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1 The curve C has equation y = xa for 0 ≤ x ≤ 1, where a is a positive constant. Find, in terms of a, the

coordinates of the centroid of the region enclosed by C, the line x = 1 and the x-axis. [6]
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2 It is given that y = ln�ax + 1�, where a is a positive constant. Prove by mathematical induction that,

for every positive integer n,

dny

dxn
= �−1�n−1 �n − 1�!an

�ax + 1�n . [6]
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3 The integral I
n
, where n is a positive integer, is defined by

I
n
= Ó 1

1
2

x−n sin 0x dx.

(i) Show that

n�n + 1�I
n+2 = 2n+1n + 0 − 02I

n
. [5]
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(ii) Find I
5
in terms of 0 and I

1
. [2]
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4 The line y = 2x + 1 is an asymptote of the curve C with equation

y = x2 + 1

ax + b
.

(i) Find the values of the constants a and b. [3]
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(ii) State the equation of the other asymptote of C. [1]
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(iii) Sketch C. [Your sketch should indicate the coordinates of any points of intersection with the

y-axis. You do not need to find the coordinates of any stationary points.] [3]
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5 Let S
N
=

NÐ
r=1

�5r + 1��5r + 6� and T
N
=

NÐ
r=1

1

�5r + 1��5r + 6� .

(i) Use standard results from the List of Formulae (MF10) to show that

S
N
= 1

3
N�25N2 + 90N + 83�. [3]
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(ii) Use the method of differences to express T
N
in terms of N . [4]
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(iii) Find lim
N→∞

�
N−3S

N
T
N

�
. [2]
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6 With O as the origin, the points A, B, C have position vectors

i − j, 2i + j + 7k, i − j + k

respectively.

(i) Find the shortest distance between the lines OC and AB. [5]
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(ii) Find the cartesian equation of the plane containing the line OC and the common perpendicular

of the lines OC and AB. [4]
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7 The equation x3 + 2x2 + x + 7 = 0 has roots !, ", '.
(i) Use the relation x2 = −7y to show that the equation

49y3 + 14y2 − 27y + 7 = 0

has roots
!
"' ,

"
'! ,

'
!" . [4]
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(ii) Show that
!2
"2'2 + "2

'2!2 + '2
!2"2 = 58

49
. [3]
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(iii) Find the exact value of
!3
"3'3 + "3

'3!3 + '3
!3"3 . [2]
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8 The matrix M is defined by

M =
` 2 m 1

0 m 7

0 0 1

a
,

where m ≠ 0, 1, 2.

(i) Find a matrix P and a diagonal matrix D such thatM = PDP−1. [7]
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(ii) FindM7P. [3]
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9 (i) Use de Moivre’s theorem to show that

sec 61 = sec61
32 − 48 sec21 + 18 sec41 − sec61 . [6]
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(ii) Hence obtain the roots of the equation

3x6 − 36x4 + 96x2 − 64 = 0

in the form sec q0, where q is rational. [5]
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10 The matrix A is defined by

A =
` 1 5 1

1 −2 −2
2 3 1

a
.

(i) (a) Find the rank of A when 1 ≠ −1. [3]
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(b) Find the rank of A when 1 = −1. [1]
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Consider the system of equations

x + 5y + z = −1,
x − 2y − 2z = 0,

2x + 3y + 1z = 1.
(ii) Solve the system of equations when 1 ≠ −1. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2019 9231/11/O/N/19

M.Shafiq ur Rehman (03247304567) Aitchison College



17

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Find the general solution when 1 = −1. [3]
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(iv) Show that if 1 = −1 and & ≠ −1 then Ax =
`−1

0

&

a
has no solution. [2]
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11 Answer only one of the following two alternatives.

EITHER

It is given that w = cos y and

tan y
d2y

dx2
+
@
dy

dx

A2 + 2 tan y
dy

dx
= 1 + e−2x sec y.

(i) Show that

d2w

dx2
+ 2

dw

dx
+w = −e−2x. [4]

........................................................................................................................................................
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(ii) Find the particular solution for y in terms of x, given that when x = 0, y = 1
3
0 and dy

dx
= 1

ï3 . [10]
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OR

The curves C
1
and C

2
have polar equations, for 0 ≤ 1 ≤ 1

2
0, as follows:

C
1
: r = 2

�
e1 + e−1�,

C
2
: r = e21 − e−21.

The curves intersect at the point P where 1 = !.
(i) Show that e2! − 2e! − 1 = 0. Hence find the exact value of ! and show that the value of r at P is

4ï2. [6]
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(ii) Sketch C
1
and C

2
on the same diagram. [3]

(iii) Find the area of the region enclosed by C
1
, C

2
and the initial line, giving your answer correct to

3 significant figures. [5]
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.
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Question Answer Marks Guidance 

1 111

0
0

1d
1 1

+ 
= = = + + 
∫

a
a xA x x

a a
  

B1 Finds area of region. 

 11 1 2
1

0 0 0

1d   d  
2 2

+
+  

= = = = + + 
∫ ∫

a
a xAx xy x x x

a a
 

M1 A1
Finds 

1

0

d  ∫xy x . 

 11 1 2 1
2 2

0 0 0

12  d   d
2 1 2 1

+ 
= = = = + + 
∫ ∫

a
a xAy y x x x

a a
 

M1 A1
Finds 

1
2

0

d  ∫y x . 

( ) ( )
1 1,  ,  
2 2 2 1

 + +
=   + + 

a ax y
a a

 
A1 Both coordinates correct. 

  6  
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Question Answer Marks Guidance 

2 
( )

( )

1
0

1
d 0!1
d 1 1

= = −
+ +

y a a
x ax ax

 

so true for 1=n . 

M1 A1 Proves base case. 

 

Assume that  for some positive integer k. 

B1 States inductive hypothesis. 

 Then  

 
so true for 1= +n k . 

M1 A1 Differentiates k th derivative. 

 By induction, true for every positive integer n . A1 States conclusion. 

  6  

k

k
k

k

k

ax
ak

x
y

)1(
)!1()1(

d
d 1

+
−

−= −

1

1

1
1

1

1

)1(
!)1(

)1(
)!1()1(

d
d

+

+

+
−

+

+

+
−=

+
−

−−= k

k
k

k

k
k

k

k

ax
ak

ax
akka

x
y
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Question Answer Marks Guidance 

3(i) 1 11 1

2
1 1
2 2

sin π π cosπ  d
1 1

n n

n
x xI x x x
n n

− − − −

+

 
= − − − − − 

∫  
M1 A1 Integrates by parts.  

 
1 11

1 1
2 2

2 π cosπ π sin π  d
1 1

n n nx xx x x
n n n n

+ − −
 
  

= + +  + + − −  
 

∫  

M1 Integrates by parts again. 

 12 π 1 π
1 1

n

nIn n n n

+  = + − + +  
 

( ) 1
2

1 π1 2 πn
n nn I I

n n
+

+
 ⇒ + = + − 
 

 

M1 Uses nI . 

 ( ) 1 2
21 2 π πn

n nn n I n I+
+⇒ + = + −  A1 AG 

  5  

3(ii) 2
3 12 4 π πI I= + −  

( )
2

2
5 1

π12 48 π 4 π π
2

I I= + − + −  

M1 Substitutes 3I  into reduction formula. 

 ( )2 3 4
5 1

14 2π 4π π π
24

I I⇒ = + − − +  
A1 AEF, must be exact with fractions simplified. 

  2  
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Question Answer Marks Guidance 

4(i) ( )( )2 1 2 1+ = + + +x ax b x c  M1 Uses that 2 1+x  is the quotient. 

 1 1,  
2 4

⇒ = = −a b  
A1 A1  

  3  

4(ii) 1
2

=x  
B1 FT  

  1  
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Question Answer Marks Guidance 

4(iii) B1 Intersection (0,-4) given and asymptotes drawn.  

 B1 Left branch correct. 

 B1 FT Right branch correct.  
 
Deduct at most one mark for poor forms at infinity.   

  3  
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Question Answer Marks Guidance 

5(i) 
( )( ) 2

1 1 1

5 1 5 6 25 35 6
= = =

+ + = + +∑ ∑ ∑
N N N

r r r

r r r r N  
M1 Expands. 

 
( )( ) ( )1 125 1 2 1 35 1 6

6 2
   + + + + +   
   
N N N N N N  

M1 Substitutes formulae for ∑ r  and 2∑ r . 

 ( ) ( )2 225 35 35 12 3 1 6 25 90 83
6 2 2 3

 = + + + + + = + + 
 

N N N N N N N  
A1 Simplifies to the given answer (AG). 

  3  

5(ii) 

( )( )
1 1 1 1

5 1 5 6 5 5 1 5 6
 = − + + + + r r r r

 
M1 A1 Finds partial fractions. 

 1 1 1 1 1 1 1
5 6 11 11 16 5 1 5 6
 = − + − + + − + + 

NT N N
 

M1 Expresses terms as differences. 

 
( )

1 1 1 1 1
5 6 5 6 30 5 5 6
 − = − + + N N

 
A1 At least 3 terms including last. 

  4  

5(iii) 
3

25 1 5
3 30 18

N
N

S T
N

→ × =  
M1 A1 Divides NS  by 3N  and takes limits as →∞N  

  2  
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Question Answer Marks Guidance 

6(i) 1
2
7

 
 =  
 
 

AB  

B1  

 9 3
1 1 1 6 2
1 2 7 3 1

−   
   × = − = − =   
   −   

OC AB t
i j k

 

M1 A1 Finds direction of common perpendicular. 

 

2 2 2

1 3
1 2

0 1 1 0.267
143 2 1

   
   − ⋅   
   −    = =

+ +
 

M1 A1 Uses formula for shortest distance. 

  5  

6(ii) 1
1 1 1 4
3 2 1 5

t
− 
 = − =  
 −  

i j k
n  

M1 A1 Finds normal to plane. 

 ( ) ( ) ( )0 4 0 5 0 0− + + =  M1 Uses point on plane. 

 4 5 0− + + =x y z  A1 AEF 

  4  
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Question Answer Marks Guidance 

7(i) ( ) ( )7 7 2 7 7 7 0− − + − + − + =y y y y  

( ) ( ) ( )2 27 7 1 14 7  7 7 1 14 7⇒ − − + = − ⇒− − + = −y y y y y y  

M1 Uses given substitution and eliminates radical.   

 3 249 14 27 7 0⇒ + − + =y y y  A1 AG 

 2 2

7 αβγ
= =
−
x xy  

M1 Uses 7αβγ = − . 

 
So roots are 

2 2 2

,  ,  α α β β γ γ
αβγ βγ αβγ αγ αβγ αβ

= = =  
A1 AG 

  4  

7(ii) 
2 2 2

2 1 1 1 27,   
7 49

α β γ
βγ αγ αβ γ β α

+ + = − + + = −  
B1 States sum of roots and ' ' ' ' ' 'α β α γ β γ+ + .  

 22 2 2

2 2 2 2 2 2

2 27 582
7 49 49

α β γ
β γ α γ α β

   + + = − − − =   
   

 
M1 A1 Uses 

( ) ( )22 2 2
   ' ' ' ' ' ' 2 ' ' ' ' ' 'α β γ α β γ α β α γ β γ+ + = + + − + +   

AG 

  3  

7(iii) 3 3 3

3 3 3 3 3 3

58 249 14 27 21
49 7

α β γ
β γ α γ α β

     + + = − + − −     
    

 
M1 Uses   3 249 ' 14 27 7α α α= − + ′ −′ . 

 3 3 3

3 3 3 3 3 3

317
343

α β γ
β γ α γ α β

⇒ + + = −  
A1  

  2  
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Question Answer Marks Guidance 

8(i) Eigenvalues of (upper diagonal matrix) A  are 2, m  and 1. 
(Or from characteristic equation:  ( )( )( )λ 2 λ λ 1 0m− − − = ) 

B1  

 

λ 2 :=   1

2 1
0 2 1 0 0
0 0 1 0 0

−   
   = − = =   
   −    

m
m t

i j k
e  

M1 A1 Uses vector product (or equations) to find corresponding 
eigenvectors. 

 

λ :m=   ( )2

7
2 1 7 2 2

0 0 7 0 0

   
   = − = − = −   
   
   

m m
m m m t m

i j k
e  

A1  

 

λ 1:=   3

6 1 6 1
1 1 7 7
0 1 7 1 1

+ +   
   = = − = −   
   − − −   

m m
m t
m m m

i j k
e  

A1  

 

Thus 
1 6 1
0 2 7
0 0 1

+ 
 = − − 
 − 

m m
m

m
P  and 

2 0 0
0 0
0 0 1

 
 =  
 
 

mD   

M1 A1  
FT 

Or correctly matched permutations of columns. No follow 
through on two or more zero eigenvectors. 

  7  
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Question Answer Marks Guidance 

8(ii) 

=

7

7

1 6 1 2 0 0
0 2 7 0 0
0 0 1 0 0 1

 + 
  − −   

  −  

m m
m m

m
 

M1 A1  
FT

Applies . 

 7 8

8 7

2 6 1
0 2 7
0 0 1

 +
 

= − − 
 − 

m m
m m

m
 

A1 Order of columns might be swapped depending on P. 

  3  

   

Question Answer Marks Guidance 

9(i) Write cosθ=c , sinθ=s . 

( )6cos 6 sin 6θ θ+ = +i c is  

M1 Uses binomial theorem. 

 6 4 2 2 4 6cos6 15 15  θ⇒ = − + −c c s c s s  A1  

 ( ) ( ) ( )2 36 4 2 2 4 6 6 4 2 2 2 215 15 15 1 15 1 1− + − = − − + − − −c c s c s s c c c c c c  M1 Uses 2 21= −c s . 

 ( ) ( ) ( )6 4 2 2 2 4 2 4 615 1 15 1 2 1 3 3= − − + − + − − + −c c c c c c c c c  A1  

 6 4 232 48 18 1= − + −c c c  M1 Divides numerator and denominator by 6c .  

 6

6 4 2 2 4 6

1 secsec6
32 48 18 1 32 48sec 18sec sec

θθ
θ θ θ

⇒ = =
− + − − + −c c c

 
A1 AG 

  6  

7177 PDPPPDPM == −

177 −= PPDM
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Question Answer Marks Guidance 

9(ii) 
( )

6
6 2 4 6

2 4 62 32 48 18  2
32 48 18

= − + − ⇒ =
− + −

xx x x x
x x x

 
M1 A1 Relates with equation in part (i).  

 1sec6 2 cos6
2

θ θ= ⇒ =  
M1

Solves 
1cos6
2

θ = . 

 
sec

18
π

=x  
A1 Gives one correct solution. 

 
sec π=x q ,  

5 7 11 13 17,  ,  ,  ,  
18 18 18 18 18

=q  
A1 Gives five other solutions. Allow different values of q  as long 

as all six solutions are found. 

  5  
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10(i) 1 5 1 1 5 1
1 2 2 0 7 3
2 3 0 0 1θ θ

   
   − − → − −   
   +   

 

M1 A1 Reduces to echelon form. At least one row operation for M1. 

 ( ) 3=r A  if 1θ ≠ −  A1  

 ( ) 2=r A  if 1θ = −  B1  

  4  

10(ii) x 5y+ z+  = 1−  
7y− 3z−  = 1 

( 1)zθ +  = ( 1)θ +
 

M1 Uses reduced form of augmented matrix or eliminates 
variables from scratch.  

 

 4 61,  ,  
7 7

= = − =z y x  
A1
A1

One correct. 
All three correct. 

  3  

10(iii) x 5y+ z+  = 1−  
7y− 3z−  = 1 

( 1)zθ +  = ( 1)θ +
 
=z t  M1

 
 
 
 
 
Uses parameter. 

 3 1 8 2,  
7 7
+ −

= − =
t ty x  

A1 A1  

  3  
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Question Answer Marks Guidance 

10(iv) 5          1+ + = −x y z , 
    7        3 1− − =y z , 

( )             1 1θ φ+ = +z           

M1 Uses reduced form of augmented matrix or eliminates 
variables from scratch 

 1 1  θ φ= − ⇒ = − so no solution (inconsistent). A1  

  2  

   

Question Answer Marks Guidance 

11E(i) d dcos sin
d d

= ⇒ = −
w yw y y
x x

 
B1  

 22 2

2 2

d d dsin cos
d d d

 = − −  
 

w y yy y
x x x

 
B1  

 22 2

2 2

d d d d d2 sin cos 2sin cos
d d d d d

 + + = − − − + 
 

w w y y yw y y y y
x x x x x

 
M1 Uses substitution to obtain w - x  equation, AG. 

 ( )2 2cos e sec e− −= − = −x xy y  A1  

  4  
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Question Answer Marks Guidance 

11E(ii) 2 2 1 0 1+ + = ⇒ = −m m m  M1 Finds CF. 

 CF: ( )e−= + xw Ax B  A1  

 PI: 2 2 2e 2 e 4 e− − −= ⇒ = − =′ ′⇒ ′x x xw k w k w k  M1 Forms PI and differentiates. 

 4 4 1 1− + = − ⇒ = −k k k k  A1  

 ( ) 2e e− −= + −x xw Ax B  A1 States general solution. 

 0=x , ,  ⇒  
B1 Uses initial conditions to find constants. 

 ( ) 2e e 2e− − −′ += − + +x x xw Ax B A  M1 Differentiates general solution. 

 0=x , , ,  M1 A1 Substitutes initial conditions. 

 
1 23cos e e

2
− − −  = − −  

  
x xy x  

A1 States particular solution for y  in terms of x . 

  10  

π3
1=y 2

1=w 2
3=B

π3
1=y 3

3'=y 12' 2
3

2
1

2
1 −=⇒++−=−⇒−= AAw
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Question Answer Marks Guidance 

11O(i) ( )2 2  e e 2 e e e e 2α α α α α α− − −− = + ⇒ − =  M1 Sets equations equal and divides by e eα α−+ . 

 2e 2e 1 0  e 1 2α α α− − = ⇒ = +  M1 A1 Forms quadratic in eα , AG. 

 ( )ln 1 2α = +  A1 Must be exact. 

 ( )2 1 2 2 1 4 2= + + − =r  M1 A1 Substitutes to find r . 

  6  

11O(ii) 

 

B1
1C  has correct shape. 

 B1
2C  has correct shape. 

 B1 Intersection points positioned correctly. 

  3  
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11O(iii) ( )
( )

( )
( )

ln 1 2 ln 1 2
2 22 2

0 0

12 e e  d e e  d  
2

θ θ θ θθ θ
+√ +√

− −+ − −∫ ∫  

( )ln 1 2
2 2 4 4

0

1 15 2e 2e e e  d
2 2

θ θ θ θ θ
+√

− −= + + − −∫  

M1 A1
Uses 21 d

2
r θ∫  to formulate correct area. 

 ( )ln 1 2
2 2 4 4

0

1 15 e e e e
8 8

θ θ θ θθ
+√

− − = + − − +  
 

M1 A1 Expands and integrates. 

 ( ) ( ) ( ) ( )2 2 4 415ln(1 2) 1 2 1 2 1 2 1 2 5.82
8

− − = + √ + + − + − + − + = 
 

 
A1  

  5  
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2

1 A curve C has equation cos y = x, for −0 < x < 0.
(i) Use implicit differentiation to show that

d2y

dx2
= − cot y@dy

dx

A2
. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Hence find the exact value of
d2y

dx2
at the point

 
1
2
, 1
3
0! on C. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2019 9231/11/M/J/19

M.Shafiq ur Rehman (03247304567) Aitchison College



3

2 Let u
n
= 4 sin

�
n − 1

2

�
sin 1

2

cos�2n − 1� + cos 1
.

(i) Using the formulae for cosP ± cosQ given in the List of Formulae MF10, show that

u
n
= 1

cosn
− 1

cos�n − 1� . [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Use the method of differences to find
NÐ
n=1

u
n
. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Explain why the infinite series u
1
+ u

2
+ u

3
+à does not converge. [1]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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4

3 The lines l
1
and l

2
have equations r = 6i + 2j + 7k + ,�i + j� and r = 4i + 4j + -�−6j + k� respectively.

The point P on l
1
and the point Q on l

2
are such that PQ is perpendicular to both l

1
and l

2
. Find the

position vectors of P and Q. [8]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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4 It is given that, for n ≥ 0,

I
n
= Ó 1

0

xnex
3

dx.

(i) Show that I
2
= 1

3
�e − 1�. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Show that, for n ≥ 3,

3I
n
= e − �n − 2�I

n−3. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Hence find the exact value of I
8
. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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5 A curve C is defined parametrically by

x = 2

et + e−t and y = et − e−t
et + e−t ,

for 0 ≤ t ≤ 1. The area of the surface generated when C is rotated through 20 radians about the x-axis

is denoted by S.

(i) Show that S = 40Ô 1

0

et − e−t
�
et + e−t�2 dt. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) Using the substitution u = et + e−t, or otherwise, find S in terms of 0 and e. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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6 The equation

x3 − x + 1 = 0

has roots !, ", '.
(i) Use the relation x = y

1
3 to show that the equation

y3 + 3y2 + 2y + 1 = 0

has roots !3, "3, '3. Hence write down the value of !3 + "3 + '3. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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Let S
n
= !n + "n + 'n.

(ii) Find the value of S−3. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Show that S
6
= 5 and find the value of S

9
. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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7 Find the particular solution of the differential equation

10
d2x

dt2
+ 3

dx

dt
− x = t + 2,

given that when t = 0, x = 0 and
dx

dt
= 0. [10]

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................
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8 (i) Prove by mathematical induction that, for z ≠ 1 and all positive integers n,

1 + z + z2 +à + zn−1 = zn − 1

z − 1
. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) By letting z = 1
2
�cos 1 + i sin1�, use de Moivre’s theorem to deduce that

∞Ð
m=1

�
1
2

�m
sinm1 = 2 sin1

5 − 4 cos1 . [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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9 It is given that e is an eigenvector of the matrix A, with corresponding eigenvalue ,.
(i) Show that e is an eigenvector of A2, with corresponding eigenvalue ,2. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

The matrices A and B are given by

A =
`n 1 3

0 2n 0

0 0 3n

a
and B = �A + nI�2,

where I is the 3 × 3 identity matrix and n is a non-zero integer.

(ii) Find, in terms of n, a non-singular matrix P and a diagonal matrix D such that B = PDP−1. [8]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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10 The curves C
1
and C

2
have equations

y = ax

x + 5
and y = x2 + �a + 10�x + 5a + 26

x + 5

respectively, where a is a constant and a > 2.

(i) Find the equations of the asymptotes of C
1
. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Find the equation of the oblique asymptote of C
2
. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Show that C
1
and C

2
do not intersect. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(iv) Find the coordinates of the stationary points of C
2
. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(v) Sketch C
1
and C

2
on a single diagram. [You do not need to calculate the coordinates of any

points where C
2
crosses the axes.] [3]
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11 Answer only one of the following two alternatives.

EITHER

The curve C
1
has polar equation r2 = 21, for 0 ≤ 1 ≤ 1

2
0.

(i) The point on C
1
furthest from the line 1 = 1

2
0 is denoted by P. Show that, at P,

21 tan1 = 1

and verify that this equation has a root between 0.6 and 0.7. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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The curve C
2
has polar equation r2 = 1 sec21, for 0 ≤ 1 < 1

2
0. The curves C

1
and C

2
intersect at the

pole, denoted by O, and at another point Q.

(ii) Find the exact value of 1 at Q. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) The diagram below shows the curve C
2
. Sketch C

1
on this diagram. [2]

1 = 0
O

1 =
1

2
0

C
2
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(iv) Find, in exact form, the area of the region OPQ enclosed by C
1
and C

2
. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2019 9231/11/M/J/19

M.Shafiq ur Rehman (03247304567) Aitchison College



23

OR

The linear transformation T : >4 → >4 is represented by the matrix

M =
�−1 2 3 4

1 0 1 −1
1 −2 −3 a

1 2 5 2

�

.

(i) For a ≠ −4, the range space of T is denoted by V .

(a) Find the dimension of V and show that

�−1
1

1

1

�

,

�
2

0−2
2

�

and

�
4−1
a

2

�

form a basis for V . [5]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................
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(b) Show that if

�
x

y

z

t

�

belongs to V then x + 2y = t. [4]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................
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(ii) For a = −4, find the general solution of

Mx =
�−1

1

1

1

�

. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)

must be clearly shown.
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........................................................................................................................................................................
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........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................

........................................................................................................................................................................
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........................................................................................................................................................................
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Question Answer Marks Guidance 

1(i) ( ) 1d dsin 1  sin
d d

−− = ⇒ = −
y yy y
x x

 
M1 A1 Differentiates implicitly once. 

 
( )

22
2

2
d d dsin cos  cot

d dd
−    = = −   

   

y y yy y y
x xx

 
M1 A1 Differentiates again, AG. 

  4  

1(ii) 1d 2sin
d 3 3

π −
 = − = − 
 

y
x

 
B1  

 22

2
d 1 2 4 4 3

9d 3 3 3 3
 

= − − = − = − 
 

y
x

 
B1 AEF, must be exact.  

  2  
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Question Answer Marks Guidance 

2(i) 

( )
( )( )

( )

1 14sin sin 2 cos 1 cos2 2
cos 2 1 cos1 2cos cos 1

 −  − −  =
− + −

n n n
n n n

 

M1 Uses formulae for cc s s .o oP Q±   

 
( )

1 1
cos cos 1n n

−
−

 
A1 AG 

  2  

2(ii) 

( ) ( )1 1

1 14sin sin
1 12 2

cos 2 1 cos1 cos cos 1

N N

n n

n

n n n= =

 − 
  = −

− + −∑ ∑  

( )
1 1 1 1 1 1

cos1 1 cos 2 cos1 cos cos 1
= − + − +…+ −

−N N
 

M1 Applies (i), shows enough terms and cancelation.  

 11
cosN

− +  
A1  

  2  

2(iii) cos  N  oscillates as →∞N  so  does not converge. B1 States “oscillates” or refers to diverging values of cosN . 

  1  

…+++ 321 uuu
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Question Answer Marks Guidance 

3 6 4 2
2 , 4 6     2 6

7 7

λ λ
λ µ λ µ

µ µ

+ − −     
     = + = − ⇒ = − −     
     − +     

OP OQ PQ  
M1 A1 Finds PQ . 

 ˙
2 1

2 6 1 0
7 0

λ
λ µ

µ

− −  
  − − =  
  − +  

 

Or 
2 1

2 6 1 1 0 1
7 0 6 1 6

λ
λ µ

µ

− −   
   − − = = −   
   − + − −   

k k
i j k

 

M1 Uses that dot product of PQ  with line directions is 0 . 
Or, alternatively, PQ  is multiple of common perpendicular. 
 

 2 6 0λ µ− − =  A1 Deduces one equation. CWO. 

 ˙
2 0

2 6 6 0  6 37 19
7 1

λ
λ µ λ µ

µ

− −  
  − − − = ⇒ + =  
  − +  

 

A1 Deduces second equation. CWO. 

 3,  1λ µ= − =  M1 A1 Solves simultaneous equations. 

 3 4
1 , 2

7 1
OP OQ

   
   = − = −   
   
   

 
A1 States OP  and OQ . 

  8  
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Question Answer Marks Guidance 

4(i) 
( )

3 3
1 1

2

0
0

1 1d 1
3 3
 = = − ∫ x xx e x e e  

M1 A1 Must show working, AG. 

  2  

4(ii) 3 3 3
1 11

2 2 2 3

00 0

1 2 d  d
3 3

− − −− = = −  ∫ ∫n x n x n x
n

nI x x e x x e x e x  
M1 A1 Integrates by parts.  

 ( )3 3
2    3 2

3 3 n n n
e n I I e n I− −

−
− ⇒ = − −  

A1 AG 

  3  

4(iii) ( ) ( )5 2
1 1 13 1
3 3 3

= − = − + =I e I e e  
M1 A1 Applies reduction formula once and uses (i). 

 

 ( ) ( )8 5
1 16 2 .
3 3

= − = −I e I e  
A1 Must be exact. 

  3  
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Question Answer Marks Guidance 

5(i) ( )
( )2

2 e ed
d e e

−

−

− −
=

+

t t

t t

x
t

 
B1  

 ( ) ( )
( )

( )( )
( ) ( )

2 2

2 2 2

e e e e 2e 2ed 4
d e e e e e e

− − −

− − −

+ − −
= = =

+ + +

t t t t t t

t t t t t t

y
t

 
B1

Differentiates and simplifies. Accept 
2

e e1 .
e e

t t

t t

−

−

 −
−  

+ 
 

 ( )
( )

( )
( )

2 2
2 2

4 4

4 e e 16 4 e ed d
d d e e e e

− −

− −

− + +   + = =   
    + +

t t t t

t t t t

x y
t t

 
M1 A1

Attempt at writing 
2 2d d

d d
   +   
   

x y
t t

 as a square. 

 

( )
1 1

2
0 0

e e 2 e e2π  d 4π  d
e e e e e e

t t t t

t t t t t t
S t t

− −

− − −

 − − = =  + +   +
∫ ∫  

A1 Uses correct formula, simplifies to AG. 

  5  

5(ii) 1
1e e2 1

2
2

4π  d 4π
e e

S u u u
−

−+
+− − = = − ∫  

M1 A1 Applies given substitution. 

 
1

1 14π .
2 e e−

 = − + 
 

A1 AEF, must be exact. 

  3  
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Question Answer Marks Guidance 

6(i) ( )31= +y y  M1 Obtains an equation in y  not involving radicals. 

 3 2 3 23 3 1  3 2 1 0y y y y y y y= + + + ⇒ + + + =  A1 AG 

 3 3= −S  B1  

  3  

6(ii) 3 3 3 3 3 3

3 3 3 3
2 2
1

α β β γ α γ
α β γ−
+ +

= = = −
−

S  
M1 A1  

  2  

6(iii) ( ) ( )2
6 3 2 2 5= − − =S  M1 A1 Uses ( )2 2 2

α β

α α αβ
≠

∑ = ∑ + ∑ . AG. 

 ( ) ( )9 6 33 2 3 3 5 2 3 3 12= − − − = − − − − = −S S S  M1 A1 Sums 3 23 2 1 0− + − =y y y  for 3 3 3, ,  α β γ=y . 

  4  
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Question Answer Marks Guidance 

7 ( )( )210 3 1 0  2 1 5 1 0+ − = ⇒ + − =u u u u  M1 Axillary equation  

 
CF: 

11
52e e

−
= +

tt
x A B  

A1  

 
PI: 

¨
  0= + ⇒ = ⇒ =x p qt x q x  

M1 Forms PI and differentiates.  

 3 2 1, 5.− − = + ⇒ = − = −q p qt t q p  M1 A1 Substitutes.  

 
GS: 

11
52e e 5

−
= + − −

tt
x A B t  

A1 States general solution.  

 11
521 1e e 1

2 5
−

= − + −
tt

x A B  
M1 Differentiates. 

 5+ =A B  
1 1 1
2 5

− + =A B  

M1 Forms simultaneous equations. 

 0,  5A B= =  A1  

 1
55e 5= − −
t

x t  
A1 States PS. 

  10  
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Question Answer Marks Guidance 

8(i) 1 11
1
−

=
−
z
z

 

So true when 1=n . 

B1 Shows base case. 
 

 
Assume that 1 11

1
− −

+ +…+ =
−

k
k zz z

z
 

B1 States inductive hypothesis. 

 Then 
( ) 1

1 1 11 11 ,
1 1 1

+
− − + −− −

+ +…+ + = + = =
− − −

k kk k
k k k z z zz zz z z z

z z z
 

so true when 1= +n k   

M1 A1 Combines fractions. 

 1+→k kH H  Hence, by induction, true for all positive integers. A1 States conclusion.  

  5  
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Question Answer Marks Guidance 

8(ii) 
Since 1<z ,  

0

1
1

∞

=

−
=

−∑ m

m

z
z

 
B1 States 1<z  and uses formula for sum to infinity of 

geometric progression. 

 

1 0

12 sin Im Im 1 1cos i sin 1
2 2

θ
θ θ

∞ ∞
−

= =

 
   −

= =   
   + −

 

∑ ∑m m

m m

m z  

M1 A1 Uses de Moivre’s theorem. 

 

2 2

1 1cos 1 i sin
2 2Im 1 1cos cos 1 sin

4 4

θ θ

θ θ θ

  − − −    
 − + + 
 

 

M1 Multiply numerator and denominator by conjugate. 
 

 1 sin 2sin2
5 5 4coscos
4

θ θ
θθ

=
−−

 

A1 States imaginary part, AG.   

  5  
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Question Answer Marks Guidance 

9(i) ( )2 2λ λ= = =A e A Ae Ae e  M1 A1 AG 

  2  

9(ii) Eigenvalues of A  are , 2n n  and 3n .  B1  

 
:λ = n   

3 1
0 1 3 0 0
0 0 0 0

n
t

n

−   
   = = =   
   
   

1

i j k
e  

M1 A1 Uses vector product (or equations) to find corresponding 
eigenvectors. 

 

2 :λ = n   
2

1
1 3

0 0 0 0

n

n n t n
n

   
   = − = =   

     

2

i j k
e  

A1  

 

3 :λ = n   

2

3 3
2 1 3 0 0
0 0 22

n
n t

n nn

   
   = − = =   

  −   

3

i j k
e  

A1  

 Eigenvalues of + nA I  are 2 , 3n n  and 4n  B1  

 

Thus 
1 1 3
0 0
0 0 2

 
 =  
 
 

n
n

P  and 

( )
( )

( )

2

2

2

2 0 0

0 3 0

0 0 4

 
 
 =
 
 
 

n

n

n

D  

M1 A1 Or correctly matched permutations of columns. 

  8  
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10(i) 5    and   = − =x y a  B1 B1  

  2  

10(ii) ( ) ( )( )2x 10 5 26 5 5 1+ + + + = + + + +a x a x x a  M1 By inspection or long division. 

 oblique asymptote is  5y x a= + +  A1  

  2  

10(iii) 2 10 5 26 0+ + + =x x a  M1 Puts y –values equal and forms quadratic equation. 

 ( )210 4 5 26 4 20 0− + = − − <a a  so no intersection point A1 Correct discriminant and conclusion.   

  2  

10(iv) ( )( ) 25 2 10 10 5 26 0+ + + − − − − − =x x a x ax x a  M1 Differentiates and forms quadratic equation. 

 2 10 24 0x x+ + =  A1  

 Stationary points are ( )4, 2− +a  and ( )6, 2− −a  A1 Must have both points. 

  3  
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10(v) B1 Asymptotes drawn, intersection correct.  

B1 1C  correct. 

B1 2C  correct. 
 

  3  
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11E(i) 1
22 cos  θ θ=x  

M1 Uses cosθ=x r . 

 1 1 1
2 2 2d 12 cos  2 sin cos 0

d 2
θ θ θ θ θ θ

θ
−   

= − + =      
   

 
M1 A1 Sets derivative of cosθr  equal to zero. 

 

 1 1
2 21sin cos 0 cos 2 sin 2 tan 1

2
θ θ θ θ θ θ θ θ θ

−
− + = ⇒ = ⇒ =  

A1 AG 

 ( ) ( ) ( ) ( )2 0.6 tan 0.6 1 0.179  and 2 0.7 tan 0.7 1  0.179− = − − =  B1 Shows sign change. 

  5  
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Question Answer Marks Guidance 

11E(ii) 
( )

1
2 2 π2 sec sec 2 0

4
θ θ θ θ θ θ= ⇒ − = ⇒ =  

M1 A1 Finds value of θ . 

  2  

11E(iii) 

 

B1 Correct shape. 

B1 Intersection correct. 

  2  
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11E(iv) 

( )
π π π
4 4 4

2 2

0 0 0

1 1 12  d sec  d 2 sec  d
2 2 2

θ θ θ θ θ θ θ θ− = −∫ ∫ ∫  

M1 Forms correct integral. 
 

 

( ) ( )

π
4π

4
0

0

1 12 tan 2 tan  d
2 2
θ θ θ θ θ θ −  − −  ∫  

M1 A1 Integrates by parts. 

 
( )

ππ
2 44

0 0

1 12 tan ln cos
2 2
θ θ θ θ θ  −  − +     

A1  

 2π π 1 π 1 1 π π1 ln 2 ln 2 1 .
8 2 2 4 2 4 8 4

      − − + = + −             
 

A1 AEF, must be exact.  

  5  

11O(i)(a) 1 2 3 4 1 2 3 4
1 0 1 1 0 2 4 3

  
1 2 3 0 0 0 4
1 2 5 2 0 0 0 0

− −   
   −   → →
   − − +
   
   

a a
 

   1 2 3 4             v v v v                     1 2 3 4'   '  '     'v v v v    

M1A1 Reduces M or TM  to echelon form. 

 dim =V  rank = 3 . A1  

 1 1 2 2 3 4 1 2 3' ' ' 0 0+ + = ⇒ = = =c v c v c v c c c  M1 Shows 1 2 4', ', 'v v v  are linearly independent. 

 Thus 1 2 4, , v v v  are linearly independent (and so form a basis for V ). A1  

  5  
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11O(i)(b) 1 2 4 1 2 4
1 0 1 0 2 3

  
1 2 0 0 4
1 2 2 0 4 6

− −   
   − +   → →
   − + +
   

+   

x x
y y x

a z a z x
t t x

 

M1 A1                                             2 4α β γ= − + +x    
                                            α γ= −y  
Uses row operations or  2α β γ= − +z a  
                                            2 2α β γ= + +t  

 System is consistent when ( )2 2+ = + ⇒ + =t x y x x y t  
Or ( ) ( ) 2 4 2 2 2α β γ α γ α β γ− + + + − = + + = t    

M1 A1 AG 

  4  

11O(ii) 2 3 4 0− + + + =x y z t  
       2 4 3 0+ + =y z t  

M1 Finds basis for null space. 

 3,    ,    2 ,   
2

t z y xµ λ λ µ λ µ= = = − − = − +  
A1  

 

A basis is { }1 2

1 2
2 3

,  ,
1 0
0 2

 −   
    − −     =             

e e  

A1 AEF 

 1 1
0 1
0 1
0 1

−   
   
   =
   
   
   

M  so particular solution is 

1
0
0
0

 
 
 =
 
 
 

e  

B1 Finds particular solution. 

 General solution is 1 2λ µ= + +x e e e  A1 FT Accept their basis. Must have correct particular solution. 

  5  
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3

1 Prove by mathematical induction that 33n − 1 is divisible by 13 for every positive integer n. [5]

................................................................................................................................................................

................................................................................................................................................................
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2 The curve C has polar equation r2 = ln�1 + 1�, for 0 ≤ 1 ≤ 20.
(i) Sketch C. [2]

(ii) Using the substitution u = 1 + 1, or otherwise, find the area of the region bounded by C and the

initial line, leaving your answer in an exact form. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2019 9231/13/M/J/19

M.Shafiq ur Rehman (03247304567) Aitchison College



5

3 (i) Write down the fifth roots of unity. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Find all the roots of the equation

z10 + z5 + 1 = 0,

giving each root in the form ei1. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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4 (i) Use the method of differences to show that

NÐ
r=1

1

�3r + 1��3r − 2� = 1

3
− 1

3�3N + 1� . [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) Find the limit, as N → ∞, of

N2Ð
r=N+1

N

�3r + 1��3r − 2� . [4]

........................................................................................................................................................

........................................................................................................................................................
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5 The linear transformation T : >4 → >4 is represented by the matrix M, where

M =
�

1 2 0 4

5 2 1 −3
4 0 1 −7

−2 4 −1 !

�

.

It is given that the rank ofM is 2.

(i) Find the value of ! and state a basis for the range space of T. [4]

........................................................................................................................................................

........................................................................................................................................................
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(ii) Obtain a basis for the null space of T. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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6 The curve C has equation

y = x2

kx − 1
,

where k is a positive constant.

(i) Obtain the equations of the asymptotes of C. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Find the coordinates of the stationary points of C. [3]
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Sketch C. [3]
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7 The line l
1
passes through the points A �−3, 1, 4� and B �−1, 5, 9�. The line l

2
passes through the

points C �−2, 6, 5� and D �−1, 7, 5�.
(i) Find the shortest distance between the lines l

1
and l

2
. [5]

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

© UCLES 2019 9231/13/M/J/19

M.Shafiq ur Rehman (03247304567) Aitchison College



13

(ii) Find the acute angle between the line l
2
and the plane containing A, B and D. [5]

........................................................................................................................................................

........................................................................................................................................................
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8 Find the particular solution of the differential equation

9
d2x

dt2
+ 6

dx

dt
+ x = 50 sin t,

given that when t = 0, x = 0 and
dx

dt
= 0. [10]
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................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

................................................................................................................................................................

© UCLES 2019 9231/13/M/J/19 [Turn over

M.Shafiq ur Rehman (03247304567) Aitchison College



16

9 A cubic equation x3 + bx2 + cx + d = 0 has real roots !, " and ' such that

1

! + 1

" + 1

' = − 5
12
,

!"' = −12,
!3 + "3 + '3 = 90.

(i) Find the values of c and d. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(ii) Express !2 + "2 + '2 in terms of b. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) Show that b3 − 15b + 126 = 0. [4]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iv) Given that 3 + iï�12� is a root of y3 − 15y + 126 = 0, deduce the value of b. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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10 Let I
n
= Ó

1
2
0

1
4
0
cotnx dx, where n ≥ 0.

(i) By considering
d

dx
�cotn+1x�, or otherwise, show that

I
n+2 = 1

n + 1
− I

n
. [5]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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The curve C has equation y = cot x, for 1
4
0 ≤ x ≤ 1

2
0.

(ii) Find, in an exact form, the y-coordinate of the centroid of the region enclosed by C, the line

x = 1
4
0 and the x-axis. [6]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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11 Answer only one of the following two alternatives.

EITHER

A 3 × 3 matrix A has distinct eigenvalues 2, 1, 3, with corresponding eigenvectors

`
1

1

0

a
,

`−1
0

b

a
,

`
0

1

−1

a

respectively, where b is a positive constant.

(i) Find A in terms of b. [9]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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(ii) Find A−1
`

0

2

−2

a
. [2]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

(iii) It is given that

An

`
1

1

0

a
=
`
4

4

0

a
and An

`−1
0

b

a
=
`−1

0

b−1

a
.

Find the values of n and b. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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OR

The positive variables y and t are related by

y = at,

where a is a positive constant.

(i) (a) By differentiating ln y with respect to t, show that
dy

dt
= at lna. [3]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(b) Write down
d2y

dt2
. [1]

................................................................................................................................................

................................................................................................................................................

................................................................................................................................................

(ii) Determine the set of values of a for which the infinite series

y + dy

dt
+ d2y

dt2
+ d3y

dt3
+…

is convergent. [3]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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A curve has parametric equations

x = ta, y = at.

(iii) Find
d2y

dx2
in terms of a and t, and show that, when t = 2,

d2y

dx2
= 21−2a�1 − a + 2 lna� lna. [7]

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................

........................................................................................................................................................
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1 33 1 26− =  is divisible by 13  B1 Checks base case.  

 Assume that 33 1−k  is divisible by 13  for some positive integer k  B1 States inductive hypothesis. 

 Then 3 3 3 3 3 33 1 3 3 1 26 3 3 1+ − = − = ⋅ + −k k k k  M1 Separates 33 1−k  

 is divisible by 13  A1  

 
1+⇒k kH H  By induction, 33 1−n  is divisible by 13  for every positive 

integer n . 
A1 States conclusion. 

  5  
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Question Answer Marks Guidance 

2(i) B1 Correct shape, domain and orientation. 

B1 The initial line is tangential to C at the pole.  

  2  

2(ii) 
( )

2π

0

1 ln 1  d
2

A θ θ= +∫  
M1

States 21  d
2

θ∫ r  with correct expression and limits. 

 
( )

2π 2π 1

0 1

ln 1  d ln   du uθ θ
+

+ =∫ ∫  
M1 Applies given substitution correctly, changes their limits. 

 
[ ] [ ]

2π 1
2π 1 2π 1
1 1

1

ln   d lnu u u u u
+

+ += −∫  
M1 A1 Integrates lnu  (by parts or otherwise). 

 
( )1π ln 2π 1 π

2
A  = + + − 

 
 

A1 AEF, must be exact. 

  5  

  

 0θ =  
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Question Answer Marks Guidance 

3(i) 2πexp i ,  0, 1, 2
5
k k  = ± ± 

 
 

B2 B1 for 1 correct fifth root. 
B1 for all 5 distinct, correct roots (AEF). 
SCB1 if only arguments are given.  

3(ii) 
5 1 3i

2 2
= − ±z  

M1 Correctly solves quadratic in 5z  

 
5 1 1exp i2π   or exp i2π

3 3
z k k      = + − +      

      
 

M1 A1 Writes in polar or exponential form and adds multiples of 
2π  

 2π 4π 8π 2π 14πexp i , exp i ,exp i ,exp i ,exp i
15 15 15 3 15

         ± ± ± ± ±         
         

 
A2 A1 for 5 distinct, correct roots.   

A1 for exactly 10 distinct, correct roots. Allow alternative 
exact values of θ  such as  

16π 4π 22π 26π 28π, , , , .
15 3 15 15 15

θ =  

 Alternative method for 3(ii) 

5 5 1−+ = −z z  M1 Divides through by 5z  

2cos5 1θ = −  M1 A1 Applies de Moivre’s theorem 

2π 4π 8π 2π 14πexp i , exp i ,exp i ,exp i ,exp i
15 15 15 3 15

         ± ± ± ± ±         
         

 
A2 A1 for 5 distinct, correct roots.   

A1 for exactly 10 distinct, correct roots. Allow alternative 
exact values of θ  such as  

16π 4π 22π 26π 28π, , , , .
15 3 15 15 15

θ =  

 5  
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Question Answer Marks Guidance 

4(i) 
( )( )

1 1 1 1
3 1 3 2 3 3 2 3 1

 = − + − − + r r r r
 

M1 A1 Finds partial fractions. 

 

( )( )1

1 1 1 1 1 1 1 1
3 1 3 2 3 1 4 4 7 3 2 3 1

N

r r r N N=

 = − + − +… − + − − + ∑  
M1 At least 3 term including final term. 

 1 11
3 3 1
 = − + N

 
A1 AG 

  4  

4(ii) 

( )( ) ( )( ) ( )( )

2 2

1 1 13 1 3 2 3 1 3 2 3 1 3 2

N N N

r N r r

N N N
r r r r r r= + = =

= −
+ − + − + −∑ ∑ ∑  

M1
Uses 

2 2

1 1 1= + = =

= −∑ ∑ ∑
N N N

r N r r

 

 

( ) ( )23 3 3 3 13 3 1

 
= − − −  ++  

N N N N
NN

 
M1 Applies (i) 

 

( ) ( ) ( )( )
3 2

2 23 3 1 3 3 1 3 1 3 1
−

= − =
+ + + +

N N N N
N N N N

 
A1 Allow simplification to common denominator. 

 1   as  
9

→ →∞N  
B1  

  4  
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5(i) 1 2 0 4 1 2 0 4
5 2 1 3 0 8 1 23
4 0 1 7 0 8 1 23
2 4 1  0 8 1 8α α

   
   − − −   →
   − − −
   
− − − +   

  

1 2 0 4
0 8 1 23
0 0 0 0
0 0 0 15α

 
 − − →
 
 

− 

 

M1 A1 Performs row operations correctly.  

 ( ) 2 15α= ⇒ =Mr  A1 CWO 

 

Basis for the range space is 

1 2
5 2

,
4 0
2 4

    
    
             −    

 

B1 Accept any two independent column vectors from M. 

  4  

5(ii) 2  4 0x y t+ + =  
8 23 0y z t− + − =  

M1 Forms system of equations. 

 1 23 1 7,  ,  ,  
8 8 4 4

t z y xλ µ µ λ µ λ= = = − = − +  
M1 Uses two parameters.  

 

Basis for null space is 

2 14
1 23

,
8 0
0 8

 −   
    −                 

 

A1 A1 AEF. Many alternatives are possible e.g. 
2 4 4 0

1 0 0 2
, , ,  

8 23 23 7
0 1 1 1

   − −       
          
                    − −             − −          

 

  4  
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Question Answer Marks Guidance 

6(i) 1
=x
k

 
B1 States vertical asymptote.  

 ( )( )1 2 21

1

− − −− + +
=

−

kx k x k k
y

kx
 

M1 Finds oblique asymptote. 

 Oblique asymptote is 1 2− −= +y k x k  A1  

  3  

6(ii) ( )
( )

2
2

2

2 1
0 2 0

1
′

− −
= = ⇒ − =

−

x kx kx
y kx x

kx
 

M1 Differentiates and equates to 0. 

 10,  2x k −=  A1 Finds x -coordinates.  

 ( ) ( )1 20,0 ,  2 , 4− −k k  A1 Finds y -coordinates 

  3  
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6(iii) B1 Axes and asymptotes correct. 

B1 Upper branch correct. 

B1 Lower branch correct.  
Deduct at most 1 mark for poor forms at infinity. 

  3  
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7(i) 2 1
4 ,  1
5 0

   
   = =   
   
   

AB CD  
B1 Find the directions of the lines. 

 

 5
2 4 5 5
1 1 0 2

− 
 =  
 − 

i j k
 

M1 A1 Finds direction of common perpendicular. Allow any non-
zero scalar multiple. 

 

2 2 2

1 5
5 5
1 2 18 6 2.45

545 5 2

−   
   ⋅   
   −    = = =
+ +

 

M1 A1 Uses formula for shortest distance. 

  5  

7(ii) 26 13
2 4 5 8 ~ 4
2 6 1 4 2

− −   
   =    
   
   

i j k
 

M1 A1 Finds normal to the plane.  

 

2 2 2 2 2 2

1 13
1 4
0 2 9 42

143781 1 0 13 4 2

−   
   ⋅   
   
    = − = −

+ + + +
 

M1 A1 FT Uses dot product of their normal with direction of line. 

 
( )1 42cos 90 27.6      or 0.481 rad

14
−  

− − = °  
 

 
A1  

  5  
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Question Answer Marks Guidance 

8 ( )229 6 1 0  3 1 0+ + = ⇒ + =u u u  M1 Auxiliary equation.  

 
CF: ( )

1
3e

−
= +

t
x At B  

A1 States CF. 

 sin cos  cos sin= + ⇒ = −x p t q t x p t q t  
¨

sin cos⇒ = − −x p t q t  

M1 Forms PI and differentiates.  

 9 6 50− − + =p q p  
9 6 0− + + =q p q  

M1 Substitutes. 

 3, 4.q p= − = −  A1  

 
( )

1
3e 4sin 3cos

−
= + − −

t
x At B t t  

A1 States general solution. FT if correct form of CF/PI. 

 
( )

1 1
3 31 e e 4cos 3sin

3
− −

= − + + − +
t t

x At B A t t  
M1 Differentiates and forms equations using initial conditions. 

  3=B B1  

 1 4 0   5
3

− + − = ⇒ =B A A  
A1 . 

 
( )

1
35 3 e 4sin 3cos

−
= + − −

t
x t t t  

A1 States PS. 

  10  
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9(i) 1 1 1 5αβ βγ αγ αβ βγ αγ
α β γ αβγ

+ +
+ + = ⇒ = + + =c  

M1 A1
Uses 1 1 1 .αβ βγ αγ

α β γ αβγ
+ +

+ + =  

 12=d B1  

  3  

9(ii) ( ) ( )22 2 2 2α β γ α β γ αβ βγ γα+ + = + + − + +  M1  

 ( )2 210 10bα β γ+ + − = −  A1  

Alternative method for 9(ii) 

 
2 2

5 12690 5 36 0 −
+ − + = ⇒ =

bbS b S
b

 
M1 A1 Sums over roots  

 2  
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Question Answer Marks Guidance 

9(iii) 3 2 5 12 0+ + + =x bx x                                 ( α β γ− = + +b ) M1 Formulates equation. 

 ( )290 10 5 36 0+ − − + =b b b  M1 A1 Sums over roots and uses 9(ii) 

 3 15 126 0− + =b b  A1  

 Alternative method 1 for 9(iii) 

 ( ) ( )( )3 3 3 3 3 3α β γ α β γ α β γ αβ βγ γα αβγ+ + = + + + + + + + −  M1 A1 Uses expansion of ( )3α β γ+ +  

 3 90 15 36− = − +b b  (M1) Substitutes known values. 

3 15 126 0− + =b b  A1  

 Alternative method 2 for 9(iii)  

 ( ) ( )22 2 2 22 10α β γ α β γ αβ βγ γα+ + = + + − + + = −b  M1 A1 Finds sum of squares in terms of b. 

 2 35 126 10 15 126 0−
= − ⇒ − + =

b b b b
b

 
M1 A1 Equates expressions. 

  4  

9(iv) Real root is 6= −b  M1 A1 Gives the real root for b . 
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10(i) ( ) ( )n 1 n 2d cot 1 cot csc
d

x n x x
x

+ = − +  
M1 A1 Differentiates using chain rule. 

 ( ) ( )n 21 cot cot 1= − + +n x x  

( ) ( )n 2 n1 cot 1 cot+= − + − +n x n x  

M1 Uses 2 2csc cot 1. = +x x OE 

 
( )( )

1 πn 1 2
21 π

4

cot 1 n nx n I I+
+  = − + +   

M1 Integrates both sides. 

( )( )2 2
11 1

1+ +− = − + + ⇒ = −
+n n n nn I I I I
n

 
A1 AG 

10(i) Alternative method for 10(i)  

 ( ) ( )2 21

1 2 2

1 sin cos 1 sin cosd cos
d sin sin

n n n nn

n n

n x x n x xx
x x x

+ ++

+ +

  − + − +
= 

 
 

M1 A1 Differentiates using quotient/chain rule. 

 ( ) ( )n n 21 cot 1 cot +− + − +n x n x  M1 Separates 

( )( )
1 πn 1 2

21 π
4

cot 1 n nx n I I+
+  = − + +   

M1 Integrates both sides. 

( )( )2 2
11 1

1+ +− = − + + ⇒ = −
+n n n nn I I I I
n

 
A1 AG 

 5  
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10(ii) 1π
2

2 2

1π
4

1 cot  d
2 2

Iy x x
A A

= =∫  

M1 Uses correct formula for .y  Allow incorrect or missing 
limits. 

 

[ ]

1π
12 π
2
1π

1 4π
4

cot  d ln sin ln 2A x x x= = =∫  

M1 A1 Integrates cot x  to find area under the curve with correct 
limits. 

 
2 0

11 1 π
4

I I= − = −  
M1 A1 Finds 2I  

 1 11 π
ln 2 4

y  = − 
 

 
A1 AEF. Must be exact. 

  6  
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11E(i) 1 1 0
1 0 1
0 1

− 
 =  
 − 

P
b

 
2 0 0
0 1 0
0 0 3

 
 =  
 
 

D  
B1 B1 Writes P and D (accept correctly matched permutations of 

columns) 

 det 1= − −P b  B1  

 T

1

1 1 1
1 11 1 1 1 1

1 1
1 1 1 1

−

− −   
   = = −   + +   − − −   

P
b b b

b
b b

b b
 

M1 A1 Finds inverse of P. (Adj÷Det). 

 1−=A PDP  M1 Applies 1−=A PDP  

 1 1 0 2 2 2
1 1 0 1 1 1 1

1
0 1 3 3 3

−  
  = −  +   − − −  

A
b

b
b b b

 
M1 A1 Multiplies two adjacent matrices.   

2 1 0
2 0 3
0 3

− 
 =  
 − 

PD
b

 

1 2 1 1
1 3 2 1

1
2 2 3

b
b b

b
b b b

+ 
 − + − +  − + 

 
A1  
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11E(i) Alternative method for 11E(i)

 11 12 13

21 22 22

31 32 33

1 2
1 2
0 0

    
    =    

    
    

a a a
a a a
a a a

   
11 12 13

21 22 22

31 32 33

1 1
0 0
− −    

    =    
    
    

a a a
a a a
a a a b b

 

 
11 12 13

21 22 22

31 32 33

0 0
1 3
1 3

    
    =    

     − −    

a a a
a a a
a a a

 

B3 Matches eigenvalues with eigenvectors to form systems of 
equations. B1 for each correctly matched pair. 

 Three values found correctly from solving systems of equations. 
Another three values found correctly from solving systems of equations. 
Attempting to find final three values from systems of equations. 

M1 A1
M1 A1

M1

 

 1 2 1 1
1 3 2 1

1
2 2 3

+ 
 = − + − +  − + 

A
b
b b

b
b b b

 
A1 Final answer given in matrix form. 

 9  

11E(ii) 
1 1

0 0 0
22 2 1 1
3

2 1 1

− −
     
     = =     
     − − −     

A A  
M1 A1

M1 for 1 1

0 0
2 2 1 .
2 1

− −
   
   =   
   − −   

A A  

 2  
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11E(iii) 

 

B1

Uses  

 

 

M1 A1

M1 for stating 1−=b b   (since ). 

Must be only one answer ( 1=b ) for A1. 

  3  

  

2
0
1
1

2
0
1
1

2 =⇒















=
















nnA
















=

















0
1
1

2
0
1
1

nnA

10
1

0
1

1

1

=⇒=⇒














 −
=















−
−

−

bbb
bb

nA














−
=















−

bb

n 0
1

0
1

A
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11O(i)(a) ln ln=y t a  
1 d ln

d
=

y a
y t

 

M1 A1 Differentiates both sides.   

 d ln ln
d

ty y a a a
t
= =  

A1 AG 

  3  

11O(i)(b) 
( )

2
2

2
d ln
d

= ty a a
t

 
B1  

11O(ii) ln=r a B1 States common ratio. 

 11 ln 1  e e−− < < ⇒ < <a a  M1 A1 Uses convergence condition for a geometric series. 

  3  
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11O(iii) 
1 1

d d d ln ln
d d d − −

  = × = =   
  

t t

a a
y y t a a a a
x t x aat t

 
M1 A1

Uses chain rule to find d
d
y
x

 

 ( )
( )

1 2

2 1

ln 1d d ln
d d

− −

−

 − −   =          

a t a t

a

t a a a t ay a
t x a t

 
M1 A1

Uses quotient or product rule to find d d
d d
 
 
 

y
t x

 

 ( )
( )

1 22

2 2 3 1

ln 1d ln
d

− −

−

 − − =      

a t a t

a

t a a a t ay a
x a t

 

( )
( )

1

2 2 1

ln 1ln −

−

 − − =      

t
a

a a ta a
a t

 

M1 A1
Uses chain rule to find 

2

2
d
d
y
x

 

 
( )

2
1 2

2
d2 2 ln 2ln 1
d

−= ⇒ = − +ayt a a a
x

 
A1 Substitutes 2=t , AG. 

  7  
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