . [6]
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1(a) d=1 B1
1
1(b) y=x+l=>x=y-1 B1 | Uses correct substitution.
Y+ (b=3)y2 +(c=2b+3)y+b—c=0 M1 A1 | Substitutes and expands.
Alternative method for question 1(b)
(a+D)(B+D)+(@+D)(y+)+(B+D(y+D)=c-2b+3 B1
(+1+B+1+y+1)=3-b, (x+1)(B+)(y+1)=c-b M1 | Using these relationships.
Y+ (b-3)y> +(c—2b+3)y+b—c=0) Al
3
1(c) B+1=—(b-3) B1 | Uses sum of roots.
—(a+)(a+1)=c-2b+3 B1 | Uses sum of products in pairs.
~(a+1)(B+1)(a+1)=—(b-c) M1 | Applies product of roots.
=(c-2b+3)(b-3)=b-c Al | AG
4
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2 7> —1=48 is divisible by 12. B1 | Checks base case.
Assume that 7°* —1 is divisible by 12 for some positive integer k. B1 | States inductive hypothesis.
Then 7% —1=49.7* —1=48.7* + 7% —1 M1 | Separates 7% —1.
Or (72 —1)— (7% -1)=48.-7*
7*+2 _1 is divisible by 12. Al
So if is true for n =k (could be written earlier) it is also true for n=k +1. Al | Depends on previous M1 and Al.
Hence, by induction, true for every positive integer n.
5
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3(a) (xn _ (x2n n 1))(xn " \/(xZn " 1)) 2 <x2n n 1) —_1 B1 | Uses the difference of two squares and obtains the given
answer. AG
1
3(b) u, =x"" 4+ (x2"+2 + 1) " A (xZ" " 1) B1 | Uses the identity given in part (a).
N M1 | Writes at least three complete correct terms, including the
Zun=x2+\/(x4+1)—x—\/<x2+1)+x3+\/(x6+1)—x2—\/<x4+1) first and last. P s
n=1
o4+ xN +\/(x2N+2 +1)—xN —\/(xZN +1)
= (N +\/(x21v+2 + 1) —x —\/<x2 +1) Al | (Don’t allow in terms of n.)
3
3(c) —-1l<x<1 B1
x> 0asn— o= u, +u, +u, +...=1—x—\/(x2 +1) M1 Al | Finds sum to infinity.
3
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4(a) Reflection in the line y = x. B1 | Only mention reflection (and no other transformation).
1
4(b) Rotation B1 | Writes ‘rotation’ or ‘rotate’ (and no other transformation)
1 anticlockwise about the origin. B1 | Or 60°
2
4(c) %\/ 3 1 M1 | Finds AB or uses product of determinants.
AB=|" | V3 or det AB =det AdetB Full marks here may be obtained by arguing that both
2 2 reflection and rotation preserve [absolute] value of area and
so also does their combination.
detAB=-1 B1
Area of POR = |-1| Area of DEF Al
3
4(d) | _1y3 _1 13 1 M1 Al | or using (AB)'=B'A™"
(AB) ' =— zl 1\/23 _ z] ]2\/3
22 2 T2
2
© UCLES 2020 Page 9 of 16



9231/12 M'Shaflqjyll;bﬁﬁbm%t(%zﬂg Q(M&%l&%@&ﬁ&{é College October/November 2020
PUBLISHED
Question Answer Marks Guidance
4(e 1 1 B1 X 1
©) N33 (x]: V344 y Transforms (xj to ( j.Accept t( j instead of (xj
S AP 1x—1yV3 y Y m Y
L-lm\3=Lm\3+1m? M1A1 | Uses Y =mX . OE. Allow working with y =mx+c as long
as ¢ =0 is stated explicitly.
l=m\3=m\3+m’ = m’ +2mV3-1=0=>m=12-3 Al
y=(2-V3)x and y+(2+V3)x=0 Al | OE
5
© UCLES 2020 Page 10 of 16



9231/12 M 'Shafl%yﬁbﬁﬁbm%‘&%?g é‘l&“é@ll&%@!ﬁ&ﬁ College October/November 2020
PUBLISHED
Question Answer Marks Guidance
5(a) =0 - B1 | Correct shape, r decreasing.
o .
/ B1 | Section 1n<@<n correct, becoming tangential at & =.
|
.“MN_
(ln(l + n),O) B1 | May be seen on their diagram. Allow (1.42, 0)
3
n I+n 1 1mi
5(b) % '[0 In’(1+7—0)dd = % L + 12 s du M1 | Uses correct formula with correct limits.
n I+m t: It .
_ Bulnz u]l+ _J~ I du M1 A1l | Integrates by parts once
1 1
| e PR e M1 | Integrates by parts again (or uses known result for integral
= [5uln u]l — [u lnu]1 _.[1 1du of In u)
=Buln2u—ulnu+u]l+n Al
1
2 —
Ll+mn’(+m) -1+ n)In(l+m)+7 = Al | AG
T+ m)In(1+m)(In(1+ ) -2)+
6
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5(c) y=In(14+mn—6)sinf B1 | Uses y=rsind
dy —n(l+ 71— 8)cosO— sin @ _0 M1 A1 | Sets derivative equal to zero.
dé l+n—-6
cos@20=>(1+n-0)In(l+n—-0)—tanf=0 Al | AG
(1+n-1.2)In(1+n—-1.2)—tan1.2 =0.602 B1 | Shows sign change. Values correct to 2sf should be shown.
and (1+n—1.3)In(l1+n—1.3)—tan1.3=-0.634
5
© UCLES 2020
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6(a) e i B1 | Asymptotes labelled.
1
i | B1 | Correct position and shape. Not too truncated.
|
|
|
|
i ".'.
AN
1 — o
ittty o p i‘ ------------
o T 1 o
\-.I 2a x
\
b
|II :
| ]
2
6(b)(i - M1
( )( ) d_y=_—2a(x a3) :O SetS d_y:O
dx  (x-2aq) dx
Solves for x. M1
Since x #2a, stationary point is(a,0). Al
3
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6(b)(ii) (x _ a)2 =(x—a)(x—2a) or (x _ a)2 = —(x—a)(x—2a) M1 | Finds a critical point.
x=a and 24 or(q, 0) or (2a,1) Al | Both x values or one correct point.
(a,0)and (2a, 1) Al
3
6(c) Y | E \ B1 | Axes and asymptotes.
[
|| i I'. B1FT | C, FT from their sketch in part (a). Clearly identified.
clli \ \c
2| Y “Hz B1 | Correct shape of C,. Clearly identified.
(! E '-.C3 =,
Lul . e S i —— B1 | Relative positions and intersections correct.
e |
., 4
C, T .
2a X
x< 3a B1 | Accept algebraic method.
5
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7(a) AB=-j+3k AC=2i—4j+2k B1 | Finds direction vectors of two lines in the plane.
BC=2i-3j-k
i j k M1 A1 | Finds normal to the plane ABC. OE
0 -1 3|=
1 -2 1] 1
50)+3(2)+1(1)=—5=5x+3y+z=-5 M1 A1 | Substitutes point. OE
5
7(b) i j k| (5 M1 A1 | Finds normal to the plane OBC.
-2 1 2|=|2
0 -2 1] \4
5\(5 M1 | Uses dot product of normal vectors.
3 2 |=+/35+/45cos 0
1)\4
28.1° Al | 0.49(0) rad
4
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7(c) i j k -2 M1 A1 | Finds common perpendicular.
0 -1 3|=| 3
t 1 -1 t
2\ (=2 M1 Al | Uses formula for perpendicular distance.
1 —4-10¢
——| 4 | 3t |=|—ox=
VA+102 | 5 ||, | V4102
4 M1 | get 1to +/10 and solves for .
4 —10¢ =x/mz>(4+10t)2=10(4+1012) ets equa 0 /10 and solves for
V4 +10¢
6
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Let a be a positive constant.

ax
x+7

(a) Sketch the curve with equation y =

© UCLES 2020 9231/11/M/J/20
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3
(b) Sketch the curve with equation y = ‘ 4X_| and find the set of values of x for which |-2=|> £
q Yo x+7 x+7|7 72
[4]
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4

The cubic equation 6x° +px> —3x—5 = 0, where p is a constant, has roots a, 3, v.
q D. p Y

(a) Find a cubic equation whose roots are o, /32, }/2 . [3]

(b) Itis given that a®+ B> +y> =2(a+B+7).
(i) Find the value of p. [3]
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M.Shafiq ur Rehman (03247304567) Aitchison College

© UCLES 2020 9231/11/M/J/20 [Tlll‘ll over



3

M.Shafiq ur Rehman (03247304567) Aitchison College

6
. x2
The curve C has equation y = Il
(a) Find the equations of the asymptotes of C. [3]
(b) Find the coordinates of the stationary points on C. [3]
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(¢) Sketch C. [3]
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8

(a) By first expressing in partial fractions, show that

XLZE_LHJ
— 2—1 4 2n(m+1)y

=1

where a and b are integers to be found. [5]

© UCLES 2020 9231/11/M/J/20
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9
b) Deduce the value of . 1
(b) Z; S [1]

2n
(¢) Find the limit, as n — o0, of ) —” 1 (4]
2
r=n+l
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10
5 The lir}es [, and [, have equations r=3i+3k+A(i+4j+4k) and r = 3i—5j—6k+ u(5j+6k)
respectively.
(a) Find the shortest distance between /, and /,. [5]

© UCLES 2020 9231/11/M/J/20
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The plane IT contains /, and is parallel to the vector i+ k.

(b) Find the equation of /1, giving your answer in the form ax+by+cz = d. [4]

© UCLES 2020 9231/11/M/J/20 [Tlll‘ll over
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20
6 LetA—(1 1).

(a) The transformation in the x-y plane represented by A™' transforms a triangle of area 30 cm? into a
triangle of area dcm?.

Find the value of d. [3]

(b) Prove by mathematical induction that, for all positive integers n,

. (2" 0
A _<2n_1 1) [5]

© UCLES 2020 9231/11/M/J/20
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(¢) The line y = 2x is invariant under the transformation in the x-y plane represented by A" B, where
B— 10
- \33 0/)
Find the value of n. [5]
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7  The curve C, has polar equation r = 6cos 6, for 0 < 6 < %TE.
(a) The point on C, furthest from the line 6 = %n is denoted by P. Show that, at P,
20tan6—1=0

and verify that this equation has a root between 0.6 and 0.7. [5]

The curve C, has polar equation r = 6sin6, for 0 < 6 < %n’. The curves C, and C, intersect at the

pole, denoted by O, and at another point Q.

(b) Find the polar coordinates of Q, giving your answers in exact form. [2]

© UCLES 2020 9231/11/M/J/20
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(¢) Sketch C, and C, on the same diagram. [3]

(d) Find, in terms of 7, the area of the region bounded by the arc OQ of C, and the arc OQ of C,. [7]
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1(a) b ¥ B1
i B1
[
/i
A
- - '=':'_'_'+ - el LT T TP ET PR
e ._.-r"-
"1y ;
i
[
|
(B1 for axes and asymptotes correct, B1 for branches correct)
2
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1(b) [ B1 FT
I
/i
— E Ill
! I"'kl_--" et LT T TTTTTY
(B1 FT from sketch in part (a))
ax a ax a M1
=— or =—=
x+7 2 x+7 2
7 Al
x=7 and x=——
3
7 Al
x<-7, —7<x<—§, x>7
4
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2(a) y=x B1
6y* + py—3y* =5=0= y* (6y-3)=—py+5 M1
Y(6y=3)" =(=py+5)° = y(36y* =36y +9)=p’y* —10py +25
36)° —(p* +36)y* +(10p+9)y—25=0 Al
3
2(b)(1) 2 B1
&+ +y =L +36
36
2 M1
p~+36 2p 5
L P 5 12p+36=0
36 c P TP
3
20)(i1) | 6’ + S+ ) =6 + B+ ) +3(a+ B+ y)+15 Mi
a+p+y =5 Al
2
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3(a) x=-1 B1
=(2x+1)(%x—%)+%zlx_l+ 1 M1
2x+1 2Tt 402x4+))
y=lx-1 Al
3
3(b M1
®) d—y:l—%=0:>(2x+l)2=l
dx 2 2(2x+1)
x=0,—-1 Al
(050): (_15_1) Al
3
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3(c) | d B1
l| Bl
W Bl
__,.r" 'y
. i
, I|
|
|
(B1 for axes and asymptotes correct, B1 for upper branch correct, B1 for lower branch correct)
3
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4(a) L 1 _1( 11 j M1 Al
=1 (r=1)(r+1) 2\r-1 r+1
| 1{1 1 1 1 1 1 1 1 1 1 1 1} M1
Z =Tttt -——+ -
Sri-1 2\1 3 2 4 3 5 4 6 n-2 n n-1 n+l
_1(1 1.1 1 j Al
2 2 n n+l
_E_ 2n+1 Al
4 2n(n+1)
5
4(b) 3 B1
1
4(0) 2n n 2n n n n M1
Z 2 :Z 2 _Z 2
re=ntl -1 =T -1 =T -1
3 4n+l 3 2n+l n(2n+1) n(4n+1) MI1Al
=n|—-—————— |—n|—— = -
4 4n(2n+1) 4 2n(n+1) 2n(n+1) 4n(2n+1)
—1 as n— oo Al
4
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5(a) 3 3) (0 B1
=5|-10]|=|-5
-6 3 -9
i j k|l (4 M1 Al
1 4 4|=|-6
0 5 6/ \5
0 4 M1 Al
S 1
95
5
5(b) i j Kk (4 M1 Al
1 4 4/=|3
1 0 1 —4
4(3)+3(0)-4(3)=0 =>4x+3y—-4z=0 M1 Al
4
5(c) 0)\(4 M1 A1FT
-9
5093 :\/a\/ﬂcosa:cosa:—
J61/41
6)\—4
(A1 FT their normal)
Acute angle between /, and ITis @ —90=10.4" Al
3
Page 12 of 15
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6(a) detA™" = (detA)_1 =1 M1 Al
d=15 Al
3
6(b) 20 20 Bl
A= = so true when n=1.
1 1) (2'-1 1
2k 0 B1
Assume that it is true for n =k, so A = .
211
2 0)2 0 2 0 Skl MI1A1
Then A*' = = . -
2 -1 L 1) (2(2=1)+1 1) (271
So, it is also true for n =k +1. Hence, by induction, true for all positive integers. Al
5
6(c) \ 2" 0 [ 1 oj 2" 0 MiAl
A"B= =
2"—1 1)\33 0) (2"+32 0
2" 0 (x} (2« Bl
2"+32 0)\y (2" +32)x
(2" +32)x=2""x=2"=32=n=5 M1 Al
5
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7(a) x=0cos* 0 Bl1
(%:—29c0s65in49+c05249:0 ML AL
cosf#0=20tand—-1=0 Al
2(0.6)tan0.6 —1=-0.179 and 2(0.7)tan0.7 —1=0.179 B1
5
7(b) Ocos@=0sinf = tanf =1 M1
(%n\/ 2,%71) Al
2
7(c) B1
B1
B1
=0

(B1 for initial line drawn and Ci correct, B1 for C2 correct, B1 for intersection correct)

3
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7@ %J‘jn 6’ (cos2 6 —sin? 9)d6 Mi

:%Jjn 6° cos260d6 mi
- %(B 6’ sin 29]5)“ - J'j“esin 29d9] MiAl
= %(B 6” sin 29}? [—%Qcos 20}? —%J. " cos 20d0] Mi
=1[ 6° sin 20+ 6 cos 26— Lsin 29]?‘ Al
—lg?ol Al

7
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2

The cubic equation 7x> +3x% +5x+1 = 0 has roots a, f3, 7.

(a) Find a cubic equation whose roots are ol ﬁ_l, y_l. [3]
(b) Find the value of o >+ B2 +7 2. [2]
(¢) Find the value of o > + 87> +773. [2]
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3
2 The sequence u, u,, u,... issuch that u, = land u  , =2u +1forn=> 1.
(a) Prove by induction that u, = 2" —1 for all positive integers n. [5]
(b) Deduce that u,  is divisible by u for n > 1. [2]
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4
Let S, =22 +6>+10% +...+(4n—2)",
(a) Use standard results from the List of Formulae (MF19) to show that S, = %14(4}12 —1). [4]
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5
N
(b) Express Sﬁ in partial fractions and find Z Sﬁ in terms of N. [4]
n n=1 "
" 7
(¢) Deduce the value of Z; S_n [1]
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4  The matrix A is given by
k0 2
A=10 -1 -1},
1 1 —k
where £ is a real constant.
(a) Show that A is non-singular. [3]
The matrices B and C are given by
0 -3
-3 -1 1
B=|-1 3andC=< 1 1 2).
0 O
X
o -2 =3
It is given that CAB = 1 3).
-T2
(b) Find the value of £. [3]

© UCLES 2020 9231/13/M/1/20
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(¢) Find the equations of the invariant lines, through the origin, of the transformation in the x-y plane
represented by CAB. [5]
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The curve C has polar equation » = atan 8, where a is a positive constant and 0 < 6 < %n.

(a) Sketch C and state the greatest distance of a point on C from the pole. [2]

(b) Find the exact value of the area of the region bounded by C and the half-line 6 = %n. [4]

© UCLES 2020 9231/13/M/1/20



M.Shafiq ur Rehman (03247304567) Aitchison College

9
2
(¢) Show that C has Cartesian equation y = ———. [3]
%a 2 2
(d) Using your answer to part (b), deduce the exact value of f —— dx (2]
0 a —X
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2
6  The curve C has equation y = M.
2x—3
(a) Find the equations of the asymptotes of C. [3]
(b) Show that C has no turning points. [3]
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(¢) Sketch C, stating the coordinates of the intersections with the axes.

© UCLES 2020 9231/13/M/1/20
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. . _|10+x— 2x? .
(d) Sketch the curve with equation y = 3 and find in exact form the set of values of x for
o [10+x—2x
which ‘# < 4, [6]
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7  The lines /, and /, have equations r =—5j+A(5i+2k) and r = 4i+2j—2k+ u(j + k) respectively.

The plane IT contains /, and is parallel to /,.

(a) Find the equation of /1, giving your answer in the form ax+by+cz =d. [4]

© UCLES 2020 9231/13/M/1/20
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The point P on /, and the point Q on /, are such that PQ is perpendicular to both /, and /,.

¢) Show that P has position vector 2 i—5j+ 2= k and state a vector equation for PQ. [8]
p 271720 T 7
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Question Answer Marks

1(a) y=x" B1

7y +3y7 +5y +1=0= 1’ +5y* +3y+7=0 M1 Al

3

1(b) a+ By =(-5"-2(3)=19 M1 Al

1(c) a”+ 7+ ==5(19)-3(-5)—21=-101 M1 Al

4

Question Answer Marks

2(a) u, =1=2"-1 Bl
Assume that it is true for n =4k, so u;, = 2F 1. Bl

Then u,,, =2(2" —1)+1=2""-1 M1 Al

So, it is also true for n =k +1. Hence, by induction, true for all positive integers. Al

5

N P Gt I i Al

=—= =2"+1
u, 2"-1 ( 2" _1)
2
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Question Answer Marks
3(a) n n n M1 A1l
S, = (4r=2" =16 r* —16> r+4n
r=I1 r=1 r=I1
=$n(n+1)2n+1)-8n(n+1)+4n M1
dn(4n* +6n+2-6n-6+3)=4n(4n’ -1) AG Al
4
3(b) n_ 3 311 M1 Al
S, 4(2n-1)2n+1) 8\2n-1 2n+l1
7 3( 111 1 1 1 1 ] Ml
Z—:— l-——t ==+ —-
~s 8 3 3 5 5 77 2N-1 2N+l
3o Al
8L 2N+l
4
3(c) 3 B1
1
© UCLES 2020 Page 7 of 14




9231/13 M.Shafiqyr.Rebman (93247 304564) Aitehisan College May/June 2020
PUBLISHED
Question Answer Marks

4(a) -1 =1 — M1 Al

k +2 =0=>k>+k+2=0

1 -k
1-4(2)=-7 < 0= Non-singular Al
3
4(b) kK 0 2)O0 -3 0 -3k M1 Al
-3 -1 1 -3 -1 1
0 -1 1| -1 3 |= 1 -3
1 1 1 1 2
1 1 -k)L0 O -1 0
-2 9%+3 -2 -3 Al
-1 -3k-3 -1 -3
3
4(c) [2 %](xj_ 2x+3y B1
LS \y) \x+3y

x+%mx:m(2x+%mx) M1 A1l
1+%m=2m+%m2:>3m2+m—2=0 Al
y=—x and 3y—-2x=0 Al
5
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5(a) .-"II B1
!
/
.-"""-
= i =i
i
Maximum distance of C from the pole is a. B1
2
5(b in M1
®) %azjo tan’ 8d6
i i M1 Al
=%a2J-0 sec’6—1d6 =%a2 [tan & — 6’]8
~a’(1-4w) Al
4
5 ra— B1
(C) )C2 4 yz _ al
by
xz(x2+y2)=a2y2:>y2(a2—x2)=x4 M1
2 Al
X
y= AG
V(@ —2)
3
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5(d) L(acosin)(asinin)-1a’*(1-1n)=1a’(1n-1) MI ATFT
(A1 FT their (b))
11
Question Answer Marks
6(a) x=3 Bl
2% +x+10=(2x-3)(-x-1)+7=> y=—x-1 M1 Al
3
6(b) dy  (2x=3)(1-4x)-2(10+x—2x7) M
dr (2x-3)’
Al
4x* —12x+23=0 ord—yz—l—i2
dx (2x-3)
12% —4(4)(23)=-224<0 (or y'<0 ) = No turning points. Al
3
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6(c) ™ B1
% . B1
. I
o .
"'H.. 1
——
X
|
(l§1 for axes and asymptotes correct, B1 for branches correct)
(0,—%),(—2,0), %70) B1
3
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6(d) V4 B1FT
B1
=
(B1 FT for their sketch in (¢), B1 for correct shape at infinity)
10+ x —2x° 10+x—2x° M2
—— =4 or ———=—
2x-3 2x-3
2x* +7x-22=0 or 2x* -9x+2=0
x=—1.2 or x=1(9%65) Al
~L<x<2(9-65) and 2<x<(9+V65) ALFT
6
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7(a) i j Kk (-2 M1 Al
5 0 2/=|-5
01 1/ |5
—5(=5)=25 M1
—2x—-5y+5z=25 Al
4
7(b) 0 4 —4 M1
-5|-12 |=|-7
0 —2) (2
-4\ (=2 M1 A1
Ll gl s =227
54 54
2 )\ 5
3
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7(c) 54 4 4-51 M1 Al
oP=| -5 ,O—Q: 2+u :TQ: T+ u
24 —2+u 2+u-24
4-5) 5 4-51 -2 M1
T+u ¢ 0|=0 or T+u =k| -5
2+u-24)2 2+u-22 5
—294+2u=-16 Al
4-52 0 Al
T+u 1 |=0=>-224A+2u=-5
2+u-24)\1
55 M1 Al
A=l o=t i35 )= Ei—5j+2k
27 27 27 27
22
55 -2 B1FT
r:L —135|+k| -5
27
22 5
(B1 FT their common perpendicular)
8

© UCLES 2020

Page 14 of 14



