
1 Prove by induction that, for all N ≥ 1,

N

∑
n=1

n + 2
n(n + 1)2n = 1 − 1(N + 1)2N

. [5]
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2 It is given that

dn

dxn ( ln x
x

) = an ln x + bn

xn+1
,

where an and bn depend only on n.

(i) Find a1, a2 and a3. [3]

(ii) Use mathematical induction to establish a formula for an. [5]

9231/01/M/J/04



3 The integral In, where n is a non-negative integer, is defined by

In = 
 1

0
e−x(1 − x)n dx.

(i) Show that In+1 = 1 − (n + 1)In. [3]

(ii) Use induction to show that In is of the form An + Bne−1, where An and Bn are integers. [4]

(iii) Express Bn in terms of n. [2]

9231/01/M/J/05



4 Prove by induction, or otherwise, that

232n + 312n + 46

is divisible by 48, for all integers n ≥ 0. [6]

9231/01/M/J/06



5 The sequence x1, x2, x3, . . . is such that x1 = 1 and

xn+1 = 1 + 4xn

5 + 2xn

.

Prove by induction that xn > 1
2

for all n ≥ 1. [5]

Prove also that x
n
> x

n+1
for all n ≥ 1. [3]

9231/01/M/J/07



6 Prove by induction that
n

∑
r=1

(3r5 + r3) = 1
2
n3(n + 1)3,

for all n ≥ 1. [5]

Use this result together with the List of Formulae (MF10) to prove that

n

∑
r=1

r5 = 1
12

n2(n + 1)2Q(n),
where Q(n) is a quadratic function of n which is to be determined. [3]

9231/01/M/J/08



7 Let

I
n
= ã 1

0

tne−t dt,

where n ≥ 0. Show that, for all n ≥ 1,

I
n
= nI

n−1
− e

−1
. [3]

Hence prove by induction that, for all positive integers n,

I
n
< n!. [5]

9231/01/M/J/09



8 Let

I
n
= ã e

1

x(ln x)n dx,

where n ≥ 1. Show that

I
n+1

= 1
2
e2 − 1

2
(n + 1)I

n
. [3]

Hence prove by induction that, for all positive integers n, I
n

is of the form A
n
e2 + B

n
, where A

n
and

B
n

are rational numbers. [6]

9231/11/M/J/10



9 The sequence x
1
, x

2
, x

3
, . . . is such that x

1
= 3 and

x
n+1

= 2x2
n
+ 4x

n
− 2

2x
n
+ 3

for n = 1, 2, 3, . . . . Prove by induction that x
n
> 2 for all n. [6]

9231/13/M/J/10



10 It is given that f(n) = 33n + 6n−1.

(i) Show that f(n + 1) + f(n) = 28(33n) + 7(6n−1). [2]

(ii) Hence, or otherwise, prove by mathematical induction that f(n) is divisible by 7 for every positive

integer n. [4]

9231/11/M/J/11



11 Let A = (2 3

0 1
). Prove by mathematical induction that, for every positive integer n,

An = (2n 3(2n − 1)
0 1

) . [5]

9231/13/M/J/11



12 Prove, by mathematical induction, that, for integers n ≥ 2,

4n > 2n + 3n. [5]

9231/11/M/J/12



13
− 2

4
for all r. Prove byFor the sequence u

1
, u

2
, u

3
, . . . , it is given that u

1 = 1 and u
r+1 = 

3u
r

mathematical induction that u
n = 4(3

4
)n − 2, for all positive integers n. [5]

9231/13/M/J/12

Line



14 Prove by mathematical induction that 52n − 1 is divisible by 8 for every positive integer n. [5]

9231/11/M/J/13



15 Prove by mathematical induction that, for every positive integer n,

dn

dxn �ex sin x� = �ï2�nex sin�x + 1
4
n0�. �7�

9231/13/M/J/13



16 Prove by mathematical induction that, for all non-negative integers n,

112n + 25n + 22

is divisible by 24. [6]

9231/12/M/J/14



17 It is given that φ�n� = 5n�4n + 1� − 1, for n = 1, 2, 3, à . Prove, by mathematical induction, that φ�n�
is divisible by 8, for every positive integer n. [7]

9231/13/M/J/14



18 The sequence a
1
, a

2
, a

3
, à is such that a

1
> 5 and a

n+1
= 4an

5
+ 5

a
n

for every positive integer n.

[5]

[2]

Prove by mathematical induction that a
n > 5 for every positive integer n.

Prove also that an > an+1 for every positive integer n.

9231/11/M/J/15



19 Prove by mathematical induction that, for all positive integers n,

nÐ
r=1

1

�2r�2 − 1
= n

2n + 1
. [6]

State the value of

∞Ð
r=1

1

�2r�2 − 1
. [1]

9231/13/M/J/15



20 Prove by mathematical induction that, for all positive integers n, 10n + 3 × 4n+2 + 5 is divisible by 9.

[6]

9231/11/M/J/16



21 It is given that a diagonal of a polygon is a line joining two non-adjacent vertices. Prove, by

mathematical induction, that an n-sided polygon has 1
2
n�n − 3� diagonals, where n ≥ 3. [6]

9231/13/M/J/16



22 Prove, by mathematical induction, that 5n + 3 is divisible by 4 for all non-negative integers n. [5]

9231/11/M/J/17



23 Prove, by mathematical induction, that

nÐ
r=1

r ln

@
r + 1

r

A = ln

@ �n + 1�n
n!

A
for all positive integers n. [6]

9231/13/M/J/17



24 It is given that f�n� = 23n + 8n−1. By simplifying f�k� + f�k + 1�, or otherwise, prove by mathematical

induction that f�n� is divisible by 9 for every positive integer n. [6]

9231/11/M/J/18



25 For the sequence u
1
, u

2
, u

3
, à, it is given that u

1 = 8 and

u
r+1 = 5u

r
− 3

4

for all r.

(i) Prove by mathematical induction that

u
n
= 4

�
5
4

�n + 3,

for all positive integers n. [5]

9231/13/M/J/18



(ii) Deduce the set of values of x for which the infinite series

�u
1
− 3�x + �u

2
− 3�x2 +à + �u

r
− 3�xr +à

is convergent. [2]

(iii) Use the result given in part (i) to find surds a and b such that

NÐ
n=1

ln�u
n
− 3� = N2 lna +N ln b. [3]

9231/13/M/J/18



26 (i) Prove by mathematical induction that, for z ≠ 1 and all positive integers n,

1 + z + z2 +à + zn−1 = zn − 1

z − 1
. [5]

9231/11/M/J/19



(ii) By letting z = 1
2
�cos 1 + i sin 1�, use de Moivre’s theorem to deduce that

∞Ð
m=1

�
1
2

�m
sinm1 = 2 sin1

5 − 4 cos1 . [5]

9231/11/M/J/19



27 Prove by mathematical induction that 33n − 1 is divisible by 13 for every positive integer n. [5]

9231/13/M/J/19



28 The sequence of real numbers a1, a2, a3, . . . is such that a1 = 1 and

an+1 = (an + 1
an

)λ
,

where λ is a constant greater than 1. Prove by mathematical induction that, for n ≥ 2,

an ≥ 2g(n),
[6]

an+1

an

> 2(λ−1)g(n). [3]

where g(n) = λ n−1.

Prove also that, for n ≥ 2,

9231/01/O/N/04



29 The sequence u
1
, u

2
, u

3
, . . . is such that u

1 = 1 and

un+1 = −1 + √(un + 7).
[4](i) Prove by induction that un < 2 for all n ≥ 1.

(ii) Show that if u
n
= 2 − ε, where ε is small, then

un+1 ≈ 2 − 1
6

[2]

9231/01/O/N/05



30 Prove by mathematical induction that, for all positive integers n, 103n + 13n+1 is divisible by 7. [5]

9231/01/O/N/06



31 Prove by induction that, for all n ≥ 1,

dn

dxn (ex2) = Pn(x)ex2
,

where Pn(x) is a polynomial in x of degree n with the coefficient of xn equal to 2n. [6]

9231/01/O/N/07



32 Prove by mathematical induction that, for all non-negative integers n, 72n+1 + 5n+3 is divisible by 44.

[5]

9231/01/O/N/10



33 Prove by mathematical induction that, for all positive integers n,

dn

dxn (ex sin x) = 2
1
2
n
ex sin(x + 1

4
nπ). [7]

9231/11/O/N/11



34 Prove by mathematical induction that, for all positive integers n,

dn

dxn ( 1

2x + 3
) = (−1)n n!2n

(2x + 3)n+1
. [6]

9231/13/O/N/11



35 Let I
n

denote ã ∞

0

xne−2x dx. Show that I
n
= 1

2
nI

n−1
, for n ≥ 1. [2]

Prove by mathematical induction that, for all positive integers n, I
n
= n!

2n+1
. [6]

9231/11/O/N/12



36 Let S
N

= 1

2!
+ 2

3!
+ 3

4!
+ . . . + N

(N + 1)! . Prove by mathematical induction that, for all positive

integers N,

S
N
= 1 − 1

(N + 1)! . [5]

9231/13/O/N/12



37 It is given that y = �1 + x�2 ln�1 + x�. Find
d3y

dx3
. [3]

Prove by mathematical induction that, for every integer n ≥ 3,

dny

dxn = �−1�n−1 2�n − 3�!
�1 + x�n−2

. �5�

9231/11/O/N/13



38 Prove by mathematical induction that, for every positive integer n,

�cos 1 + i sin 1�n = cos n1 + i sin n1. �5�

Express sin51 in the form p sin 51 + q sin 31 + r sin 1, where p, q and r are rational numbers to be

determined. [6]

9231/13/O/N/13



39 It is given that ur = r × r! for r = 1, 2, 3, � . Let Sn = u1 + u2 + u3 +� + un. Write down the values
of

2! − S1, 3! − S2, 4! − S3, 5! − S4. �2�
Conjecture a formula for Sn. [1]

Prove, by mathematical induction, a formula for Sn, for all positive integers n. [4]

9231/11/O/N/14



40 Given that a is a constant, prove by mathematical induction that, for every positive integer n,

dn

dxn �xeax� = nan−1eax + anxeax. �6�

9231/11/O/N/15



41 Using factorials, show that

@
n

r − 1

A + @
n

r

A = @
n + 1

r

A
. [2]

Hence prove by mathematical induction that

�a + x�n = @
n

0

A
an + @

n

1

A
an−1x +à + @

n

r

A
an−rxr +à + @

n

n

A
xn

for every positive integer n. [4]

9231/11/O/N/16



42 (i) Show that
dn+1
dxn+1 �x

n+1 ln x� = dn

dxn
�
xn +� n + 1�xn ln x

�
. [2]

(ii) Prove by mathematical induction that, for all positive integers n,

dn

dxn
�xn ln x� = n!

@
ln x + 1 + 1

2
+à + 1

n

A
. [5]

9231/11/O/N/17



43 The sequence of positive numbers u
1
, u

2
, u

3
, à is such that u

1 < 3 and, for n ≥ 1,

u
n+1 = 4u

n
+ 9

u
n
+ 4

.

(i) By considering 3− u
n+1, or otherwise, prove by mathematical induction that u

n
< 3 for all positive

integers n. [5]

9231/11/O/N/18



(ii) Show that u
n+1 > u

n
for n ≥ 1. [3]

9231/11/O/N/18



44 It is given that y = exu, where u is a function of x. The rth derivatives
dry

dxr
and

dru

dxr
are denoted by

y�r� and u�r� respectively. Prove by mathematical induction that, for all positive integers n,

y�n� = ex
P@

n

0

A
u + @

n

1

A
u�1� + @

n

2

A
u�2� +à + @

n

r

A
u�r� +à + @

n

n

A
u�n�

Q
. [8]

[You may use without proof the result

@
k

r

A + @
k

r − 1

A = @
k + 1

r

A
.]

9231/12/O/N/18



45 It is given that y = ln�ax + 1�, where a is a positive constant. Prove by mathematical induction that,

for every positive integer n,

dny

dxn
= �−1�n−1 �n − 1�!an

�ax + 1�n . [6]

9231/11/O/N/19



9231/11/O/N/20

46 Prove by mathematical induction that, for every positive integer n,

( ) ( ) ( )sin cos sin
x

x x x x n x1 2 1
d
d

n

n
n

2 1

2 1
1= - + --

-
- ` j. [7]



9231/12/O/N/20

[5]47 Prove by mathematical  induction that 2n7 1-  is divisible by 12 for every positive integer n. 



9231/13/M/J/20

48 The sequence u u1 2, , u3,f is such that u 11 =  and u u2 1n n1 = ++  for n 1H .

(a) Prove by induction that u 2 1n
n= -  for all positive integers n. [5]

(b) Deduce that u n2  is divisible by un  for n 1H . [2]



9231/11/M/J/21

49 Prove by mathematical induction that 24n + 31n   2 is divisible by 15 for all positive integers n. [6]_



9231/13/M/J/21

50 (a) Prove by mathematical induction that, for all positive integers n,

( ) ( )r r n n n5 1 2 1
r

n
4 2

2
1 2 2

1

+ = + +
=

` j/ .



9231/13/M/J/21

(b) Use the result given in part (a) together with the List of formulae (MF19) to find r
r

n
4

1=
/  in terms 

of n, fully factorising your answer. [3]



9231/11/M/J/22

51 The sequence of positive numbers u1 , u2 , u3 , … is such that u1 2 4 and, for n H 1,

u u
u u

2
12

n
n

n n
1

2

=
+ +

+ .

(a) By considering u 4n 1 -+ , or otherwise, prove by mathematical induction that u 4n 2  for all
positive integers n. [5]



9231/11/M/J/22

(b) Show that u un n1 1+ for n 1H . [3]



9231/13/M/J/22

52 Let 
a

A
1
0 1= e o, where a is a positive constant.

(a) State the type of the geometrical transformation in the x–y plane represented by A. [1]

(b) Prove by mathematical induction that, for all positive integers n,
na

A
1
0 1

n = e o. [5]



9231/13/M/J/22

Let 
b
a

b
aB 1 1= - -e o, where b is a positive constant.

(c) Find the equations of the invariant lines, through the origin, of the transformation in the x–y plane
represented by A Bn  . [6]



9231/11/O/N/21

53 The sequence of real numbers a1 , a2 , a3 , … is such that a1 = 1 and

a a a
1

n n
n

1

3
= ++ e o .

(a) Prove by mathematical induction that ln lna 3 2n
n 1H -  for all integers n 2H . [6]

[You may use the fact that ln lnx x x1 2+b l  for x 02 .]

(b) Show that ln ln lna a 3 4n n
n

1
12-+
- for n 2H . [2]



9231/12/O/N/21

54 It is given that =y xeax , where a is a constant.

Prove by mathematical induction that, for all positive integers n, 

x
y

a x na
d
d

en

n
n n ax1= + -` j . [6]



9231/11/O/N/22

55 Prove by mathematical induction that, for all positive integers n, 27 9n n+ -7 50 is divisible by 48. [6]



9231/12/O/N/22

56 The function f is such that m( )f f=x x( ) .

Prove by mathematical induction that, for every positive integer n,

( ) ( ) ( ) ( )
d
d f f f
x

x x x x n x2 1n

n

2 1

2 1
= + --

-

l` j . [7]
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